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The linearized-augmented-plane-wave (LAPW) method for thin films is generalized by

removing the remaining shape approximation to the potential inside the atomic spheres. A

new technique for solving Poisson's equation for a general charge density and potential is

described and implemented in the film LAPW method. In the resulting full™potential

LAPW method (FLAPW), all contributions to the potential are completely taken into ac-

count in the Hamiltonian matrix elements. The accuracy of the method —already well

known for clean metal surfaces —is demonstrated for the case of a nearly free (noninteract-

ing) 02 molecule which is a severe test case of the method because of its large anisotropic

charge distribution. Detailed comparisons show that the accuracy of the FLAPW results

for 02 exceeds that of existing state-of-the-. art local-density linear-combination-of-atomic-

orbitals (LCAO)-type calculations, and that taking the full potential LAPW results as a
reference, the LCAO basis can be improved by adding off-site functions. Thus the full-

potential LAPW is a unified method which is ideally suited to test not only molecular ad-

sorption on surfaces, but also the components of the same system separately, i.e., the ex-

treme limits of the molecule and the clean surface.

I. INTRODUCTION

It is now generally accepted that in-depth
knowledge of the electronic structure and properties
of adsorbates (atoms and molecules) on transition-

metal surfaces is of great scientific and technological
importance. In the last decade, intense experimen-
tal efforts using advanced techniques for sample
preparation and characterization have provided a
vast quantity of data. These developments have
challenged present theoretical understanding and
have encouraged the development of theoretical
methods of interpreting the phenomena observed.
Thus, in recent years, first-principles energy-band
studies of thin films have demonstrated a fair degree
of sophistication in tackling a number of complex

problems involving the electronic structure of free
surfaces (including surface- reconstruction and relax-
ation), chemisorption bonding of atomic adsorbates,
and interface phenomena. A principal aim has been
to achieve "self-consistency, " whose effect on the
results is known to be very important for systems
which demonstrate a fair degree of charge transfer
between atom species. Still, this is but only one
part of the challenge, since the two most important
characteristics of a first-principles band calculation
are the degree of self-consistency and the approxi-
mations to the potential.

The effect of approximations to the potential,
however, depend far more on the systems con-
sidered. There are two main approximations made:
() ) the ()oca)-density) exchange-correlation approxi-
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mation' and (2) the shape approximations to the po-
tential. The local-density approximation is the best
available today and appears to give fairly good
results. On the other hand, the validity of different
shape approximations depends strongly on the sys-
tems considered. The muon-tin (MT) and the over-

lapping spherical atomic charge densities approxi-
mations are quite good for close-packed metals, but
are suspect for open structures such as semiconduc-
tors and reduced symmetry solids, e.g., films and in-

terfaces, and the localization inherent in molecules
on solid surfaces.

One of the most successful bulk-slab methods, the
self-consistent linearized-augmented-plane-wave
(LAPW) method, has been used to treat nearly
free-electron and transition-metal surfaces and
also atomic chemisorption. ' In these LAPW cal-
culations, the full potential and charge density were
treated everywhere in space except inside the
muffin-tin spheres, where a spherical-shape approxi-
mation was used. While these calculations yield ac-
curate results for close-packed metal systems and
saturated atomic chemisorption [e.g. , p (1 &( 1) over-

layersj, a spherical-shape approximation cannot be
justified for open semiconductor surfaces or molecu-
lar chemisorption when highly accurate solutions to
the local- (spin-) density —functional equations are
required.

In this paper the remaining MT shape approxi-
mation is removed using a new method we have
developed for obtaining the Coulomb potential for a
general periodic charge distribution without shape
approximation. The method is based on the con-
cept of multipole potentials and the Dirichlet prob-
lem for a sphere. This is not an Ewald-type
method, but rather a new alternative. The basic
idea is that the potential outside a localized charge
distribution depends on the charge only through the
multipole moments. ' In order to obtain the po-
tential in the interstitial region of a crystal, we need
to know only the (rapidly convergent) Fourier
representation of the smooth interstitial charge den-
sity and the multipole moments of the charge in the
different spheres. Since multipole moments do not
define a unique charge density, we replace the true
charge inside the spheres with a pseudo-charge-
density of the same multipole moments, but which
has a rapidly convergent Fourier representation.
This pseudocharge is used to obtain the correct
Coulomb potential everywhere in the interstitial and
on the spheres. We then obtain the potential inside
the spheres by solving the boundary-value problem
using the true charge density in this region.

The resulting full-potential LAPW method
(FLAPW) may be used, in principle, to treat all
surfaces and chemisorption system, limited only by
available computer resources. Therefore, the
FLAPW method is a unified method capable of
treating not only molecular absorption on surfaces,
but also the extreme limits of the isolated molecule
and the clean surface.

II. METHOD OF CALCULATION

A. Solution of Poisson's equation

The charge density is given by

gp„(r )E„(r ) —2Z 5(r ) inside sphere a
(la)

g p„,, cos(&„&)+,(~) in the interstitial
n,s (lb)

g p (z)4 ( r ) 1n the vacuum ( lc)

where

&,(r) = gc (v)~i (r) (2)

is a lattice harmonic, r = r —r, r is the posi-
tion of the atomic sphere a, and 4, ( r) is a two-
dimensional (2D) plane-wave star function

4&,(r) = gexp[iRG, (r —t~)]

where G, is a 2D star representative reciprocal-

The present method is a generalization of the pre-
viously described film LAPW method. The gen-
eralization is achieved by relaxing the remaining
muffin-tin approximation in the potential, i.e., by
solving Poisson's equation for the general potential
and by including the Hamiltonian matrix elements
due to nonspherical terms of the potential inside the
muffin-tin spheres. This section describes the im-

plementation of the newly developed method ' of
solving Poisson's equation for periodic structures for
the case of the film LAPW method, and the in-
clusion of the matrix elements due to the nonspheri-
cal terms in the potential operator. Although there
are no special symmetry requirements, the formula-
tion here is given for a film with inversion and z re-
flection, as in Ref. 3.
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lattice vector, R is the point-group part of the 2D
space group operation R, t ~ is a nonprimitive 2D
translation vector, and n 0 is the number of 2D
space-group operations, e.g. , 12 for the hexagonal
lattice.

Poisson's equation can be solved in a straightfor-
ward manner" once the charge density is ex-
pressed as

However, because of the rapid variation of the

charge density near the riuclei, a Fourier expansion
of the form (4) for the charge density in the MT
sphere would be extremely slowly convergent. The
representation of the charge density in the interstitial

and vacuum region [see Eq. (1)] already has the

desired form given by Eq. (4).
In order to treat the region inside the muffin-tin

spheres correctly, we follow a variant of the scheme
used hy Hamann as discussed by Weinert. ' This
scheme is based on the fact that the potential out-
side the muffin-tin spheres does not depend on the
actual shape of the charge density inside the spheres
but only on the multipole moments of this charge.
Hence, . we can replace the true rapidly varying

charge inside the MT spheres by another, smoother
charge (referred to as the full pseudo-charge-density)
without changing the potential outside the spheres if
the full pseudo-charge-density is required to have

the correct multipole moments. A rapidly conver-

gent Fourier expansion of this smooth pseudocharge
can be obtained and the charge density can therefore
be expressed in the desired form [Eq. (4)]. Now
Poisson's equation can be solved giving the correct
value of the potential everywhere outside
the spheres, and in particular on the sphere boun-
daries. We then find the expansion in lattice har-
monics of this potential on the sphere boundaries.
In a final step the lattice harmonics expansion of the
potential inside the spheres is found by a Green's-
function method from the original charge density
using the now known potential on the sphere as a
boundary condition.

Actually, the replacement of the original charge
density by a smooth pseudocharge inside the spheres
is done in two steps: (1) The expansion (lb) af the
charge density in the interstitial region, p (r), is

extended into the muffin-tin spheres. This charge
density already has, of course, the desired Fourier
representation. (2) The difference charge density

Ap(r) = p(r) —p (r)

for r inside sphere n is replaced by a smooth charge
density Ap( r ) (the difference pseudo-charge-density),
which has the same multipole moments as hp( r ).

The form of the 2D star-function expansion coef-
ficients of the difference pseudo-charge-density
Ap(r) is found by using Eq. (28) of Ref. 10 for the
2D star representation of a plane-wave charge densi-
ty (1b) as used in the present-calculation. We then
have the desired form of the charge density [Eq.
(4)],

p(r) = g p, (z)C&,(r)

with

p, (z) = g p„, cos(k„z)

PW
pn, s = pn, s + ~pn, s

where the coefficients Ap„, depend on the mul-
tipole moments of the original charge qI, and the
multipole moments of the plane-wave charge inside
the spheres, qI"

The explicit form of Ap„, is given in the Appendix.
Following Posternak et al. , we fInally obtain for

the Coulomb potential in the interstitial the expres-
sion

Vc(r) = g V„,cos(k„z)&P,(r)
n, s

+ g d, cosh(G, z)d&, (~) (10
s+0

Using the expansion of a plane wave with complex
k in spherical harmonics, ' we can find the analytic
form of the lattice harmonics expansion of the
Coulomb potential on a sphere boundary. The
Coulomb potential inside the spheres is found from
the Coulomb potential on the sphere boundary and
the original charge density by using a standard
Green's-function method. '

B. The total potential

In the interstitial region, a 3D star-function ex-
pansion of the exchange-correlation potential is
found by a least-squares fit of this potential together
with the cosh terms in the Coulomb potential [Eq.
(10)]. In the vacuum region and in the region inside
the MT spheres, a least-squares fit of the exchange-
correlation potential is performed to obtain a 2D
star-function expansion and a lattice harmonics ex-
pansion, respectively.
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Finally, we have a representation of the total po-
tential analogous to the total charge density as fol-
lows:

atomic-orbitals (LCAO)-type calculations' ' using
the discrete variational method for free molecules.

g V„(r )E„(r ) inside sphere a (lla)
V

.g V„, cos(k„z)4,(~) in the interstitial
n, s (lib)

g V, (z)4, (r) in the vacuum.
S

(llc)

C. The matrix element d!HNs

Using the wave function inside a sphere as given

by Krakauer et al. and taking the nonspherical
(I Q 0) terms of the expansion of the total potential

[Eq. (11a)], the matrix element b,HNs is given by

~~Ns

= x Pp, „,I&Jl g v,(r,)I,Ir, ) p „(r,rl) .
a ~0

(12)
This matrix element involves one-dimensional nu-
merical radial integrals of the form

f
R

u( (r,E()V~(r)uI(r, E()r dr
0

(13)

and angle-dependent integrals of the form

(14)

i.e., Gaunt coefficients. In the present calculation
we have used I', t & 4 and t„& 8 in evaluating [Eq.
(12)]. Although the calculation of the matrix ele-
ments [Eq. (12)] is straightforward, particular atten-
tion has to be paid to efficient programming because
of the many summations involved-
g(a, l', m ',I,m„l,m) for each matrix element. Ac-
tually, the time for calculating the matrix elements

[Eq. (12)] was less than 25% of the total time for
setting up the Hamiltonian matrix.

A. Computation details

The 02 molecules are placed in an infinite 2D
hexagonal lattice. A spacing of three bondlengths
(6.846 a.u. ) between molecules was found to be a
sufficiently large separation for the limit of nonin-
teracting molecules. The direction of the bonding is
normal to the film.

The 1s core electrons are treated in the nonrela-
tivistic limit in order to compare with the LCAO-
DVM (discrete variational method) results. For the
same reason the exchange-correlation potential is ap-
proximated by the simple form of the Xn potential
using a = 0.7, a standard value in many DVM cal-
culations. ' The expansion of the wave functions in-
cludes terms with

~

k
~

& 5.3 (a.u. ') giving 329
and 275 basis functions for the symmetric and an-
tisymmetric wave functions, respectively. 507 3D
stars are used for the expansion of the interstitial
charge, the pseudocharge, and the potential in the
interstitial. A convergence factor (cf. the Appendix)
of n = 9 —I is employed for the 3D star expansion
of the difference pseudo-charge-density. ' The self-
consistency cycle was ended when the "distance"
between the input and output potentials was less
than 2 mRy. By distance we mean the root-mean-
square difference

1/2

d = —f [V;„~„,(r) —V,„,~„,(r)]2d r
unit cell

(15)

where 0 is the volume of the unit cell between the
vacuum boundaries at +D/2. A potential mixing
scheme suggested by Hamann is employed where
the input and output potentials of two previous
iterations are used to construct the potential for the
next iteration.

III. APPLICATION TO THE 02 MOLECULE

The effect of the nonspherical contributions to the
potential obviously plays an important role in the
electronic structure of diatomic molecules. There-
fore the application of the FLAPW method to such
a molecule provides a severe test case. In order to
assess the accuracy of the results obtained we will
compare it with sophisticated linear-combination-of-

B. Total densities and the full potential

The total density, which is of fundamental impor-
tance in local- (spin-) density theory, is shown in

Fig. 1 as obtained by the FLAPW method for the
02 molecule. This figure also shows the total
valence, density and a "plane-wave" density which is
obtained when the expansion [Eq. (lb)] is used not
only in the interstitial region but also inside the
spheres and in the vacuum region. It is interesting
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TABLE I. Multipole moments originating from the
original charge density p and the extended plane-wave

charge density p inside the muffin-tin sphere with ra-

dius R = 1.141 a.u.

Multipole moment PW 4 (%)

q~
q&o

q2o

q3o

q4o

—0.7326
—0.0128

0.0100
—0.0285

0.0123

—0.8068
—0.0110

0.0140
—0.0269

0.0120

14
40

6
—3

pseudopotential calculation for 02, differ from the
results shown in Fig. 3 in the following features:
Near the nuclei the 20g and 20+ densities have a
nodal structure which is not described in the pseu-
dopotential (PP) approach. In the PP result, the

3'~ density has two peaks, in the bonding between
the atoms, which are much closer and broader than
those in our calculation; furthermore, the kidney-

shaped outer maxima that we find is not present in

the PP result. The maxima of 1~„and ling densi-

ties are closer to the nuclei in our calculation com-
pared with the PP densities.

D. Accuracy of the FLAPW eigenvalues

Here we discuss and assess the accuracy of our
new FLAPW method by comparing the energy
eigenvalues of the one-particle local-density equa-
tions with those obtained' ' by state-of-the-art
LCAO-type calculations using the discrete variation-
al method' and by a pseudopotential calculation. '

In comparing results, the type and convergence of
the basis used must be considered. For an LCAO-
type basis, it is difficult to show that it is sufficiently
converged. ' Increasing the number of atomic orbi-
tals included in the LCAO basis may not change
the result markedly and one may still be far from
describing the given molecular orbital adequately.
In contrast, the FLAPW basis allows one to easily
monitor the convergence in the number -of basis
functions used. Therefore special attention is paid
to this point when comparing the FLAPW and
DVM eigenvalues.

The first LCAO-DVM calculation for the 02
molecule within local-density functional theory was
performed by Baerends and Ros' using double-zeta
Slater-type atomic orbitals to construct the molecu-

FIG. 2. The total FLAPW potential for the 02
molecule, including the Coulomb potential and the
exchange-correlation potential. The outermost contour is
at —0.8 Ry, which is also the contour spacing. The cut-
off in the figure is at —13.6 Ry.

lar wave functions. The resulting eigenvalues (la
beled DVM-I in Table II and Fig. 4) are in good
overall agreement with the FLAPW results. It
should be noted that our eigenvalues are given with
respect to the vacuum potential, i.e., they are not
shifted in any way. The most significant difference
between the DVM-1 and FLAPW eigenvalues is
that the FLAPW splitting between the bonding 20g
and antibonding 20.„states originating from the
atomic 2s functions is smaller by 0.108 Ry. The
positions of the ling and l~„ in the two calculations
differ by less than 0.006 Ry.

In 1979, Kerker et al. ' published results of a
self-consistent pseudopotential calculation for 02 us-

ing a solid-state approach in the form of a three-
dimensional supercell. Comparison of the PP and
the FLAPW eigenvalues (see Table II and Fig. 4)
shows a similar splitting of the 2og and 2o.„states.
The PP l~g state, however, is too high in energy by
0.107 Ry which is almost 30% of the energy eigen-
value itself.

This discrepancy in the highest occupied valence
states may be due to the truncation of the basis used
in the PP calculation. The convergence of the
FLAPW eigenvalues obtained with the self-

consistent potential by truncating the number of



ND FREEMAN~EINERT, ARA~AVER
GRIMM ER, 24870

met from abouut 350 to~lfh ~
i. 5showst e

s coincide. or
with the DVM-1 ( e .f comparison wit

'
envalues' were

th 2 1 1 8 h
C

being a
ent e w""""""'""'".for h",1 ".f ~-

dl converging 20g
ac, b n the agreeme e Dfact, better t an

ended (andof the more extenA comparison o t eresults. c
1m, and ~g sver 'ng) 30g,

truncated forPber, suggest s that theP a'

PP d' Rf
su ici

mixed-basis

h'd' ' d—based met o s,
b""f"n'tison o t

m'"1' f
h

fll kare needed to i

eometry

basis
'

ar
givenn maximum c
used here.

50
h two nuclei.

2
g'nin t e

Og

es in cule for a cut i p
1' dfhl

r the occup'FIG
Each single-state ens

0.016 electrons/(a. u.),



24 FULL-POTENTIAL SELF-CONSISTENT. . . 871

0.0 0.0

-05- -0.5-

-1.0—
17r„

30'
-1.0—

lK

UJ

-1.5- -15-

-2 0-
DV M-I

pp

DVM-2

DV M-3
FLAPW

pp
- (shifted)

-2.0—

FLAPW

-2 5-

FIG. 4. Local-density energy eigenvalues for 0& ob-
tained by self-consistent calculations. DVM-1 denotes
the discrete variational method results by Baerends and
Ros (Ref. 14), PP refers to a pseudopotential calculation
given by Kerker et al. (Ref. 16), and DVM-2 and
DVM-3 label the Delley et al. results (Ref. 13) obtained
with the discrete variational method using a small two-
center basis (DVM-2) and a two-center basis extended by
48 off-site functions. The last column gives the full-

potential linearized-augmented-plane-wave eigenvalues.

E. Comparison with recent LCAO-DVM calculations

Figure 4 also presents the results of two new
DVM calculations' denoted by DVM-2 and

i I I I I I ~

100 200 300
Number of FLAPW basis functions

FIG. 5. FLAPW eigenvalues obtained with the self-
consistent potential and various basis sets. The pseudo-
potential results of Kerker et al. (Ref. 16) are shifted
such that the 2og states line up with the FLAPW values.

DVM-3. The basis used in the DVM-2 calculation
consists of a linear combination of atomic functions
with l ( 2 obtained for the free oxygen atom using
the same form of the local exchange correlation, i.e.,
Xa, with 0; = 0.7, as in the molecular calculation.
The large discrepancy between the DVM-2 eigen-
values and the FLAP% results clearly provokes fur-
ther investigation.

TABLE II. Local-density energy eigenvalues for the 0& molecule. DVM-1 refers to the
results of Baerends and Ros (Ref. 14), PP labels the pseudopotential results given bv Kerker
et al. (Ref. 16), DVM-2 are the results of a DVM calculation (Ref. 13) using a small two-
center basis with I & 2, and DVM-3 refers to a DVM calculation (Ref. 13) with a two-center
basis with I & 2 extended by 48 off-site functions. The FLAPW eigenvalues are given in the
last column.

0& Eigenvalues (Ry)
DVM-1 pp DVM-2 DVM-3 FLAPW

leg
la„
30g
20'u

2og
ls

—0.345
—0.853
—0.882
—l.'323
—2.359

—0.243
—0.794
—0.875
—1.441
—2.359

—0.476
—0.984
—0.935
—1.435
—2.501

—37.773

—0.361
—0.881
—0.891
—1.359
—2.323

—37.565

—0.350
—0.859
—0.923
—1.381
—2.309

—37.578
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To understand the origin of this difference, we

synthesized the self-consistent FLAPW potential
onto the DVM point mesh (3000 points) and calcu-
lated the DVM eigenvalues and wave functions for
this potential (without iterating in the DVM). The
resulting eigenvalues are plotted in Fig. 6 together
with the FLAPW eigenvalues as a reference. In
other words, all eigenvalues given in Fig. 6 are ob-
tained with a common potential but using two radi-

cally different methods for representing the molecu-
lar wave functions. From Fig. 6 it is obvious that
the greatest deviations between DVM-2 and
FLAPW eigenvalues are found for the 2oz and 3o
orbitals, i.e., just those orbitals which have their
greatest density in the bonding region (see Fig. 3).
The fact that the 2' —DVM-2' eigenvalues are
higher in energy than the corresponding FLAPW
eigenvalues indicates that there may not be enough
variational freedom in the DVM-2 wave functions
which are standard two-center expansions in atomic
orbitals. Moreover, the inclusion of d functions in

the two-center expansion does not change the eigen-

values significantly. Let us focus on the 2og states.
A clue to understanding the difference between the
DVM-2 and FLAPW results is certainly given by
the charge density. Therefore we have depicted for
the 2'& state the difference between the FLAPW
and the DVM-2' charge densities [Fig. 7(a)], where

both the DVM-2' and FLAPW eigenfunctions have

been constructed with the common potential under-

lying Fig. 6, i.e., we have. isolated effects which are
exclusively due to the different way of constructing
the molecular wave function. Figure 7(a) shows
now that the DVM-2' —

2'& wave function is less lo-
calized in the bonding region than is the corre-
sponding FLAPW function and points out how to
extend the LCAO basis in order to get a significant
gain in variational freedom. We can improve the
LCAO basis by adding functions centered at points
where the difference density has relative maxima,
e.g. , at the two bumps of the 20g density between
the two nuclei [cf. Figs. 3 and 7(a)]. If this pro-
cedure is done for each orbital and the eigenvalues
are recalculated for the common FLAPW potential
using 48 additional off-center functions, we obtain
the results labeled DVM-3' [Fig. 7(b)]. From Fig. 6
it can be seen that now the DVM-3' and FLAPW
20& states line up excellently and that the agreement
in the 30& states is improved significantly. It should
be noted that additional DVM functions centered at
the middle of the bond do not lead to this agree-
ment, i.e., those functions do not really increase the
variational freedom in the present case. The

0.0

-I .0

2 CTu

-2.0
. DVV-21 FLAPW

Dvv-s' Lope- v T

20'

FIG. 6. One-electron energy eigenvalues obtained with

a common potential (the full self-consistent FLAPW po-
tential). DVM-2' and DVM-3' refer to DVM calcula-
tions using small and extended basis sets and LAPW-MT
to the FLAPW method when the Hamiltonian matrix
elements due to the nonspherical terms in the potential
are neglected (warped muffin-tin approximation).

DVM-3' eigenvalues for the 1m states are slightly
lower than the FLAPW values. This may be partly
due to residual small interactions between the 02
molecules in the film geometry and partly due to
the somewhat arbitrary way in which the FLAPW
potential is continued in the plane of the film to
construct a DVM potential which approaches strict-
ly zero also in these directions. In the direction per-
pendicular to the film, the FLAPW potential al-
ready approaches zero in the form required.

Although the energy differences between DVM-2'
and DVM-3' eigenvalues obtained for the common
potential underlying Fig. 6 are small, the real im-

provement of the DVM basis shows its importance
when performing the self-consistent calculation with

the extended basis (DVM-3 in Fig. 4). Amazingly,
all DVM-3 eigenvalues are shifted to higher energies
compared with the DVM-2 results and the DVM-3
eigenvalues are now very close to the FLAPW
eigenvalues. The main difference between the origi-
nal DVM calculation by Baerends and Ros'
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APPENDIX: THE STAR-FUNCTION EXPANSION OF THE DIFFERENCE
PSEUDO-CHARGE-DENSITY

The pseudo-charge-density is expressed as

PW
pn, s pn, s + ~pn, s (Al)

where p„, are the star-function expansion coefficients of the interstitial charge [Eq. (lb)]. The coefficients of
the difference pseudo-charge-density, Ap„„depend on the multipole moments of the original charge density
and the plane-wave charge density as follows:

bp„,=,m, (2 —6k 0)g+R„, +exp(iRG, tq)Q„(RG„k„) (A2)

with

and

N —I= 1I (21„+3+ 2p)R "(EC„,R )
' +"j,(K R )

p=O
(A3)

Q„(RGz, k„)—:g [( —1) "
F& (R Gz —kz ) + F„(RG + k„)]q& Y& (R G + k„) (A4)

I„/2
( —1) " cos[(R G, + k„) r~] for l„even

Fy (RG& + k ): '
(i +ii»2

( —1) " sin[(R G, + k„) r ] for i„odd

(A5a)

(Asb)

(A6)a PWa

0 is the volume of the unit cell between the vacuum boundaries at +D/2. D' g D is used to define k„,
reciprocal-lattice vector in the z direction [Posternak et al. , Eq. (2)]. m, denotes the number of members in

the star of G„a 2D star representative. o. denotes an atom in the unit cell at position ~ . v is a label of a lat-
tice harmonic with the 1 value l„. [ R

~

t ~ I forms the 2D space group of order n o. N, the "convergence
parameter, " is an arbitrary integer greater than 0 chosen such that for a maximum E„sA' the Fourier series
for bp converges most rapidly. ' In our case K„,R = (

~
G,

~
+

~
k„~ )R & 15, so we usedN = 9 —i. R

is the muffin-tin radius of sphere cx.

The multipole moments of the original charge density [given by Eq. 1(a)] are

l„+2R

q =c (1„)f p„(»)»" d»

and the multipole moments of the plane-wave density inside sphere o. are found to be

PW '~+' 1
qi ~ = 2r»i "gp„,R " (E„,R ) j'I +i(E„,R ) gexp[iR G, (r —tz)] Jl ~', (A8)

with

(A9)
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