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Lattice distortion and volume change in a dilute heterovalent alloy: A/Li
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A theoretical and experimental study of the lattice strain and volume change in the dilute solid solution AlLi is

presented. The experimental data were obtained by diffuse elastic neutron scattering in Al single crystals containing
0.26 and 0.88 at. %%u

o'L i, respectively . Th e isotop e'L i wa suse dbecaus eof th esmal 1 absorptio nan d th eknown
incoherent cross section of this nucleus. The theoretical method to calculate the volume change, the. lattice
distortion, and the heat of solution for a heterovalent substitutional impurity is developed within the framework of
the perturbed electron-liquid pseudopotential formalism. It is shown that in determining the long-range part of the
lattice displacement in a heterovalent dilute alloy such as A l Li, third- and fourth-order nonlinear screening
contributions to the distorting force are equally significant in addition to the traditional linear screening term. This
is in contrast to the case of a homovalent solution, where fourth-order nonlinear screening can be ignored. The
numerical calculation is based on the ion-electron potentials for pure Al and Li that have been determined by using
lattice-constant and elastic or phonon data for each of the pure constituents. The agreement is reasonably good with
both the observed anomalous, negative volume change and with the measured lattice strain. The inadequacy of
Vegard's rule to predict even the sign of the volume change in this alloy is discussed.

I. INTRODUCTION

Point defects (impurities, vacancies) in a metal-
lic matrix cause a perturbation of the system
which is due to the different ion-electron interac-
tion and, as a consequence, the different electron
distribution in the neighborhood of the defect. The
response of the lattice consists in establishing
new equilibrium positions of the surrounding host
atoms, involving also a new average lattice spac-
ing for the whole system.

A detailed knowledge of the static distortion
field induced by the defect gives information about
the nature and range of the forces between the
ions, which in a metal are interactions via the po-
larized electron liquid, and can lead to a better
understanding of the mechanism of alloy forma-
tion. Therefore, in addition to measuring the
average volume change associated with the defect
which, as in the case of the dilute Al-I i system,
may give already interesting or even paradoxical
results, "the study of the details of the displace-
ment field by scattering methods has also been the
subject of extensive theoretical and experimental
investigation.

A most important experimental technique to ob-
serve the defect-induced distortion in a, host ma-
trix is the diffuse elastic scattering of neutrons. "4
In this method the intensity of neutrons of an in-
coming wavelength of 0.3-0.8 nm scattered by a
single crystal containing the defects is observed
as a function of momentum transfer q. Using a.

multidetector machine with energy analysis, it is

possible to separate the inelastic and elastic scat-
tering and determine the diffuse elastic cross sec-
tion fairly accurately, with a total error of less
than 5'~o for the resulting values of the distortion
field. The possible range of the momentum trans-
fer for the experimental setup at the reactor in
JQlich, at which the present measurements were
done, reaches from about 1 nm ' to about 35 nm ',
corresponding, in real space, to the distances. of
0.2-6 nm from the impurity, i.e., from nearest
neighbors up to atoms within 5-10 lattice spacings.
The main body of the present work is the descrip-
tion and the theoretical analysis of the results ob-
tained by this scattering technique.

From the theoretical point of view, the distortion
around an impurity can easily be calculated by the
now standard method of lattice statics, described,
e.g., in Ref. 8, provided both the dynamics of the
pure solvent crystal and the distorting forces
arising from the presence of the solute atom are
known. %hile in earlier work phenomenological
force-constant models were used to represent the
interaction between host and impurity atoms, the
development of the pseudopotential theory' has
made it possible, for simple metals, to eliminate
this "ad hoc" approach and replace it by "ab initio"
calculations, as was the case before with the lat-
tice dynamics' of pure nontransition metals.
Thus, the electron-liquid pseudopotential formal-
ism was applied to calculate the distortion due to
a vacancy and also to substitutional impurities of
the same valence as the host atoms, ' "and the
problem connected with the convergence of the
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pseudopotential expansion and nonlinear screening
has, for such homovalent impurities, also been
clarified. ' This is, however, not the case for a
heterovalent impurity. Although the neutron scat-
tering method has been applied with success to
measure the lattice strain ' in AIMg and a pre-
liminary analysis has been given for those results,
the systematic study of the pseudopotential method
in the context of calculating the equilibrium co-
hesive parameters for a heterovalent solute has
not, to our knowledge, been given previously.

In the present work the theoretical method to
calculate cohesive properties, such as the average
lattice spacing, individual atomic displacements,
and heat of solution, is developed for a dilute
substitutional alloy with difference in valency be-
tween solute and solvent, and the formalism is
applied to the alloy A/Li for which the scattering
experiment has been performed. Special attention
is paid to the observed volume contraction in this
alloy, a striking and long known example where
the interpolation scheme (Vegard's rule) does not
give even the correct sign for the variation of the
lattice spacing, and to the contribution of nonlinear
screening of the electrons in determining the
atomic displacements in the preasymptotic and
asymptotic range.

In Sec. II the experimental procedure is de-
scribed, including the preparation of the single
crystal &lLi sample, the neutron scattering setup,
and the data processing which leads to the value of
the cross section of coherent scattering at the
lattice strain.

In Sec. III the theory is developed within the
framework of the perturbed electron-liquid pseu-
dopotential formalism. The total energy of the
lattice with impurity is expressed as a pertur-
bation series in ascending powers of the ion-
electron Potentials with arbitrary positions of the
host atoms. Rearranging this series correspond-
ing to ascending powers of the atomic displace-
ments, we obtain first a term referring to an un-
distorted lattice, ~E~„, which can be used to de-
rive the average lattice spacing in the alloy. Next,
the linear term of the expansion gives the distort-
ing force f(l), and the static displacements can
then be determined by the well known method of
lattice statics. The new theoretical result con-
cerns, first of all, the long-range part of the dis-
placement field and the volume change. For a
homovalent alloy it has previously been shown'
that, in calculating the static displacements u(q)
by the above method, the perturbation series in
terms of the ion-electron interactions is not "uni-
formly convergent, "namely, that for ~q

~

«(4
~

the third-order nonlinear screening term becomes
of the same order of magnitude as the linear

screening contribution. It was also shown that, as
a consequence, a discrepancy arises between the
volume change derived from ~E~„and the long-
range behavior of the displacement field every
time when both these quantities are calculated in
the linear screening approximation.

A more general result is derived here for the
heterovalent alloy, containing as a special case
the above statement for the homovalent solution.
We show that in the case of a difference in valency,
both. third- and fourth-order nonlinear screening
terms are appreciable in calculating the displace-
ments outside the immediate vicinity of the solute
atom. The fourth order-term is found to be linear
in the valence difference and that is why it does
not appear in the homovalent case.

The results show that the volume change per
solute atom and, hence, the asymptotic amplitude
of the displacement field can, nevertheless, be
calculated by the linear screening approximation
via ~E„,, but the necessity of an explicit calcula-
tion of third- and fourth-order screening terms
arises for the Fourier components of the displace-
ment field in the range 0 & ~q )

«(G ).
'The numerical results, described in Sec. IV,

are "ab initio" in the sense that the input data con-
cerning the ion-electron potentials for solvent and
solute have been fixed ~it@out using information
on the properties of the alloy, by fitting the cohe-
sive parameters of the pure constituents. The re-
sults for the predicted volume change are fairly
reasonable; both the observed negative sign and
the anomalously small magnitude of &0, are re-
produced. The volume contraction observed ' in
Al on dissolving Li atoms has always been con-
sidered as paradoxical, since the Wigner-Seitz
cell of Li is considerably /armer than that of the
solvent aluminium. Apart from some general,
qualitative arguments invoked by Axon and Hume-
Rothery, the present treatment seems to be the
first quantitative analysis for the volume change
in this alloy. The present experimental data,
mapping the displacement field around the solute
atom, are in reasonable agreement with the theory
for both screening approximations used in the
treatment. The nonlinear screening contribution
to the asymptotic amplitude of displacement field
is appreciable in both cases and implies a par-
ticularly drastic change of the scattering cross
section for the Geldart-Vosko dielectric function.
The heat of solution ~&, is also evaluated and the
role of the different contributions is analyzed.
Section V contains the conclusions.

II. EXPERIMENTAL

A. The Al-Li system

As a candidate for an experimental and theoreti-
cal study of the lattice distortion caused by a so-
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FIG. 1. Phase diagram {Ref. 12) for the Al-Li system
in the aluminum-rich region. The n phase has fcc
structure. The circles show the concentration and temp-
erature parameters for which the experiment was per-
for med,

lute atom, the dilute alloy A/Li has several ad-
vantages. As obvious requirements for such a
system we have the following: (a) random distri-
bution of the impurity atoms, (b) sufficiently large
difference in scattering lengths of host and impur-
ity nuclei, (c) well known and possibly small in-
coherent cross sections, and (d) weak absorption.
Further, if (e) the difference in size between host
and impurity atoms is not too large so that the
displacements are small and (f) both components
are simple s-p metals, a first-principle theoreti-
cal treatment based on the electron-liquid pseudo-
potential method is reasonably simple. These
conditions are all met for the aluminum-lithium
solid solution.

The Al-rich part of the phase diagram" is
shown in Fig. 1. The n phase has the fcc struc-
ture of pure aluminum. 'The four circles mark the
temperature- concentration parameters for which
the measurements were performed. As there was
no difference in the scattering pictures obtained
at different samples and at different temperatures,
we take this as experimental evidence that no con-
centration fluctuation connected with ordering oc-
curs in the sample and that the distribution of the
lithium impurities is random.

For the coherent scattering lengths we have"

b, = (0.3449+ 0.0012) && 10 "cm,

b &7„,&

= —(0.233 a 0.003) & 10 "cm,

and 'Li was used since for this isotope (i) the ab-
sorption cross section is small, (ii) the incoherent
cross section is known, and (iii) the coherent
scattering length is large and opposite in sign to
that of the Al nucleus. The advantage of the large

negative scattering length becomes clear when we
look at the cross section related to the lattice dis-
tortion, Etl. (3) in Sec. III, showing that the in-
tensity of this scattering is proportional to the
difference in scattering lengths of host and impur-
ity.

Further, the incoherent cross section of Al is
fairly small, and though this is not the case with
the solute 'Li, the tot~/ incoherent scattering is
still small. As to point (d), the absorption is in-
deed very low, less than 5/o for the samples used
in the experiment (diameter =20 mm). The ful-
fillment of the "theoretical" retluirements (e) and
(f) will be discussed in detail.

8. Sample preparation

Using Al of 99.9999~0 purity and 'Li isotope of
99.957O purity (containing more than 0.04/c of 'Li),
the alloys were prepared in a pure argon atmos-
phere. The nominal 'Li concentrations were 2 and
3.5 at. V~, respectively. A chemical analysis of
small pieces after alloying yielded exactly these
values. Single crystals were grown from the al-
loy in a Bridgman furnace with the (110) direction
parallel to the cylinder axis. We used BN cruci-
bles under 2-kbar Ar pressure. The crystals had
a diameter of 20 mm and a length of 150 mm. Be-
cause of the high diffusion rate of Li in Al, large
concentration losses occurred. Moreover, as seen
in Fig. 1, the crystallization takes place in an
interval of solidification, implying that a concen-
tration gradient appears along the crystal axis.
Chemical analysis gave values from 240 at. ppm
at the lower part of the crystal up to 1.65 at. /0 at
the upper end. Out of several crystals so grown
we chose those with the smallest concentration
gradients. From spark analysis on the crystals
we found that the gradient 4c followed very well
the equation'

b.c =Zc,(1 —g)' ',
where c, means the nominal concentration and g
is the reduced length of the crystal, while 0 = c /c
is the quotient of the solid and liquid concentration
at a fixed temperature. - Using the results of the
chemical analysis together with the above equa-
tion, the mean concentrations of the two crystals
chosen for the experiment were 0.88 and 0.26
at. VO. In addition, a pure Al single crystal of the
same dimensions as the A/Li crystals was also
grown. The difference of the scattering intensities
from the alloy and from the pure host is used to
obtain the scattering in the lattice strain, as
shown in the next paragraph. The rocking curves
of the crystals, determined by a y diffractometer,
were about equal and of the magnitude 5' to 10'.
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C. Determination of the diffuse elastic neutron cross
section

The experiments were performed at the DNS1
spectrometer' of the KFA in JMich. The neu-
trons, moderated in a cold source, reach a veloc-
ity selector; the wavelength selected for our ex-
periment was 0.44 nm, AX/X being 17%. passing
a Fermi chopper, the neutrons are scattered by
the sample, which is adjusted in the center of the
spectrometer table in an evacuated furnace. The
scattered intensity is registered by 32 BF, count-
ers at a radius of 80 cm around the sample, the
angle range being 6 to 147 . For the above value
of X this means a range of momentum transfer
from 2 to 25 nm '. Time-of-flight analysis was
applied to separate the elastically scattered inten-
sity.

'The measurements were done on both AlLi crys-
tals at temperatures of 295 and 400 K by rotating
the samples in the beam in steps of 5'. After each
run the intensity of the pure Al crystal was deter-
mined. In Fig. 2, the time-of-Qight spectra of
the &lLi sample containing 0.88 at. %%uOL i an d the
pure-Al sample for the corresponding orientation
are shown. One notices that the inelastic inten-
sities are the same, and the difference in the
elastic line is due to the Laue scattering and to
the scattering on the lattice strain which we are
looking for. To gain absolute values of the cross
section, a vanadium calibration was carried out.
'The cross section for the diffuse elastic scattering—
corrected for the Debye-Wailer factors —is found as

ZA1Li exp(+ 2W AH, j ) —Z~, exp(+ 2W„)
Z„exp(+ 2Wv) —Za

do Li

dQ,.„, (1)

with

Av
~%1

y y9
A1

(
do = (47 + 3) mb/sr,

inc

whereas for vanadium the known value

as a correction factor for having the same number
of scattering atoms in the sampl. e and the vanadium

0

standard. Further, ZA1L;, Z„, , Zv, and Z~ are
the counting rates in the elastic line of the sample,
the Al. crystal, the V standard, and the back-
ground, respectively. For the incoherent cross
section of 'I, i we have"

300—
Al Li 0.88 at% Li

~ 200
L

pure Al

T- 400 K

'u) 1QQ
C

e
4

4
+So

I

20

time of flight i 28ps
FEG. 2. Time-of-flight spectra of the AlLi sample

(0.88 at. '% Li) and that of pure Al for i qi =1.18 A

The difference in the elastic line is due to the differ-
ence in scattering lengths and to the lattice strain, ac-
cording to Eq. (3). The inelastic spectra are seen not
to differ appreciably.

=(403.5+ 6.1) mb/sr(
dg

inc

d g ~A1 ~Li

= (334 + 1)mb/(sr at. % solute) .

On the other hand, near q = 0 the intensity can be
expressed in terms of the elastic constants and
the change in the average lattice spacing, as dis-
cussed later- in Secs. III and IV, The agreement
between the experimental values obtained via Eq.

was used.
Supposing ~„,L,. =8'„, and neglecting the tempera-

ture dePendence of Ze (Za = 10 'Zv), the quotient.

exp(+2WA~)/exp(+2Wv) is factored out. The Debye-
%aller factors are calculated in a Debye approxi-
mation with e„,=342 K, the values for 8'A1L; and

W„, are set equal. Even for the largest
~ Q~ values

measured, the influence of the Debye-%aller fac-
tor turned out to be less than 5% on the counting
rates. The results for the mean symmetry di-
rections (110), (100), and (111)are discussed in
Sec. IV. Here we mention only that at two g values
the measured cross section, as obtained via Eq.
(1), could be directly checked, namely at f1= 0 and
at g= —,'0, where 5 is any reciprocal-lattice vec-
tor. In the case of q= g we have pure Laue scat-
tering" and the contribution of the lattice distor-
tion vanishes, therefore with the scattering
lengths, quoted in Sec. IIA, we have
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K(q) = —iq u-, ,

where

(5a)

u- = u(1)e "'
Q

1
(5b)

is the Fourier transform, on the basis of the lat-
tice vectors l, of the atomic displacements. For-
mulas (3)-(5) represent a linear approximation to
the cross section in terms of the displacements;
in the Al-Li system where the resulting displace-
ments are very small, as we shall see later, this
approximation works fairly wel. l. .

Hence, a straightforward processing of the experi-
mental intensities gives, via Eqs. (3) and (5), the

Fourier transform of the displacement field.
From the theoretical side, we proceed to calcu-
late the individual atomic displacements by start-
ing from the ion-electron potential of the Al3' and

I.i ions, and compare the resulting K(q) with the
observed data.

(1) and by the two independent calculations of the
cross section, at Q = 0 and Q = —20, is very convinc-
ing, as seen explicitly in Fig. 4. In this same
figure we can see that the experimental errors
are small compared to the resolved structure in
the intensity distribution.

III. THEORETICAL

A. The scattering intensity

For the differential cross section of coherent
diffuse elastic neutron scattering by an ideal. l.y
disordered substitutional solid solution, obtained
experimentally via Eq. (1), we have'4

dQ dQ
- -=t'c - =welt;-b+hK(q)l' (3)

where N is the total number of the scattering
atoms and c is the concentration of the solute.
This formula holds for c «1. The Debye-WB, lier
factors multiplying the 5's are left out in Eq. (3),
since we compare with the experimental value Eq .
(1), corrected for this q dependence; q=k —k, is
the change in wave vector of a neutron scattered
from the direction ho into h, and the function K(q)
is the scattering amplitude due to the displacement
field around ore single solute atom. The lattice is
supposed to have one atomic site per unit cell.
The position vector R(1) of each solvent atom in

the alloy can be written as

R(1) =1 + u(1),

where l is the position of the lattice site in the
undistorted host crystal and u(l) stands for the
static displacement due to the presence of the im-
purity. The amplitude of scattering on the lattice
strain is given by

B. General formulas for the displacement fieM

According to the usual method of lattice statics, '
the lattice distortion is obtained by minimizing
the total energy with respect to the individual
atomic displacements. For the energy per atom
in the dilute solution we can write' '

E„,~=E„(Qo,l)+c[t)E „(Qol) +nE„, (u)]+0( c ),

where E„ is the total energy per atom in the pure
host metal at an atomic (Wigner-Seitz) volume Q,
and &E„, is the energy change in a (hypothetical)
lattice which is kept to be undistorted, though con-
taining the impurities. The energy of relaxation
for one impurity, liberated on removing the hypo-
thetical constraint of geometrical regularity, is

+-. Q Q (4').rn +hid). 4(1).&(I ). +
l, ot 1',0. '

We consider, for the moment, the u(l. ) vectors
as variable so that Eq. (7) represents the linear
and quadratic terms of the expansion of (l(c)E„,
in powers of the atomic displacements, in the
presence of one solute atom. Here f(1) and
h-,

&
~ determine the displacing force arising from

the presence of the impurity and 4-, ", ~ is the
harmonic "force-constant" matrix of the pure host
metal. We limit our discussion to the case when
the total "impurity force" acting on the atom at
1 + u(l ),

f)1+u(j)),=-(f(l)„+Q h--„;...u(l'), .), (8)
1'0. '

can be replaced by its value at the ideal lattice
site,

f(1),+ Q h „,.~ ~(1-)~-. =f(1)~.
t~ I

This approximation is expected to be valid when
the displacements are small; for &)Li we find
(Sec. IV) that it holds within 5%. By minimizing
E„, (i.e. , ~„,) with respect to u(1) we then get

f (1).+ Q @Y.I .&(I '). = o .
&'0. '

We are interested in the strain field due to one
single impurity. If this impurity is at site L, both
t and u depend actually on the relative radius vec-
tor l —L. In what follows we choose the impurity
site as origin, I.=0. The lattice equilibrium oc-
curs, by Eqs. (7)-(9), at the displacements deter-
mined by
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&(1).= —Q ar.r .f(i ').
1 '0. '

where the matrix g=4 ' is the static Green's
function of the lattice. By Eq. (5b) we have for

(10)

u(q) =i gg, (q) g f(1), sin(q 1). (11)
8 1

Here the Fourier transform of the Green's func-
tion is introduced by (BZ denotes Brillouin zone)

to calculate the static lattice response function
of the host and the distorting force f due to the
different valency and size of the solute atom. Both
these quantities will be obtained in the frame of
the perturbed electron-liquid theory, generalizing
the treatment for the homovalent solute given
previously. "'

According to Eq. (13), the behavior of u(1 ) far
from the solute atom is determined by the form
of u(q) near I q I =0. By Eqs. (12) and (15) we
obtain for the limit q-0

Qo iq '(& -& ')a).-. =(2,, dqg. (q)e*
7T J

where

(12a) (~ 0)
. g Q e~(q, )))e((q)) )),) ~~ q)) ~Q

Me', (q) & Iq! ~„

(16a)

u(l)= ',. u;e" dq.(2~)' ez
'

For a homovalent impurity in a metal, the Four-
ier transform of the impurity force, needed in

Eq. (11), can be obtained in a, straightforward fashion
in terms of the ion-electron pseudopotentials. "

If the valence of the host and the impurity atoms
are different, the Coulomb interaction also has a
contribution to f(l) and, to deal with it, we have
to apply an Ewald transformation. As a conse-
quence, we will have the impurity force as a
superposition of two terms,

f(l) =q(l)+ F(l)

where y is given by its direct space representa-
tion and the other component F by its Fourier
transfo rm,

F(1)=—Q kE(k)e'"' . (14b)
k

Since u(q) is linear in f, we have by Eqs. (11)—{14)

u(q) = u)(q) + u2(q),

with

(15a)

u, (q), =i gg„()(q) g p(l)() sin(q 1)

and

)-) ~ e.(q, ) )e,(q, ), ) (12b)
M~-

)t=i,2 t3 cX

with the traditional notation for polarization vec-
tors e(q, )) ) and phonon frequencies &u;„. The func-
tion u(q) is periodic in the reciprocal. space and by
its definition, Eq. (5b),

where e„(q) is the sound velocity in the direction
q with polarization p, z„ is the compressibility of
the host, and for cubic symmetry, we have

(16b)

M, can be called the asymPtotie angPli&de of the
displacement field, since it incorporates all ef-
fects. of the lmpul lty-host lnteractlon as far as
the asymptotic strain field is concerned. In fact,
for large Il I Eq. (16) gives'

A(l )u(1 ) -0, IgI, M, ,

where the dimensionless vector function A(t),
determining the anisotropy of the strain field far
from the solute, is derived from the inverse
Christoffel matrix of the pure host' Ilarge paren-
thesis in Eq. (16a)] and has, therefore, no relation
to the properties of the solute.

C. Perturbation series for the displacing forces

The perturbation expansion of the total energy
for a pure metal"' in terms of the ion-electron
potential can easily be generalized" for the case
when impurities are present. Starting from the
homogeneous electron liquid, consisting of all
valence electrons of the host and impurity atoms
and containing the lattice of ions immersed into
it, we obtain the total energy per atom, Eq. (6), as

E„,=E,(n, )+E (Z, Z*,Ft-, )+E")(Z,Z+, g„,, +)

+2(q). = —t g g. ))(q) P (q + &)() &(q + G)

Hence, in order to determine the strain field
u(q) and its scattering amplitude K(q), we have

+E+ )(Z Z4 Q R„o( &4) +EH) +E(4) +, ,
i~ i t

(18)

where S is the charge of the host ion, &~ is that
of the impurity, the average electron density is
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Z (1 —c)Z + cZ*
Sp

Qo Qo
(19)

E(l) v r (2o)

where

V(r ) = (1 —c)v (r ) + cv~(r ) .
Here v(r ) and v" (r ) are the "bare» ion-electron
potentials for the host and impurity atoms, re-
spectively. These potentials contain some pa-
rameters n,. and n~ which characterize the host
and impurity ions (core, radii, etc. ).

For the second-order polarization energy E"',
which represents the contribution from linear
screening, we have

E(2) & 2g

where the dielectric function c is given via the
electron polarizability function P(q) as

s =1+,P(q).
4ne2

J q I'

(21)

The form of P(q) depends in a complicated way
on the density n, of the electrons that participate
in the screening. We do not know this function
P(q, n, ) exactly, but several approximate forms
are known for it. An important pr-operty of the
exact P(q) is that, in the limit of small lql's,
one has

Eoli m(Pq, n, ) =n20l v»' =n,'z„n, =— (22)

where z, is the static compressibility of the
homogeneous electron liquid. Presently, we will
use the approximate P(q) proposed by Toigo and
Woodruff ' and also, for comparison, that given
by Geldart and Vosko, "and take the Nozidres-
Pines form" for E,(n, ). In the one-impurity
problem we have'

with an atomic volume A„Eo is the energy of the
homogeneous electron liquid, and E„stands for
the electrostatic energy of the point ions on the
background of a uniform negative charge distribu-
tion. Further, E"' is the spatial average of the
non-Coulombic part of the mean ion-electron po-
tentia, l,

(23b)&v. =v~ -v. .
Q Q Q

The higher-order terms E"), E'4), etc. , are
contributions from the nonlinear" screening by the
electrons, and they have more and more com-
plicated analytical forms (see the Appendix).
Similarly to the case of pure metals' and homo-
valent alloys, ' it can be seen that when the la)tice

not distorted, the contribution from the term
E'"' to E„,is of the order -Ez(vo/Ez)", where
v stands for v or v~ and E~ is the electronic
Fermi energy. Indeed, for the undistorted lattice
a factor (vG)" appears directly from the first
term in (23a) (k =0, 1, . . . , n), multiplied by
integrals over q containing (bv&) and this, with
the definition of the nth-order electron polariza-
tion function, ' gives the result stated above.
Since, however, we will deal specifically with
a distorted lattice and thus with derivatives of
E'"' with respect to u(I), the convergence in the
expansion (18) has to be reconsidered for each
particular quantity deduced from E„„e.g. , f(1),
Eq. (7).

We proceed now to determine, from Eqs. (18)—(23),
the energy contributions according to the grouping
in Eq. (6). The electron-liquid energy (per atom)
can be written as

E, =Zg, (r,), (24)
where eo is the universal function for the energy
Per electron in the intera. cting electron gas." By
Eq. (24) we have, for small c,

E.=(Z+«Z) e.(r..) c „'de. dr. &

«so «&c=o
(25)

where &Z =Z* -Z and r„ is the radius for an
electron in the host metal at volume Q„whereas
r, is that in the alloy,

4g Q()gl33' 'Z
We have then by Eq. (19),

(
dy's y'so &Z
CfC ~ o 3

leading to

(26)

E, =E,(host, 0,) +c E,(r„)—Z dEo 'torso l

- Chsoj 3
(27)

For the second term in Eq. (18) we have

1 .". 1f =5 e ~ &+ Av
Q QN N

l

with c =I/N and

(23a)
L

which can be transformed by the usual Ewald
method to the form

=E (host, QO)+cZbZe' Q = — erfc(qlB-l) ——+—Q e 'I' ~4~' +2cos(k R—) — v, (28);., lH. l I~0. Q g2
1



824 G. SOLT AND K. %ERNER 24

for one impurity at the origin. Here erfc(z) is
the complementary error function, and the ar-
bitrary parameter p is chosen so as to give the
most convenient convergence of the series in Eq.
(28). When site symmetry in the pure host in-
cludes inversion, we can write this equation a.s

( ~ @282
Z„=11+2

Z
c -- -y +pQ@+F (q)]u(p)

6
1

+ g g C ".. .u(1).u(1'). , + ~ ~,
lot 1 ai

where 8, is the radius of an atomic sphere in the
alloy, y is the usual Madelung constant, and the
coefficients 4;,. ~ are the contributions of the
electrostatic forces to the force-constant matrix
-of the pure host. The Coulomb contribution to
the displacing forces has the form

8 1
y(1) =Zb, Ze' — erfc(&) jr ~)ar Ir l

r=g

and

to the dynamical matrix. We write the argument
n, in P and e explicitly to emphasize that 8&2)(host)
is calculated at an electron density Z/Q, . Terms
linear in u do not arise in Eq. (34) when site sym-
metry includes inversion. For the second term
in Eq. (33) we have

4 E&2 & = — v-b, v-Q — —
~
hv. ~'Q, ~Pg & ~ P

2N
6 q e

+~z 8 (Pp
|)n, i, e8

+—gE&'&(1) 2&(1)

Here the first two terms are the same as for a
homovalent impurity. ' In the heterovalent case,
however, the density of the responding electrons
also varies with c, and the third term in Eq. (35)
takes this variation into account, being the de-
rivative of the first term in Eq. (34). The linear
screening contribution to the impurity forces is
obtained as

F ( 1) Z~Ze2 Q k + e-I2 I2/4r& e&2'1
Ã Q, I k I

'
(30b) F&'&(1) =—Qk -v.Sv Q, —e'"'.

N (36)

For the next term in Eq. (18) we have

Z&, &
ZP Z[P+c(P~-P)]
0 ~o

where

(31a)

Similarly, the contribution from linear screening
to the polarization energy has the form, via. Eqs.
(21) and (23),

E &2) +&2)(h&)st Q ) +c~ E&2)

where

E&')(host, Q,) = ——,
' iv- i'Q, ~(c,~)'

e(C,n, )

p=f(rr )pr, p*= f(r" r )pr, (pip)

so that, writing P* —P =&P, one has for the
average non-Coulombic potential energy

E"& =E"&(host, Q, ) +caE"&

with

By using Eqs. (25)—(29) and (32)-(35), we can now
rearrange the perturbation series Eq. (18) to
the form required by the lattice statics method.
For the "undistorted part» of the energy we have

$p&df' ) 3 a

+ + +Qg

—gv-hv»Q, — — g ~&v ~'Q, +. (3'l)
PG ]. P

The three terms in Eq. (37) which do not contain
the multiplying factor 4Z represent the expression
for &E „in the case of a homovalent impurity. "'

Since 4E„,refers specifically to a lattice which
is not distorted, stopping at, for example the
linear screening term E"' in (18) implies for
this quantity an accuracy of -(v-/E )', as discuss-
ed above. For the impurity force we obtain, by
Eqs. (30) and (36),

(p(1) =ZLZe'= - erfc(&1 ~r ~)er lrl
x=)

+ C. .. p 1 1

1e 1 0(

(34)

Here 0 is a vector of the reciprocal lattice and
4 stands for the linear screening contribution

9

j'(k )
—ZnZe2 &r & 2 I l4r&'

A. lkl"
+ ~+ g +g(3)+, g(4)+, ~,

k k
(39)
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We will see in the next paragraph that both F(s &

and F' ' are to be retained together with the linear
screening term, if we calculate u(q) [and Z(q)]
at small Iql values. The explicit forms for F "&

and F"' are given in the Appendix.
The individual atomic displacement can now be

calculated according to Eqs. (10), (12), (13), and
(39) provided we know the ion-electron potentials
v(q) and v" (q). In the present work local Heine-
Abarenkov model potentials will be used, with
two parameters each, since for both pure Al and
pure Li such a description has been seen ' '

to work reasonably well. First, however, we
analyze the behavior of F(k) for Ikl -0.

D. The long-wave limit of F(k) and the volume change

We consider now the convergence of the expan-
sion Eq. (39) for F(k}. To obtain F'"' we have to
differentiate the perturbation series Eq. (18)
for E„,with respect to the displacements. The
same argument as that used in the preceding
paragraph for &E„,shows that for a general wave
vector q~ IGI a factor of the order (vo/E~ )-" ap-.
pears also in F'"'. However, this is not so for

I q I « I 6 I, and we get the clearest demonstration
of this by considering the limiting value at Iq I =0.
To arrive at u(Q- 0) we need to calculate M, [Eqs.
(16a) and (16b)] by using the series equation (39)
for F(k). From the expressions (A2) and (A3) for
F"~ and F[' we find immediately that the following

terms inMO are of the same. smallness as F~'~(@,

0,P, lim

=QDP, lim-, ——,+—= —4Z, (41)
q' 1 4mb Ze' bP' ';.4re'P. n, lql' n,

hence, these formally third- and fourth-order ex-
pressions, at nearly zero argument, are indeed of
the order -Ez(vo/E~)'. Expression (40a) of F~'~(0),
appearing also for hornovalen~ alloys, has already
been found previously', the three other terms in Eqs.
(40b) —(40d) are new results. We see that each of
these four contributions has to be included in the cal-
culation of the asymPtotic amplitude of the dis-
placement field, Eq. (16), whereas only F@'(

q)

is important for a general I q I ~ I G I . This means
that, on applying the lattice statics method, Eqs.
(11) and (12), to calculate u(q), the terms F"'
and F"' become progressively more and more
important when going toward q =0, and neglecting
them leads, in particular, to a wrong linzit at
q =0.

The result (40) and (41) also shows how the
contribution of F "'(q) and F"'(q) to M, can be
calculated zvithout the explicit use of the compli-
cated nonlinear screening functions A '"' (see the
Appendix) at the single point q=0. To cia.rify
the signification of this result, we refer to the
well known fact that u(q-0) and the volume change
per solute atom ~QO are interrelated. '" We can
write this relation as

F "'(0}= -n, ~v hv n,--9 PQ
'en 0

+ ' Q ~tv. ~'n„~),
2N

(40a)

QO Qp dC

where M, determines, according to Eqs. (16) and
(17), the long-range displacement field. This
equation follows directly from the general result"
which, for cubic crystals, tells us that

4v 2 8 Po~limF"'(q+G) = II.P. Jv; f' — — I+"
en, &-)

q=0 q» 0
(4ob)

sf', = —g„—,
' g f(1+u(l)) I (43)

lim-'G„G [F"'(q+6)]
q=0

P, sG 2 v~
0 40c

limF'4'(q) = — Q,P, g
q-"0

--:»;»".;„'.(, )', (4od)
In Eq. (40b) —(40d) lower order terms are left and
in Eq. (40a) and (40d) P,(v/e)-, = —n, was used. '
Further, we have

Indeed, by substituting Eq. (14) for the force f
and neglecting u in the argument, we arrive from
Eq. (43) at Eq. (42) with M, defined in Eq. (16b).

On the other hand, the equilibrium volume and
thus +Op can also be obtained by minimizing the
total energy [Eq. (6)] with respect to 0, at a given
c. This gives, by Eq. (6),

For very small displacements we can neglect the
second term within the first set of large paren-
theses of this equation, within the same accuracy"
as f(l + u) =f(l. ) in Eqs. (9) and (43). We will
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see that for A)Li this approximation is ex-
tremely good. The two ways of calculating
EQ„Eqs. (42) and (44), must lead to the same
result; thus we have to check the validity of the
identity

d4E~ Mp

dQ, g„
(45)

dQO BQO G „3QO 8G g Qo Bno „
(46)

since 4E„„,Eq. (37), depends on the volume
explicitly via G and also through n, appearing in
the screening function. With this, by comparing
the two sides of Eq. (45) we find that the terms
corresponding to the derivatives 8/8n, and 8'/8n'„
arising from the volume derivation of 4E„„can
be identified on the right-hand side as precisely
the terms E"'(0), etc. , of Eqs. (40a)-(40d)
contributing to M, . Then, by a term-by-term
comparison, Eq. (45) reduces to

Two remarks have to be made at this point. First,
the derivation on the left-hand side has to be
performed according to the rule'

function. 'Then, in obtaining the pressure from
AE„„we use Eq. (46), and the operation 8/8n,
appears again. This clarifies the essential differ-
ence between Z~4Z and Z~=Z: In the homovalent
alloy the density of the responding homogeneous
electron liquid does not vary with the concentra-
tion; therefore the corresponding derivative is lack-
ing. Physically, the additional new terms for Z*w Z
show the increased role of nonlinear screening
for a heterovalent solute, which is quite under-
standable, since the perturbation, realized by the
difference &g in the ionic potentials, is much more
important for 4Z 4 0 and survives even in the
Coulombic range. Similarly, Eq. (46) shows that
the correct limit P(q= 0) is as crucial in the cal-
culation of the volume change as it is in calcula-
ting the pure metal compressibility, ' but we arrive
at this condition only for 4Z 0 0.

The role of the different terms arising from the
different contributions to hE„, [Eq. (37)] will be
discussed in the specific example of AlLi in Sec.
1V B. We mention that one aspect of the problem,
the twofold variation of the electronic density in
determining the volume change due to a nonhomo-
valent defect, has already been noticed"'" in the
context of the formation volume of a vacancy.

as the condition for the theory to be consistent.
We can recognize, however, that this equation
is not "new" but just another form of the compres-
sibility limit Eq. (22). Indeed, one has

f'gp dEO 2 d &0—IIod~ e(r,o) —-3—"
d

=vo d,'=
le gp

'The presence of significant nonlinear screening
contributions and the necessity to have the accu-
rate value for P(q-0) reminds one of the problem
of the calculation of compressibility for pure
simple metals. 6 The situation is similar in the
two cases: Nonlinear screening terms of third
and fourth order become large at long wavelength,
of the same order as the "main" linear screening
contribution, both for the longitudinal sound veloc-
ity of the pure metal and for the distorting force
in the dilute alloy. The analogy is, however, not
complete as shown immediately by the important
differences in the result for homovalent and heter-
ovalen' solutes: The fourth-order term E"'(0)
does not appear at all for Z~=Z. The particularity
of the alloy problem is that the derivatives 8/8n,
and 8'/8no in the "impurity pressure, " Eq. (45),
have a double origin. First, for Z~4 Z the varia-
tion of the electronic density with the concento"ation
generates a term in the energy [Eq. (35)] which
contains the density derivative of the dielectric

IV. NUMERICAL RESULTS

A. Ion-electron potentials for solute and solvent

For both Al" and Li' we describe the bare ion-
electron interactions by a model potential of the

local Heine -Abarenkov type"
I Ze'

v(r)=
&

lrl '
(48)

Ze
C

C

which gives, when Fourier-transformed,

(49)

so that, e.g. , the parameter P defined in Eq. (31b)
is obtained as

, , j
P = 4pZe~g~

C

According to the original prescription, "v(q) in
Eq. (49) was multiplied by the cutoff factor
exp[ f(q/2y )']-; the value of g was fixed as'
0.03 (Li) and 0.15 (Al).

The parameters R, and ~ can be determined in
both cases by requiring that the lattice constant
and the elastic constant c4, coincide, for the puye
solvent and solute metals, with their observed
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FlG. 3. Model potential parameters (R~, A, ) which en-
sure zero pressure at the observed lattice spacing in AI.
The solid line corresponds to the TW approximation
(Bef. 17) for screening, while the dotted line corre-
sponds to the GV dielectric function (Hef. 18). The ar-
rows indicate the parameter values which, in addition,
reproduce the shear modulus c44.

values. For the case of the alkali metals this
method of fixing the model potential parameters
can already be considered as standard, '~' "~'~'
and tabulated values, for different screening func-
tions, are available'"'" for Li. For aluminium,
however, we may have somewhat different
choices, substituting the requirement of an exact
reproduction of c44 by that of the bulk modulus"
or of an optimum overall fit to the phonon spec-
trum. ' This is so since, in the case of alumi-
nium, fitting of c,4 does not ensure an optimum
reproduction of al/ the elastic constants and the
phonon dispersion curves. In Fig. 3 the curve
indicates the interrelated values of R, and ~ for
which the calculated lattice constant agrees with
the experimental value. The points where c4,
equals its experimental value are indicated in the
plot. We see, first, that the conditions of repro-
ducing the lattice spacing and c44 do not determine
R, and ~ unambiguously: We have takeo pairs of
parameters satisfying these two conditions.

At this point we notice that R, in Eq. (48) has the
physical meaning of a radius of the Al" ion, out-
side which the ion-electron interaction is merely
Coulombic attraction. Hence, R, may not differ
very much from the Pauling ionic radius, R~
= 0.945 a.u. for Al"; the Ashcroft empty-core ra-
dius (&= 0) was, e.g. , found" to be R„=1.12 a.u.
We see that one of the two R, 's found by our meth-
od can well have the meaning of a radius separa-
ting Coulombic and non-Coulombic ranges of the
potential, but the root R, = 2.45 a.u. is too large to
be so interpreted. A prototype of such a "large-R, "
potential, with R, outside the range of a reasonable
ionic radius, with X= 1, has been studied recent-

ly", 2nd found to reproduce fairly well trends in
elastic moduli of simple metals, provided the
first zero of v(q) is chosen near to the Heine-
Abarenkov value. Still, we want to attach physical
significance to R, as a core radius, and consider
only the R,= 1 a.u. solution as physical. The re-
sults obtained by the "too large" R, 's (for Al as
well as for Li) will only briefly be mentioned.

In Table I, the first two columns contain the ex-
perimental input data by which the parameters of
our model potentials are determined, as listed in
the next two columns. The potentials so obtained
have been checked by calculating the bulk modulus,
the other shear modulus, and the total binding en-
ergy for both metals, and comparison with the ob-
served data is shown in the next columns of Table
I. For lithium the parameters are the same as
used already in previous work, "'"giving remark-
ably good agreement for the elastic constants and
the phonon spectrum in general, though with some
overshoot of the binding energy. The Al row cor-
responds to the potential determined by the same
method as used for lithium, whereas the row Al~

refers to the potential obtained by fitting R, and
yielding the best overall fit for the phonons; the
numbers in this rom are near to those given in the
literature. '" In the row Al~ the potential with
"nonphysical" R, is presented.

Having thus found the bare model potentials
which describe reasonably well both the solvent
and the solute metals before alloying, we proceed
to calculate the expected properties of the dilute
alloy.

B. Volume change and lattice strain in the alloy

Among the data for the partial volume change in
dilute AlLi solid solutions we find two experi-
mental results. " Both agree in that aluminium
contracts on dissolving lithium atoms, and the
relative changes in lattice constant per dissolved
Li atom are, by a quadratic interpolation, (1/a)
x(da/dc), ,= —0.016+0.001, according to Ref. 1,
and -0.008+ 0.001, according to Ref. 2, where a
is the lattice constant for pure aluminium. How-
ever small, such a contraction is unexpected, in-
sofar as any kind of interpolation between the
Wigner-Seitz radii of pure Al and Li necessarily
leads to an increase in the lattice spacing, since
R, for lithium is appreciably larger, by 9%%up, than
that for aluminium (see Table I). To explain these
experimental results, some qualitative arguments
have been put forward. ' It was pointed out that
the cohesive forces, active in metallic lithium
and determining its lattice spacing, are almost
negligibly small as compared to the same forces
in aluminium metal, due to the 3 times larger
ionic charge and to the correspondingly larger
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TABLE I. Potential parameters for pure Li and Al, Eq. (48). The values for R~ and "A have
been determined by reproducing R, and c44 for each metal, except for the rows Al* and Al**
where agreement with R, and an optimum overall fit for the phonon dispersion curves was
required. In the rows Li, Al, and Al* results for both the Toigo-Woodruff (TW, Ref. 17) and
Geldart-Vosko (GV, Ref. 18) screening approximations are shown. The same (A. , Rc)
values for Li have been published previously (Refs. 24 and 25). The binding energy Eb d is
the sum of the ionization energy and the heat of sublimation at 0 K, given in Ry. The unit for
the elastic constants is 10 dyn/cm .

Experimental. input data Potential parameters
R, (a u. ) c44 R (a.u.)

Calculated properties
for solvent and solute

B (c&& —cf 2)/2 Eb~d

Li 3.237' 113" TW 1.534
GV 1.512

0.371
0.334

135
135

expt. 130b

10.6
10.6

11.2"

-0.551
-0.551

-0.518 '

Al 2.978 316"
GV 1.273

0.350
0.542

571
651

expt. 794

216
122

262'

-4.298
-4.465

-4.159

Al* 2.978 395 TW 1.2685
423 GV 1 247

expt. 316

0.332
0.361

618
674

expt. 794

260
192

262d

-4.242
-4.307

-4.159

Al** 2.978' 426 TW 2.451 1.211

expt. 316

654

expt, 794 . 262

-4.306

—4.159

Landolt-Bornstein: Numexica/ Data and Eunctional RelationshiPs, edited by K.-H. Hell-
wege and A. M. Hellwege (Springer, Berlin, 1971), Group III, Vol. 6.

Reference 25.
'K. A. Gschneidner, in Solid State Physics, edited by F. Seitz and D. Turnbull (Academic,

New York, 1964), Vol. 16.
G. N. Kamm and G. A. Alers, J. Appl. Phys. 35, 32 (1964).

electronic density in Al. The argument suggests
that the value of the Wigner-Seitz radius in Pure
metallic lithium has, thereby, no significance at
all in determining the volume in the dilute solu-
tion, which contains a few Li atoms dissolved in
the Al "block." In the same spirit, a more re-
fined version2' of Vegard's law takes into account
the difference in compressibility for solvent and
solute, and predicts for A.lI i only one third of the
expansion expected by the simple volume inter-
polation. 'This would still be large and positive,
however.

'To investigate the problem quantitatively, we
have calculated the different contributions to the
"impurity pressure, "

d&Ey„
+P PE&+ PMad+ Pav ~BS ~c ~i

0

(50)
and show the results in Table II. The six pressure
contributions in Eq. (50) arise, term by term,
from the corresponding expressions in Eq. (37).
We can speak, according to this classification, of
the "partial" pressures associated with the energy

of the electron liquid (El.) the electrostatic (Made-
lung) energy, the energy of the average non-
Coulombic part of the potential, the second-order
"band-structure" (BS) energy, the coherent and
the incoherent alloying energies, respectively
[see Eq. (37).] It is the sum of these partial
pressures, according to Eqs. (50) and (37), which
"forces" the solvent to contract or expand, de-
pending on its sign, and the relative volume
change is given by scaling 4p by the bulk modulus
of the host I/g„. In Table II one sees that chang-
ing a Z = 3 point ion into one with Z~= 1 would,
other effects being absent, increase the volume
considerably, 4p„~ is large and positive. This is
easy to understand, since the decxease in the
electrostatic binding energy, associated with Z*
&Z, is the smaller the lattice spacing is larger.
About two-thirds of this positive pressure is,
however, canceled out already by the large, nega-
tive 4p„, showing that the electrostatic effect is
largely reduced by the finite dimensions of the
cores, inside which there is no Coulomb attrac-
tion [see Eqs. (20) and (48)j. The remaining one-
third of the positive pressure is, nevertheless,
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TABLE II. Contributions to the internal pressure per solute atom in AlLi, leading to the
limiting partial volume change 400 [Eqs. (50) and (37)]. The pressure unit i.s kbar; the nota-
tion Al* refers to the model parameters given in Table I. The values in square brackets are
those obtained by neglecting the variation of the electronic density in the screening function
P(q); their use leads to the pressures Qp] of the 8th column. The column [Ap]+ is the result
by calculating u (q-0), according to Eqs. (16a) and (16b) but neglecting nonlinear screening
terms E (k) and E'4 (k). One has Qp]= Dp]~ if Eq. (22) for P(q) is exactly satisfied.

+p E L +PM ad +Pav +PBs
100

600
0

Al* TW

—976 3191

-2028 14 -106 -108,
[0] [-»3] [0]

-1.6

Al~ GV

Experiment

—1863 . —15 -255 -129 -47
[0] [-330] [0] +22 +22

-5.9

-4.8+ 0.5
-2.5 + 0.5

~Reference 1.
~ Reference 2.

still of the order of -1 Mbar, and this, in turn, is
almost completely neutralized by the negative
contribution ~p«of the electron liquid energy.
This is so because the electron liquid in alumi-
nium is in a strongly compressed state (r, = 2.07),
and each Li atom is "welcome" as it reduces the
conduction-electron density. After adding these
three "big" contributions, we have already a rela-
tively small pressure of -200 kbar, which is at
the end, slightly overbalanced by the three small,
negative pressures 4p», 4p„4p,', containing
quadratic expressions of the ion-electron poten-
tials.

The calculated values also show the importance
of the pressure associated with the variation of
the electronic density in P(q, n, ). In fact, due to
the large cancellation and the resultingly small
value of 4p, these contributions are far from be-
ing negligible. From the point of view of the cal-
culation of the impurity force, and thus of K(q)
and u(q), this means that at small q's the termsI"' and I "' are also numerically important, con-
tributing, for example, 14, 87, and -108 kbar, to
be compared with the result of -13 kbar (see
Table II).

As far as the approximations for the screening
function are concerned, we see that both the Gel-
dart-Vosko (GV) and Toigo-Woodruff (TW) results
for 4Qp are reasonable. We find, indePendently
of the approximation for screening, anomalously
small values for &&,/&, (-1.6%%uo and -5.9%%uo),

which are in the order of the observed values. In
turn, an estimation based on the interpolation of
the volumes of solvent and solute (Vegard's law)
would suggest aQ, /Q, =+ 25/o. We note that, al-
though the TW polarization function at a general

lim K(q)=- QOAp 8 AGO

1Vlc) q c Qo
(51)

where c is c», 2(c»+ c»+ 2c«), and &(c»+ 2c»
+ 4c«) for the [110], [100], and [ill] directions,
respectively, so that with the experimental values
of c,.~ (Table I) we arrive at 0.66, 0.69, and 0.65
for B/c. The values of K(q-0) and (do/d5) (q-0)
for the [110]direction are given in the last row of
Table III, using 8/c = 0.66 and the observed values
for &Qo/fI, . We notice that in the three symmetry
directions the difference in (do/d5) (q= 0) is
small, maximum 0.3%%uo, and not observable by the

~q
~

is superior to the GV formula, this is not so
at q= 0, where Eq. (22) is satisfied exactly by the
GV function whereas only within a certain numeri-
cal accuracy for the TW function (-4% in the pres-
ent case). This is why, using the values in square
brackets in the first row of Table II, the result
(8th column) is not equal to that found by the
"linear screening asymptotics" of u(q-0) (9th
column) for the TW function. This small numeri-
cal discrepancy for the TW screening approxima-
tion is, however, not important, since the linear
screening value for u(q-0) is, anyway, irrelevant
as discussed above. The validity of the approxi-
mation Eq. (44) which consists in neglecting the
volume derivative of &E„,was also checked, and
a value Ap„,- 2x 10 ' kbar was obtained. In Figs.
4 and 5 the scattering cross sections per solute
atom, Eq. (3), are plotted for the symmetry di-
rections [110], [100], and [111]. First, the ex-
perimental results reproduce the Laue scattering,
Eq. (2), very well. The values for q —0 are cal-
culated via Eqs. (5), (16a), (45), and (50) with the
result
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FIG. 4. Diffuse elastic neutron cross section of scat-
tering by the lattice distortion in A/Li solid solution,
Eq. (3). The theoretical curves are calculated by the
lattice statics method, in linear screening approxima-
tion; the difference in solid and dashed lines is due to
the different choice of the electronic polarization func-
tion (TW and GV screening approximations, respec-
tively). The potential parameters are those in the Al*
row of Table I. If the contributions of nonlinear screen-
ing into the impurity force are taken into account, the
curves should arrive at the corresponding limiting val-
ues indicated by the arrows at q =0 (Table III). The
hatched strip at

~ q ~

=
2 ~

G
~

is the expected value of
der(dQ with K(q) =0 (Laue scattering}, and the strips at
q =0 are calculated by using the observed volum~
change, according to the independent experiments (Ref.
1 and 2).

present scattering experiment. In Figs. 4 and 5

these limits, predicted by independent experi-
ments, "are indicated by the hatched strips at
q= 0. We see that our scattering experiment re-
produces well the q= 0 limit. 'The most pronounced
structure in the cross section appears in the
close-packed [110]direction, and this structure is
fairly well described by the theoretical model.
'The agreement between theory and experiment is
reasonable also for the [100] and the [111]direc-
tions, as seen in Fig. 5, though the fine structure
of the observed cross section is somewhat less
well reproduced, especially along the [111]axis.

'The theoretical curves are obtained by using
Eqs. (15a)-(15c)with bothy s and E(k) calculated
in the linear screening approximation [Eq. (35)].
As we have emphasized, this gives us u(q) and

K(q) within a given accuracy -(vp/Er)' for a gen-
eral q, but with a smaller accuracy for q«G. We
can find, however, the theoretical value for
K(q= 0) within the above accuracy via 4E„,by
Eqs. (51) and (50) by calculating d,p, and the dif-
ference is precisely the contribution of the third-
and fourth-order terms to j'(k) (for the TW curve,

, also see the remark above). The accurate re-

I

I I I
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I I I pl

& tc:
330

I

0.2 0.6 1.0
I I I

1.4 1.8

1/2 tGI

FIG. 5. Neutron cross section for the [100] and [111]
directions. Of the theoretical curves only those in TW
approximation are plotted; the hatched strips have the
same meaning as in Fig. 4.

TABLE III. Effect of the nonlinear screening in the
scattering amplitude Z(q-o), with ql~(110]. In the first
row both c& and &p in EZ. (50) were calculated by the
method of long waves (LW), keeping only linear screen-
ing terms. In the second row c~& is obtained by the method
of homogeneous deformations (HD), and in the third row
both c& and &p are calculated in this way. The notation
for 4p is that of Table II; the experimental value is
based on (&&0/&o)

Sound
velocity

C2

Impurity
pressure

Dp
K(q 0)

TW GV

AO—(mb)

TW GV

LW
HD
HD

Experiment

+ 0.028 -0.020
+ 0.030 —0.019
+ 0.011 + 0.040
0.032 + 0.003
0.017 + 0.003

322.9 342.0
322.1 341.6
329.6 318.2

321 ~ 1.5'
327+ 1.5'

Reference 1.
b Reference 2.

for each screening approximation. As predictable
from the results of 'Table II, the nonlinear screen-
ing terms change K(q) and thereby the scattering
intensity quite appreciably for small q's. The
error at ~q ~-0 for the TW curve is still moderate,
as compared to the GV curve, the shape of which
is being changed completely near q = 0 by the
contributions E"' and E"'. In order to see in de-
tail how the influence of the nonlinear screening
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terms appears progressively in the scattering
pattern, we ought to recalculate the continuous
curves with including the contributions of F' '

and F"' at a general argument. Following these
curves up to g =0 [and correcting, for the TW
curve, P(Q) so as to satisfy exactly Eq. (22)], we

would arrive at the values indicated by the arrows
in Fig. 4. We did not proceed so because of the
rather complicated form of the polarization func-
tions A '~ and A&', but we obtain a quantitative
result there where the effect is certainly the
largest: at the point /=0.

Besides the nonlinear screening part of E(q),
there is a second reason why the curves of Fig. 4
do not arrive at the points indicated by the arrows,
though quantitatively this effect is much less im-
portant. We refer to the fact' that, nonlinear
screening contributions appear also in the calcu-
lation of phonon frequencies and thus of g p(q) for
small q's. As a consequence, the longitudinal
sound velocities obtained by the method of long
waves differ from their correct values as calcu-
lated by the method of homogeneous deformations. '
Now, the curves in Fig. 4 have been calculated in
linear screening approximation for both E(k) and

g ~(q) for all wave vectors, while for the points at
q= 0 indicated by the arrows both E(k) and the
sound velocities have been determined from the
energy of a homogeneously deformed crystal,
thus consequently in the accuracy (vo/Ez)2. We
show now that, quantitatively, the dominant effect
for the lattice strain comes from F"' and F"'.
In the second row of Table Ill we exhibit E(q= 0)
as calculated by the method of homogeneous de-
formations for the sound velocities but neglecting
E"' and F"'. The numbers show that the differ-
ence due to improving the method to calculate the
sound velocities does not significantly modify the
result, whereas the contributions of F"' and F"'
changes the magnitude of K substantially in both
cases, altering even its sign for the GV screening
approximation.

Having calculated the strain field in q space,
according to Eq. (15), we can apply the transfor-
mation Eq. (13) to have the real displacements in
different crystallographic directions. The inte-
gration in BZ was performed by a method' due to
Miller using a cubic mesh in the irreducible part
of the zone, as was done previously for the alkali
alloys. " 'The finest mesh consisted of 60 cubes in
the /th irreducible part of the BZ, implying
60x 27 integration points in this polyhedron. The
results for the nearest shells are shown in Table
IV. We see that even for the nearest neighbors the
displacements are of the order of -10~a, justify-
ing "aposteriori "the neglect in Eq (9) o. f the.
linear terms in u and explaining the smallness of

TABLE IV. Radial displacements around an Li atom
in Al solvent in units of the lattice constant a. The
third column is the value for an isotropic elastic medium
with B and c44 of pure Al and with the experimental
value for &Qo/ [Eqs. (17) and (42) with A=l B/c44) j.
The results for the TN screening approximation are
shown.

Neighbor

(110)
(200)
(220)
(222)
(400)
(330)

—0.001 2
—0.001 4
—0.000 8
—0,000 02
+ 0.0001
—0.000 2

Isotropic elastic
continuum

—0.0015
—0.0007
—0.0004
—0.0002
—0.0002
—0.0002

the energy of relaxation and its derivatives. In
fact, the calculation of f (1) and hl„I, , by Eqs. (8),
(14), (38), and (39) together with the tabulated
values for the displacements gives that the term
neglected in Eq. (9) contributes less than iP/p,

1.7/p, 4.5/p, and 0.1/p, respectively, for the first
four neighboring shells around the solute atom.

—(1 —c)E„(Z,Qp„)-cE,(Z*,Q„)]. .

(52)
This quantity is also called the limiting partial,
heat of mixing at T= 0. By using Eqs. (6) and (37)
we get in a straightforward fashion

hH = hHvp+ SHEL+ 4H„+ 40 „
+ nH„+ (nH „+nE„)),

where
=E,(Z",0,) -E,(Z*, Q. „). .

(53)

(54)

is the energy invested to prepare" the volume
(and crystal structure) for the impurity atom'
having initially Q =Q„. in its pure phase and dis-
solved in a lattice with Q = Q„and

4H, „=Z*[~,(r„)-c,(r*„)]-m " ' (55)
3 dhso

is the variation of the electron-liquid energy due
to the difference in valence. The notation is
(4w/3)r*„'= 0p/Z*. The contributions

(56)

C. The heat of solution

The energy needed to dissolve one impurity atom
is obviously the difference in total energy of the
alloy and of its separate components,

1
4H, = lim-[E(alloy, Q„Z)



G. SOLT AND K. WERXER

AP~
av

0

come from the change in the Madelung and the
average potential-energy terms, and

8
vG 2Q—0

(58)

arises from E"'. The above terms, except for
the "volume-preparation" energy Eq. (54),
disappear for a homovalent impurity, whereas
the contribution

is present in both the homovalent and heterovalent
cases. In the particular case of AlLi the numeri-
cal results for the individual terms in Eg. (53) are
shown in 'Table V.

As in the case of the volume change, we see
again the large positive contribution (of several
rydbergs) representing the investment in the
electrostatic energy. This is compensated by

~„,and by the electron liquid and average po-
tential terms, the net result being of some mHy.

he large contribution of &II„, originates in the
integral over q, since for Z~4Z the integrand gets
large near q= 0. For experimental data to com-
pare with, we have the heat of solution for the
liquid alloy" which is of the same order of magni-
tude, though negative. In view of the fact that the
heat of solution for a disordered solid solution is
expected to be somewhat more positive than for
the liquid, the calculated result is not unreasona-
ble.

V. CONCLUSIONS

The consistency of the pseudopotential theory
for the calculation of the lattice strain around a
heterovalent solute atom has been demonstrated.

Since the polarization of the electron liquid gives
rise to complicated many-body interaction among
the ions and even the "pair forces" of the linear
screening approximation depend, via the dielectric
function, in an intricate way on the volume, the
calculation of the strain field in the dilute alloy
was seen to be problematic even for a homovalent
impurity. ' lt has been shown here that, indepen-
dently of the valency of the solute atom, the vol-
ume change per solute atom on the one hand, and
the strain field for not "too small" wave vectors
on the other hand, can consistently be found,
within the accuracy of (vp/E~)', by the linear
screening approximation, but for 0(i Aq ~«

i
Q

~

there is a contribution from higher-order polari-
zation into the distorting force and, thereby, the
displacement field, which has also to be retained.
The difference in the results for the heterovalent
and homovalent, impurity is substantial: For
Z~4Z both third- and fourth-order polarization
contribute, on equal footing with the linear
screening term, to build up the preasymptotic and
asymptotic lattice strain, whereas for Z~=Z the
third-order term simplifies and the fourth-order
term is completely absent at the above accuracy.
The stronger effect of nonlinear screening in the
case of a heterovalent solute is, of course,
plausible, in view of the much stronger perturba-
tion of the system.

The application of the theory to the dilute AlLi
alloy illustrates well these points. First, the volume
change and the observed neutron scattering pattern
could reasonably well be predicted, and second, a
spectacular change in the calculated scattering
curves occurs on taking into account or neglecting
the nonlinear screening part of the asymptotic
displacement amplitude. In calculating the
volume change per impurity for this alloy we
find a balance between the large non-bonding
contributions to the energy and to the inter-
nal pressure, associated with the Madelung en-
ergy, and the strong bonding term coming from
the energy of the homogeneous electron liquid.
This bonding term arises since the electron liquid
is in a rather compressed state in pure alumini-
um, thus dissolving lithium with one itinerant

TABLE V. Energy contributions to the heat of solution for AlLi, Eq. (v3) in By. The terms in the first four columns
would disappear for Z*=Z. The experimental value is known only for the liquid (Ref. 30) solution.

-0.2522

4H

2.4053
TW —0.4506

GV —0.4006

0.0201

0.0141

Contributions
AH „ AH„ &Hvp

0.0046

0.0046

-1.7122

-1.7447

-0.000 03

—0.000 1

0.015

0.026

Total,
&H (expt. )

liquid

-0.010
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electron in the same atomic sphere is quite ac-
comodating. Polarization terms slightly tilt this
balance over to a negative pressure. We believe
that the "anomalous" contraction of the Al-Li
system ean now be considered as quantitatively
understood. The result for the heat of solution at
0 K is of the observed magnitude of about 10 mRy,
but the calculated value has a positive sign where-
as the experimental value, for a liquid alloy, is
negative. Even if we know that the disordered sol-
id solution has a somewhat more positive heat
of solution than the liquid, this result cannot yet
be considered as very satisfactory. The problem
is, of course, in the nearly zero value of this
quantity, as compared to the energy terms by
which it is obtained.

It is reassuring that the.present diffuse elastic
scattering data are in good agreement with the
other experimental information on the volume
change in A.lLi. Indeed, the limiting value of the
measured cross section in the [110]direction is
325+ 5 mb/sr per solute atom, as seen in Fig. 4,
and this corresponds, via Eqs. (3) and (51), to
Aa/ac = —0.012 + 0.006. The agreement between
the calculated and experimental scattering patterns
is quite good in the [110]direction (Fig. 4) and
fairly reasonable also for the [100] and [111]di-
rections, the only appreciable difference appear-
ing in the structure near the zone boundary along
the [111]axis. The reason for this difference is
not clear, but the overall description of the scat-
tering even in the [111]direction can be consid-
ered as acceptable. As a whole, the numerical
results suggest that the present method of using
"pure-metal" potentials to describe the alloy may
work reasonably well for dilute solid solutions of
two sp metals.

An overall characteristic of the numerical cal-
culation is the strong cancellation of the large
electrostatic and pseudopotential terms, a known
and omnipresent difficulty in the pseudopotential
method for either the pure polyvalent metals or
their alloys. To this one has to add that the use
of only the lowest order [-(v6/E~)'] structure-
dependent terms in the series expansion for 4E„,
is a serious approximation, in particular, for a
heterovalent alloy. Hence, the question arises if
the agreement with, for example, the observed
volume change, is not fortuitous. In fact, by using
somewhat different parameters in our model po-
tential (e.g. , those with 8, and A, outside the "phys-
ical range" of the core radius but still reproduc-
ing the pure-metal cohesive parameters) the
agreement with experiment is less satisfactory.
This high sensitivity of the result for both the
volume change and the scattering intensity to the
form of the potentials means, however, that the

description of the alloying process is a good test
for a proposed ion-electron model potential. We
consider as encouraging to observe that the "best"
of our pure-metal potentials has led, indeed, to
the best calculated numbers for the alloy.
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APPENDIX

xf- x ~ ~ ~ x f-
/~

xa(Q + ~ - ~ +Q } (Al )

where P " is the "irreducible" multipole polar-
ization function' for the electron liquid, f is given
by Eq. (2Sa) and the function b, ensures momentum
conservation. Taking the coefficient of u(1) in the
expansion of Eq. (Al) in terms of the displace-
ments, we arrive at

(3) VG' V 4 -G+ jg~
G'

(A2)

F(&)(k) 12fl
'k

Q Q A(4) n-k -6-G'
k, l& -G G, G, G

G G

VG VGr + ~ ~ ~

~G ~G'
(AS)

In Eq. (AS) only the main term is written. These
expressions, of the order -(vo/Er}" (n=S, 4) for a
general k, become of the order -(bo/E~)' for k- 0
or k - g. 'To see this, we will make use of the
identities'

ADG G Po d Po
~(eG)' 6 dn, ea )

' (A4)

In order to prove Eqs. (40a}-(40d) we proceed
by adapting the method of Brovman and Kagan'
worked out for treating the long wave expansion of
the dynamical matrix of pure metals. For a gen-
eral term n & 2 in Eq. (18) we have, analogously to
the case of a pure solvent,

E(")=g, x ~ .x ,x - ~ xQ„)
g~ X ~ ~ ~ XC~

qg qn n
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and

(eo)s 24 dn', eG (A5)

(A6)

From Eq. (A2) we arrive immediately at Eq. (40a),
by using Eq. (A4), as shown already for the case

of homovalent alloys. ' We have the largest terms
in the sum of Eq. (AS) at 6= —0, with A~-„"l

as coefficients, which are easily transformed into
Eq. (40d) by using Eq. (A5). At k- G we have a
large term again at 6' = —0 in the second sum of
Eq. (A2), leading to Eq. (40b), and a similar se-
lection of terms leads to Eq. (40c) via Eq. (A6).
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