
PHYSICAL REVIE% 8 VQLUME 24, NUMBER 12

Comments

15 DECEMBER 1981

Comments are short papers u7hich comment on papers of other authors previously published in the Physical Review. Each Comment shou/d

fo/hound, and page proofs are sent to authors.

Comment on the average potential of a Wigner solid

Leonard Klcinman
Department of Physics, University of Texas, Austin, Texas 787i2

(Received 19 May 1980)

Ihm and Cohen have stated that it is not true that the zero of potential in a Wigner
solid is arbitrary. %e argue that it is arbitrary by demonstrating that the value obtained
depends on how one performs a conditionally convergent Coulomb summation. %e also
derive the formula for the zero of energy in a semi-infinite crystal where it is a me11-

defined quantity.

In a recent paper Hall' claimed to have found a
structure-dependent correction to Fuchs's formula
for the electrostatic energy of a signer solid. Both
de Wette and Ihm and Cohen" pointed out that
Hall calculated the energy of an ion in the poten-
tial of the VA'gner solid, that Hall's correction term
was actually the contribution of the average poten-
tial to the energy of the ion, and that Hall neglect-
ed to add the exactly canceling contribut1on of the
electrostatic energy of the background charge due
to the average potential. Fuchs took this average
potential, which has usually been assumed to be
completely arbitrary, to be zero. Ihm and Cohen
nevertheless state '* lt is not true, however, that the
zero of the potential in the solid is arbitrary. "

It is the purpose of this Comment to point out
that because of the conditional nature of the con-

vergence of infinite Coulomb sums, the zero of po-
tential in an infinite crystal is completely arbitrary.
%'e also show how' various ways of evaluating the
sum (and thus obtaining different values for the
average potential) correspond to different choices of
the shape of the surface of the crystal before allow-
ing the crystal to become infinite. %C have previ-
ously discussed how the Helmann-Feynman for-
mula for the internal pressure in an infinite %'igner
crystal yields a result depending on the shape of
the surface, even though the internal pressure is ac-
tually a local quantity and therefore surface in-
dependent.

Lct us flirst consldcl a neutral chaIgc d1stf1but1on
p(r) contained within a finite volume such that

f p(r)d r=0. Then

V(G~O) = —lim —f 2p(r)e' '—d r
P 0& 6'

= —lim
2 f p(r)d r+iG f rp(r)cos8d r —,G f r—p(r)cos Od rG-+0 6

= lim -- rp(r)cos8d3r+ —, f r2p(r)cos~8d r
G OQ 6

lf p(r) has spherical or cubic symmetry about the
point charge

V,„b;,(G~O) = r'p(r )d'r .
3Q

Here 0 is an arbitrary volume mhich we mill later
identify with a unit cell. Note that in general

1

V(G~O) depends through thc cosH on the direc-
tion from which G approaches zero. Even in the
cubic case V(G=O) is not defined by this limiting
procedure because p r d r 6 and

f cosgdflG ' are not defined for G=O. To ob-
tain V(G=O) we evaluate
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0 p r r +I" —2rr cosa

Xsin0d0r dr d r'

f f p(r )
' r'd. d'r

f p(r ')r' d r' .30

In order to obtain this result we had to fix the ar-
bitrary additive constant by choosing V(r ~ oo )

=0. The change in the order of integration is jus-
tified by noting that the r ' integration vanishes
outside a sphere containing all the charge; the in-
tegration over r also vanishes outside the sphere if
the angular integration is performed before the ra-
djal providing we restrict ourselves to charge dis-
tributions with no net dipole.

The average potential in a finite crystal with
identical unit cells is

p (r '—r )r'2d r'

where p;( r —r; ) is the charge associated with the
ith unit cell and r; is an arbitrary origin for the ith
unit cell. Note that if we restrict ourselves to a
Wigner crystal where

p;(r r; ) =q—[5(r—r;)—0 '],
then —qV,~„(0) becomes identical to the "correc-
tion term" obtained in a very complicated deriva-
tion by Hall for noncubic crystals. It is obviously
also valid for cubic crystals whether or not the unit
cells are chosen to be cubic. Note also that Eq. (4)
says that the correct generalization of Ihm and
Cohen's formula for cubic cells is to make a spheri-
cal average over all the directions from which G
may approach zero. One is free to choose the
p;( r ' —r; ) in an infinite number of ways, the only

restriction being that

gp;(r' —r;)=p,~„(r') .

The p;( r ' —r;) may overlap or each may be re-
stricted to its own unit cell. In the latter case,
there are an infinite number of choices one may
make for the unit cell. Each choice of overlapping
p's or unit cells for nonoverlapping p's yields a dif-
ferent surface charge distribution and it is this that
makes V,~„(0) dependent on that choice. For ex-
ample, the proximity cell chosen by Hall yields a
waffled surface whereas slab-adapted unit cells
yield a smooth surface. Although neither cell has
a dipole, the difference between two Wigner crys-
tals made up from these two kinds of cells is a sur-
face double layer. Because N may be allowed to be
infinite in Eq. (4), the infinite crystal, which has no
surface, has an arbitrary average potential, depend-
ing on the surface assumed in the limiting process.
In allowing X to become infinite one must require
that all components of r& become infinite together.
If one or two dimensions of the crystal are taken to
be infinite and the remaining dimension(s) is either
finite or approaches infinity, Eq. (4) is not valid be-
cause the reversal in the order of the r ' and r in-
tegrations used to derive it, is invalid.

The average potential in a semi-infinite crystal is
well defined and physically meaningful. The
planar average of the potential within any slab-
adapted unit cell of area A and thickness 2L is

Vo(z)= f ~z —z'~p(z')dz'.2K

This represents the potential from the planar aver-
age of the charge within an infinite slab of thick-
ness 2L. Because each slab contains no net charge,
after the planar averaging there are no contribu-
tions to the potential in one slab from its neighbor-
ing slabs. Thus Eq. (5) represents the planar aver-

age of the Coulomb potential anywhere within the
semi-infinite crystal, except for corrections due to
deviations of the charge in the surface unit cells
from its bulk value.

We now average over z to obtain.

L z L
V,i,b(0) = f dz f (z —z')p(z')dz' —f (z —z')p(z')dz'

L ' L z' '

2 Lf dz'p(z') f (z —z')dz —f (z —z')dz = f p(z')z' dz',



where we have used I p(z')dz'=0 in the last

step. As might have been expected, this result is
identical to that obtained from Eq. (l) if G~O
from the surface normal direction so that
r cos O=z and if p(r) is taken to be the charge
within a slab-adapted unit ce11. It should perhaps
be pointed out that this definition of the average
potential leads to the correct work function and
that so long as the crystal is taken to be infinite in
the plane before being allowed to become semi-

infinite in the normal direction, the work function
is independent of the shape of the unit cell chosen.
This is because the surface charge is a mell-defined

quantity and the surface charge correction term
corrects thc charge obtained f lorn a superposition
of bulk unit-cell charges.

In conclusion, the average potential in an infinite

crystal which has no surface is a meaningless quan-

tity bccausc it dcpcnds on thc surface chosen bcforc
the crystal was allowed to become infinite whereas

the average potential for a semi-infinite crystal is a
perfectly mell-defined quantity which diAers from
the infinite crystal result of Eq. (4) no matter what

shape unit cell is inserted into that equation.
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