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Inelastic neutron scattering techniques have been used to study the lattice dynamics of
hcp Hf. The phonon dispersion curves along the [001], [100], and [110]symmetry direc-

tions were determined at 295 and 1300 K, and a selected number of phonon frequencies

were measured also at 800 K. As the temperature decreases we observe a rather large in-

crease in the frequencies of all but the [001] LO branch. The zone-center mode of the

[001] LO branch, on the other hand, softens appreciably, and at room temperature this

branch exhibits a dip at the zone center. These features of the phonon dispersion curves of
Hf are similar to those of hcp Zr and Ti. The data were used to evaluate the lattice specif-

ic heat at constant pressure as a function of temperature. The calculated total specific heat,

obtained by taking into account the electronic contribution, was found to agree, to within

experimental uncertainties, with the results of specific-heat measurements. We find that

the phonon anomalies (and their temperature dependence) in the dispersion curves of the

superconducting elements of the IV column of the Periodic Table can be understood quali-

tatively as originating from the splitting about the Fermi level of doubly degenerate bands

by the lattice distortion corresponding to the [001] LO mode. We argue that this mechan-

ism may also be responsible for the phonon anomalies observed in other superconducting

elements (Tc) and compounds (LaSn3).

I. INTRODUCTION

Considerable effort has been directed, in recent
years, towards a first-principles understanding of the
anomalous features of the phonon dispersion curves
of the transition metals and compounds. The elec-
tronic response to the ionic displacements is ex-

tremely difficult to evaluate in these systems, be-

cause of the atomiclike character of the d-electron
wave functions near the ion cores. Thus, by necessi-

ty, only model calculations". have been performed
to date based on the general theory of the lattice
dynamics of metals. Unfortunately it is difficult us-

ing these models to clearly establish the dominant
mechanism for the occurrence of the phonon
anomalies.

An alternative approach to the problem is via
band-structure calculations, ' and has culminated in

a novel formulation, by Varma and Weber, of the
lattice dynamics of transition metals and com-
pounds. The basic premise of this work is that the
occurrence of phonon anomalies is closely connect-
ed to the detailed topology of the electronic bands
near the Fermi energy. More specifically, since a
phonon anomaly will arise whenever a lattice distor-

tion corresponding to a certain vibrational mode
causes a reduction in electronic energy, pronounced
anomalies will occur if the lattice distortion opens

up a local gap in the electronic structure at the Fer-
mi surface. A different approach, ' closely related
to the theory of Varma and Weber, consists of
evaluating directly the change in electronic energy
when a phonon is frozen into the lattice.

Measurements of the temperature dependence of
the phonon dispersion curves of transition metals
and compounds should help to clarify the physical
picture emerging from the theoretical investigations

of the lattice dynamics of these metals, since the ef-

fect of a change in temperature is largest for the
electronic states near the Fermi level which play a
dominant role in determining the electronic
response to the nuclear motion. We initiated there-
fore a systematic study of the temperature depen-
dence of the dispersion curves of the hcp (supercon-
ducting) transition elements of the fourth column of
the Periodic Table.

The lattice dynamics of the transition metals of
the fourth column of the Periodic Table is also
relevant to an understanding of their thermophysical
properties which exhibit rather remarkable features
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at high temperatures. ' ' In particular, the heat
capacity' at constant pressure for the hcp phase in-

creases more rapidly with increasing temperature
than one would expect from a simple consideration
of anharmonic and electronic corrections to the
Dulong-Petit law.

In our studies' ' of the temperature depen-
dence of the phonon dispersion curves of hcp Zr
and Ti we have found, in particular, that the zone-
center mode of the [001] LO branch softens appre-
ciably as the temperatur'e decreases, and at room
temperature this mode is considerably softer than
expected from its behavior in nonsuperconducting
hcp elements. To establish whether this anomalous
behavior is characteristic of all the superconducting
transition elements of the IV column of the Periodic
Table we extended our studies to metallic hafnium.
Preliminary results of this study were reported in an
earlier communication. ' In this paper we present a
complete report of these experiments.

planes was used for both monochromator and
analyzer and all data were collected with the spec-
trometer in the constant-Q mode of operation
(where Q denotes the neutron scattering vector).
Most of the data were collected at a constant scat-
tered neutron energy of 6 THz (24.82 meV) and
neutron groups scattered with energy loss were
detected. This rather high scattered neutron energy
was chosen (as a compromise between the require-
ments of good energy resolution and an acceptable
rate of data collection) because of the large Ilv E
(where E is the neutron energy) absorption cross
section of Hf. We used a 40' collimation of the
neutron beam before the sample and collimations
after the sample of 60' and 40' for the ORR spec-
trometer and the HFIR instrument; respectively. A
large number of phonon frequencies was determined
using both instruments and they were found to
agree to within experimental precision.

II. EXPERIMENTAL DETAILS

The single crystals used in the present experi-
ments were prepared from high-purity Hf by the
same technique' utilized in the preparation of the
hcp Zr and Ti crystals. The measurements were
performed using a vacuum furnace (described in
Ref. 15) mounted on the sample goniometer of a
triple-axis neutron spectrometer. At the highest
temperature (1300 K) reached in our experiments
the temperature was controlled to within a few de-
grees and the vacuum was approximately 10
Torr.

The data were taken using two triple-axis spec-
trometers, one at the Oak Ridge Research Reactor
(ORR) and the other at the High-Flux Isotope
Reactor (HFIR) of the Oak Ridge National Labora-
tory. Pyrolytic graphite reflecting from the (002)

III. EXPERIMENTAL RESULTS:
LATTICE SPECIFIC HEAT

The phonon dispersion curves of hcp Hf were
determined along the [001], [100], and [110]sym-
metry directions at 295 and 1300 K. The frequen-
cies of a selected number of phonons were measured
also at 800 K. The measured phonon frequencies at
295, 800, and 1300 K are listed in Table I and the
room-temperature dispersion curves are plotted in
Fig. 1. The measured phonon frequencies of hcp Hf
are in fair agreement with the values estimated from
the measured' ' phonon frequencies of hcp Zr and
Ti by taking into account the diA'erences in mass,
interatomic spacing, and melting temperatures of
these elements. Thus the phonon frequencies of
these elements follow quite well the Lindemann
homology rule. '

TABLE I. Measured frequencies (THz) of hcp Hf. The symbols J. and ii refer to polariza-
tions perpendicular and parallel to the basal plane, respectively.

T = 295 K T = 800 K
TA [00(]

T = 1300 K

0.1

0.2
0.3
0.4
0.5

0.42 + 0.01
0.90 + 0.02
1.21 + 0.03
1.58 + 0.03
1.9 + 0.10

0.76 + 0.02
1.16 + 0.02
1.47 + 0.04
1.75 + 0.06

0.71 + 0.02
1.08 + 0.03
1.39 + 0.02
1.61+ 0.03
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T =295 K

TABLE I. (Continued).

T = 800K
TO[00/]

T =1300K

0.0
0.1

0, 15
0.2
0.3
0.4
0.5

0.1

0.2
0.3
0.4
0.5

2.7 +0.16
2.74+ 0.12

2.54+ 0.12
2.46+ 0.12
2.16+ 0.10
1.9 + 0.10

0.76 + 0.02
1.6 + 0.04
2. 1 + 0.10
2.6 + 0.10
3.0 +0.15

LA[00/]

2.46 + 0.08

2. 1 + 0.09

1.75 + 0.06

1.48 + 0.06

3.15 + 0.10

2. 15 + 0.15

2.12+ 0.12

1.97 + 0.06

1.61 + 0.03

0.68 + 0.03
1.31 + 0.10
1.92 + 0.12
2.6 + 0.10
3.2 +0.10

0.1

0.2
0.3
0.4
0.5

1.31+0.02
2.36+ 0.10
3.29+ 0.10
3.8 +0.15
3.85+ 0.15

LA[(00]

3.25 + 0.10

3.77 + 0.10

1.21 + 0.05
2.3 + 0.12
3.12+ 0.15
3.47+ 0.12
3.63 + 0.12

0.15
0.2
0.3
0.4
0.5

1;2 +0.05
1.41 + 0.04
1.73 + 0.03
2.03 + 0.15
2.08 + 0.06

TA ii[ too]
0.83 + 0.03
1.08 + 0.04
1.48 + 0.10
1.71+ 0.10
1.85 + 0.10

TOg[$00]

0.0
0.05
0.1

0.15
0.2
0.25
0.3
0.4
0.5

3.1 + 0.15
3.12+ 0.12

3.21 + 0.2
3.23+ 0.15
3.37+ 0.2
3.52+ 0.1

3.45 + 0.1

3.5 + 0.12

3.57 + 0.10 3.65 + 0.15

3.69 + 0.12

3.57+ 0.12

3.54+ 0.10

3.57+ 0.15

TAi[g'0]

0,05
0.1

0.15
0.2
0.25
0.333
0.4
0.5

1.37 + 0.07

2.28 + 0.15

3.13 + 0.15

3.5 +0.15

0.6 +0.02
1.09+ 0.03
1.5 + 0.04
1.92 + 0.06
2.3 + 006
2.82+ 0. 1

3.2 +0.15
3.57+ 0.1
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TABLE I. (Continued)

T = 295 K
LA[go]

T = 800 K 1= 1300 K

0.054
0.1

0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5

1.5
2.27 + 0.2
2.63 + 0.10
2.90+ 0.10
3.15 + 0.10
3.4 +0.15
3.5 +0.15
3.52 + 0.15
3.58+ 0.12
3.62 + 0.12

1.81+ 0.1

3.28 + 0.15

3.35 + 0.15

0.0
0.1

0.15
0.2
0.25
0.5

2.7 +0.16

3.6 +0.15

3.72+ 0.12
3.85 + 0.15

L&RÃl

2.46+ 0.08 2.15 + 0.15
2.70+ 0.1

3.31+0.1

3.48 + 0.15
3.5 + 0.2

3.6) + 0.12

0.0
0.05
0.1

0.2
0.25
0.3
0.35
0.4
0.45
0.5

3.1 + 0.15
3.15 + 0.15
3, 1 + 0.2
3.4 +0.15
3.58+ 0.15
3.7 + 0.15
3.56+ 0.15
3.5 +0.10
3.4 +0.10
3.0 +0.15

LO [00/]
3.57+ 0.1

3.15 + 0.10

3.65+ 0.15

3.71 + 0.10

3.65 + 0.10

3.2 + 0.10

TAg[(00]

0.1

0.15

0.2
0.25
0.3
0.4
0.5

0.79 + 0.03
1.18 + 0.02

1.48 + 0.02
1.78 + 0.03
1.91 + 0.04
2.16+ 0.12
2.35+ 0.15

To,[goo]

1.11 + 0.03

2.3 + 0.2

0.75 + 0.03
1.0 +0.02

1.74+ 0.03
2.12+ 0.10
2.26+ 0.12

0.0
0.1

0.15
0.2

2.7 +0.16
2.7 + 0.2
2.78 + 0.12
2.9 + 0.15

2.46+ 0.08 2.15+ 0.15
2.3 + 0.10

2.69 + 0.06
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TABLE I. (Continued).

0.3
0.35
0,4
0.5

0.0
0.05
0. 1

0.15
0.2
0.25
0.3
0.5

T = 295 K

3.4 +0.15
3.5 + 0.15
3.55+ 0, 15
3.62+ 0.12

2.7 + 0.16
2.75 + 0.10
2.95+ 0, 10
3.25 + 0.10
3.45 + 0.10
3.7 + 0.10
3.8 + 0.10
4.27 + 0.05

T = 800 K

TO
ii [(00]

LO [$00]

2.66+ 0.08

3.88 + 0.12

T = 1300&

3.07+ 0.10

3.35 + 0.15

2. 15 + 0.15

2.55 + 0.10

3.1 +0.10

3.55+ 0.15
3.77 + 0.15

TA ~([g0]

0.05
0.1

0.15
0.2
0.25
0.33
0.4
0,5

0.61 + 0.03
1,39 + 0.02
1.87+ 0.05
2.56+ 0.06
2.97+ 0. 1

3.32 + 0.16
2.9 + 0.06
2.08 + 0.06

1.14+ 0.04

2.28 + 0.08

. 3.04+ 0.10

1,85 + 0.09

TOi[g'0]

0.0
0. 1

0.2
0.4
0.5

3.1 + 0.15
3.16+ 0.12
3.57+ 0.12
2.82+ 0.10
2.32+ 0.1

3.57 + 0.1 3.65 + 0.15

3.52 + 0.12
2.50+ 0.1

2.62 +0.12

0.0
0.15
0.4
0.5

2.7 +0.16
3.3 + 0, 1

4.03 + 0.15
4.27+ 0,05

TOit[g0]

2.46 + 0.08 2.15 + 0.15

3.7 + 0.1

It can be seen from Table I and Fig. 2 that the
frequencies of all but the [001] LO branch of hcp
Hf decrease with increasing temperature. This
behavior is similar to that observed' ' in hcp Zr
and Ti and, moreover, the observed relative frequen-

cy changes with varying temperature for these ele-

ments are approximately of the same magnitude.

The experimentally measured frequency shifts in

these metals are, however, approximately 5 times
larger than those estimated from the thermal expan-
sion of the lattice. This implies that the relatively
large frequency shifts with varying temperature ob-
served in these metals are mainly due to an explicit
temperature dependence of the phonon frequencies,
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FIG 1. Phonon dispersion curves of hcp Hf along the [001], [100], and [110]symmetry directions at 295 K. The solid

lines were obtained by fitting the data to the force-constant model of De%ames et al. (Ref. 24).

a conclusion consistent with the results obtained
from measurements' of the pressure dependence of
the elastic moduli of hcp Ti and Zr. In regard to
the origin of these rather large frequency changes
with varying temperature, it should be noted that
measurements' of the temperature dependence of
the elastic constants of Hf, Zr, and Ti show that the
softening of the acoustic branches near q = 0 is, in

general, more pronounced than that observed in the
neutron experiments for the finite wave-vector
acoustic modes. This observation implies that in

hcp Hf, Ti, and Zr the frequency changes with

varying temperature are mainly due to changes in

the long-range interatomic forces, which are largely
determined by the density and electronic character
of states near the Fermi level.

It can be seen (Fig. 2) that the temperature
dependence of the frequencies of the [001] LO
branch of hcp Hf is anomalous. The frequency of
the zone-center mode of this branch softens signifi-

cantly as the temperature decreases and at room
temperature the [001] LO branch exhibits a dip at
the zone center. The anomalous dispersion and
temperature dependence exhibited by the [001] LO
branch of hcp Hf are similar to those observed' '

in hcp Zr and Ti. Actually the anomalies observed
in the dispersion curves of the superconducting tran-
sition elements of the IV column of the Periodic
Table may be characteristic of all hcp superconduct-
ing transition elements. In fact neutron scattering
measurements of the dispersion curves of supercon-
ducting hcp Tc revealed that the [001] LO branch
of this element also exhibits anomalous dispersion
(Fig. 3) and similar temperature dependence ' as
found in our experiments on hcp Zr, Ti and Hf.

As in the case of hcp Zr and Ti, no dramatic
changes in the phonon frequencies or the widths of
the measured neutron groups were observed as the
hcp ~bcc transformation temperature was ap-
proached from below. This observation suggests
that the hcp~bcc transition in Hf, as in Zr and Ti,
is of the first order. Actually the hcp~ bcc
transformation is these metals is generally believed
to be of the martensitic variety.

In summary, the general features of the lattice
dynamics of hcp Hf bear a striking resemblance to
those of hcp Zr and Ti. This is not surprising in
view of the similarity of the electronic structures (as
well as many of the other physical properties of
these metals).
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FIG 2. Room-temperature and 1300-K measurements
of the dispersion curves of hcp Hf along the [001) sym-
metry direction.

FIG 3. Comparison of the room-temperature disper-
sion curves of Hf, Zr (Ref. 15), Ti (Ref. 16},and Tc (Ref.
20), along the [001] direction. The transverse branches
are not shown for the sake of clarity.

Before we discuss these results in terms of the
electronic structure of Hf, it is instructive to exam-
ine whether the observed temperature variation of
the phonon frequencies can account for the tem-

perature dependence of the measured specific heat.
Since the lattice specific heat has been evaluated by
the same method as that described in Refs. 15 and
16 (see also references therein), only a brief outline
of the calculations will be presented in this paper.

The lattice specific heat at constant pressure Cz
can be obtained [see Eq. (2) of Ref. 16], once the
room-temperature phonon spectrum g (co,T~) and an
analytic expression f(T) for the temperature depen-
dence of the phonon frequencies have been deter-
mined from the experimental data. The present
analysis is considerably simplified since the experi-
mental frequencies vary to a good approximation
linearly with temperature (Fig. 4) and thus f(T) can
be written as 1 —A (T —T&) with the constant 3
determined from the measured phonon frequen-
cies. To determine the room-temperature phonon

spectrum g(ro, T~), the phonon frequencies measured
at room temperature were fitted to the modified axi-

ally symmetric force-constant model of DeWames
et a/. . It can be seen from Fig. l that this model
provides a satisfactory fit to the experimentally
determined room-temperature dispersion curves.
The force constants determined by fitting the experi-
mental results to the model are listed in Table II.
Using these force constants the frequency spectrum
at room temperature was calculated by the interpo-
lation method of Raubenheimer and Gilat. This
frequency distribution, together with f(T), was then
used in Eq. (2) of Ref. 16 to evaluate the lattice
specific heat at constant pressure as a function of
temperature.

The calculated lattice specific heat at constant
pressure C&'

' is plotted in Fig. 5 together with the
quasiharmonic lattice specific heat Cz' ' (QH). As
expected the latter approaches the classical value at
high temperatures. It can be seen from Fig. 5 that
there is a large contribution to the lattice specific
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heat arising from the explicit temperature depen-
dence of the phonon frequencies. To compare the
results of the present analysis with the measured to-
tal specific heat of Hf, we evaluated the electronic
contribution to the specific heat using the electronic
density of states obtained by Jepsen et al. in their

. band theoretical calculation of the electronic struc-
ture of Hf. The use of the bare electronic density of
states in evaluating the electronic specific heat is jus-
tified, since at the relatively high temperatures of in-

terest here the electron-phonon mass enhancement is
'

negiigi e. egl' 'bl . Th calculated electronic specific heat

C,"is plotted in Fig. 6. It can be seen from this
figure that at high temperatures the calculated elec-
tronic specific heat is considerably larger than ex-

pected by linear extrapolation from low tempera-
tures. This is due to the increase with increasing
t erature of the effective electronic density of
states at the Fermi level. The total specific hea, o-
tained by adding to the lattice specific heat the elec-
tronic contribution, is compared i 'g.d in Fi . 7 with ex-

perimen mtal measurements of the total specific
heat of Hf. It can be seen from this figure that t e
agreement between the results obtained in the
present analysis and the measurements of the specif-
ic heat of Hf is quite satisfactory. Thus the ob-
served anom ad " ious" temperature dependence of the
specific heat of Hf at high temperatures can be ac-
counted for by the temperature dependence of the
lattice and electronic specific heats.

The dispersion curves and the temperature depen-
dence of the phonon frequencies of hcp Hf bear a
striking resemblance to those of hcp Zr and Ti, as
expected from the similarity of the electronic struc-
tures ' ' (as well as many other properties) of these
metals. We find in particular that the following

rties are characteristic of the lattice dynamicsprope ies ar
n of theof the transition metals of the IV column o e

Periodic Table. (i) The frequencies of all but the
[001] LO branch decrease with increasing tempera-
ture considerably more than expected by taking into
account the thermal expansion of the lattice. This
explicit temperature dependence of the phonon fre-
quencies gives rise to a considerable contribution
(Fig. 6) to the lattice specific heat and together wit
the electronic contribution accounts for the
"anomalous" temperature dependence of the specific
heat of these metals at high temperatures. (ii) The
most interesting feature of the lattice-dynamical

ro erties of these transition metals is the
anomalous temperature dependence o t ef the, 001 LO
branch. The zone-center mode of this branch
softens appreciably with decreasing temperature and
as a result the [001] LO branch exhibits a dip at the
zone center, at room temperature in Ti and Hf, and
at 5.5 K in Zr. Actually this type of phonon ano-
maly may be characteristic of all hcp superconduct-

001 LOing transition elements. In fact the

TABLE II. Force constants (10' dynes/cm) obtained
by fitting the 295-K data of hcp Hf to the DeWames
model (Ref. 24). The notation is that of Ref. 24.

4

LO 001 q= 0.5

I I

HA F NI UM

TO 001

q =0.3

LLI

Cf
IJJ

TAg 001

TA 00
0 ——

q =0.5

q=0.2

q=0.5
0—

I

300
I

500
I I

700 900
TEMPERATURE (K)

I

IIOO

I

I300

FIG 4. Temperature dependence of the frequencies of
some normal modes of hcp Hf.

E(1,1 —2)
Cax(1, 1 —2)
Caz(1 1 —2)
E(2, 1 —1)

C (2, 1 —1)
Caz(2i2 —1)
E(3,1 —2)

C (3,1 —2)
Caz(3 1 —2)

E(4,1 —1) + Cgz(4, 1 —1)
Cgx(4, 1 —1)
E(5,1 —2)

Cgx(5, 1 —2)
Cgz(5, 1 —2)
E(6,1 —1)

Cgx(6, 1 —1)
Caz(6, 1 —1)

43.01
—2.44

—16.54
25.86

—0.49
6.19

—5.63
1.54

—1.50
11.95
0.17
1.40
0.71
0.66
1.22
0.22

—0.27



738 STASSIS, ARCH, McMASTERS, AND HARMON 24

7.0
ttP

O
E

O
O

6.5-
LLI

Z

O
ti

6.0C3

CL
(f)

UJ

5.5
I

300
I I

'

I

500 700 900
TEMPERATURE (Kj

I

I IOO

I

1500

FIG 5. Temperature dependence of the calculated lat-
tice specific heat at constant pressure Cz'". C~ (QH) is
the quasiharmonic lattice specific heat.

branch of technetium, which has the highest super-
conducting transition temperature (T, —8 K) of the

hcp elements, also exhibits anomalous dispersion

(Fig. 3) and similar temperature dependence as
found in Zr, Ti, and Hf. In addition since it is gen-

erally believed that the occurrence of phonon
anomalies depends on the detailed topology of the
electronic bands near the Fermi level, the simple

type of phonon anomaly observed in Zr, Ti, Hf, and
Tc may also occur in superconducting compounds
with different crystal structures. Experimental evi-

dence for this has been found in a recent study of
the lattice dynamics of the superconducting
(T, 6.4 K) compound LaSn3 which crystallized in

the Cu3Au structure. In fact the temperature
dependence of the frequency of the first I ~5 mode
in LaSn3 was found to be anomalous and quite simi-
lar to that of the zone-center [001] LO mode in the
hcp superconducting elements Zr, Ti, Hf, and Tc.

A fundamental understanding of the experimental
results on Hf, Zr, and Ti and their relation to the
detailed electronic structure of these metals could in

principle be obtained within the framework of the
theory of the lattice dynamics of transition metals
as formulated by Varma and Weber. Unfortunate-

ly, however, in the present stage of development of
this theory no realistic calculations at finite tempera-
ture have been attempted. However, as we show in
the following discussion (see also Refs. 15 —17),
considerable insight into the origin of the phonon
anomalies in these metals may be obtained from
frozen phonon band theoretical calculations.

Since similar phonon anomalies were observed in
the dispersion curves of Hf, Zr, and Ti, it is natural
to attribute their origin to the electronic band struc-
ture ' ' of these metals. In hcp metals, the energy
bands in the AHL plane are doubly degenerate.
Symmetry considerations show that the presence of
a lattice distortion, corresponding to the zone-center
[001] LO mode, will lift the degeneracy of the
bands. For bands close to the Fermi level this split-
ting will reduce the electronic energy and a phonon
anomaly will occur. In this simple picture the tem-

'I
E

8

0.6

O
C3

HAFNIUM
' Fillipov etal.
~ Peletski et al

02

O
~ 7.0
C3
LLI
CL

6.5

200 400 600 800 IOOO (,200 (400
TEN'ERATURE (K)

I

500
I I

700 900
I

I IOO

I

[300

FIG 6. The electronic contribution to the specific heat
CI'" evaluated using the electronic density of states ob-
tained by Jepsen et al. (Ref. 26) y(0)T is the electronic
specific heat obtained by extrapolation from low tempera-
tures.

TEMPERATURE (K)

FIG 7, Comparison of the specific heat at constant
pressure C~, obtained by adding C~'" to C~ ', with the ex-
perimental results obtained by various workers (Refs.
28 —30).
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perature dependence of the zone-center [001]LO
mode can be understood as arising from the disor-
der and thermal repopulation which at higher tem-
peratures reduces the effectiveness of the band split-

ting in lowering the electronic energy. To assess the
validity of this interpretation we performed band
theoretical calculations for hcp Zr with the nuclei
frozen in the positions obtained by the zone-center

[001] LO mode; These calculations show that in

fact this mode is particularly eA'ective in splitting the
double degenerate bands in the AHL plane and that
the splitting of these bands results in a substantial
decrease in the electronic energy, since the band
which is lowered in energy remains occupied while
the other band is raised above the Fermi level and
becomes unoccupied. Our frozen phonon band
theoretical calculations show also (assuming the
validity of the rigid band model) that the band split-

ting at the Fermi level is considerably larger for Tc
than for Zr, a result consistent with the observation
of a pronounced phonon anomaly in Tc (Fig. 3).
Thus the phonon anomalies in the hcp supercon-
ducting elements Zr, Ti, Hf, and Tc can be account-
ed for qualitatively on the basis of this simple
model. This mechanism, the splitting of degenerate
bands near the Fermi level by lattice distortions,
may also be responsible for the anomalous
behavior of the optical modes in the vicinity of the
first I » point in the superconducting compound
LaSn3. In fact, it is clear that the doubly degenerate

65 bands of LaSn3 will be split by the lattice dis-

tortions corresponding to the zone-center optical
modes. To summarize, the experimental results on

Zr, Ti, Hf, Tc, and LaSn3, as well as frozen phonon
band theoretical calculations, suggest that the split-

ting of degenerate bands about the Fermi level by
the lattice distortions may be responsible for the oc-
currence of phonon anomalies in the dispersion
curves of a large number of superconducting ele-

ments and compounds.
A detailed quantitative analysis of the experimen-

tal results necessitates an accurate evaluation of the
total energy for the phonon-distorted lattice. Such
calculations have been performed recently and have

demonstrated that in the case of Si the phonon fre-

quencies can be evaluated with the necessary accura-

cy. Similar calculations for Nb and Zr are present-

ly in progress in this laboratory.
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