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Frequency (w)- and field (E)-dependent conductivity (o) measurements are reported in
both charge-density-wave (CDW) states of the linear-chain compound NbSe;. There is a
direct scaling between the observed E and w dependence for parameters corresponding to
E > 2Er, where E7 is the threshold field for the onset of nonlinear conductivity. The
functional form of o(E) is in agreement with a tunneling model. In contrast to the
threshold field, there is no threshold frequency for the onset of frequency-dependent con-
ductivity. This is accounted for by a contribution to o(w) from the excitation of oscilla-
tions of the pinned CDW at low frequencies. Experiments involving the combined appli-
cation of dc and ac fields ¥'=V;,+ V| coswt do not show evidence for photon-assisted tun-
neling, and only the classical limits of the tunneling formalism are observed. We discuss
these observations and suggest reasons for the absence of quantum effects when both ac
and dc fields are present. Various models of CDW transport are compared.

I. INTRODUCTION

It has recently been shown experimentally that
several unusual electrical transport phenomena oc-
cur in NbSe; due to the motion of charge density
waves (CDW) which are pinned at a low electric
field, but which become mobile above a threshold
field E;. These properties include nonlinear dc
conduction with a threshold,' a strongly
frequency-dependent electrical conductivity,? the
generation of narrow-band and wide-band noise,'"
enhancement of the dc conductivity by a large am-
plitude electric field,* and increased pinning of
the CDW with the introduction of impurities.’
They have been observed both in the high-
temperature CDW phase, between 7'|=149 K and
T,=59 K, where only one incommensurate CDW
is present, and in the low-temperature T < T,
phase where two incommensurate CDW’s exist.
Some of these properties have also just been report-
ed for TaS; in which the CDW’s are commensu-
rate.®

Various microscopic theories have been pro-
posed’ ™ to explain these observations; two of
them describe the frequency- and field-dependent
conductivity in detail. One of them is a quantum-
mechanical tunneling model by Bardeen® and the
other is a classical model of CDW pinning in a
periodic potential by Griiner, Zawadowski, and
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Chaikin.’

In this communication we report careful mea-
surements of the conductivity o in the CDW state
as a function of an applied dc electric field of am-
plitude E and a small amplitude ac field of fre-
quency . Both the dc and ac response to these
excitations have been measured. We denote them as
o4.(0,E) and o,(w,E), where the subscript refers
to the frequency at which the response is measured
and the quantities in parenthesis indicate the na-
ture of the driving forces applied to the sample. Al-
though we have measured both the real and ima-
ginary parts of o, in this paper we report only our
experimental results for its real part. For simplici-
ty, in what follows it is to be understood that o
stands for only the real part, except when an ima-
ginary part is indicated explicitly. Throughout oy
is defined to be [I(E)—1(0)]/E rather than
dl /dE.

The motivation for our work was to test two
predictions of the tunneling model® and to explore
the applicability of both the classical and tunneling
models for CDW motion. One of our main experi-
mental results is that for E > 2Er, there is a direct
scaling between E and w for CDW conduction in
NbSe;s; i.e., 04.(0,E)=0,(w,0). This behavior is
predicted by the tunneling model. A second result
is that for E closer to (and on either side of) E,
0,(®,0) > 04.(0,E) and, in contrast to o4.(0,E),
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there is no threshold for o,(w,E). This disagrees
with the tunneling model taken by itself, but can
be well accounted for if, in addition to the tunnel-
ing current, a phenomenological internal excitation
of the pinned CDW is considered. The latter con-
tribution becomes more prominent as 7 is lowered.
Another major experimental result is that the joint
application of a dc field below E; and an ac field
does not produce the photon-assisted tunneling
predicted by the tunneling model.

Several other related points are also considered
in this paper. The relationship of the classical
model to the experimental results and the tunneling
model are discussed. The tunneling model is based
on a semiconductor model for the CDW’s and
Tucker’s!? theory for superconductor-insulator-
superconductor (SIS) tunnel junctions. Although it
works quite well when only a dc or an ac excita-
tion is used, it appears to be inadequate when both
are present, and requires further development.
Possible reasons for this difficulty are discussed.

This paper is organized as follows. In Sec. II we
summarize the two models which have been pro-
posed to account for 04.(0,E) and o,(w,0), togeth-
er with the predictions of these models concerning
experiments in which dc and ac excitations are ap-
plied jointly. Section III presents the experimental
details and results. They are discussed in Sec. IV,
along with several unresolved problems. Finally, a
review of the basis for the classical and quantum
tunneling models for depinning is given in the Ap-
pendix. An unpinned incommensurate CDW can
move through the lattice in response to applied
electric field and carry electrons with it. There is
no energy gap to be overcome for flow by electrons
condensed in the CDW, although one is required
for current carried by soliton or quasiparticle exci-
tations. It is found experimentally that at high
electric fields or at high frequencies, CDW’s be-,
come depinned. The limiting conductivity is in
both cases about what one would expect in the ab-
sence of the CDW’s. Motion of unpinned CDW’s
on the basis of a simple model discussed in the Ap-
pendix makes this result plausible.

II. THEORETICAL MODELS

The two models which have been developed for a
detailed comparison with the wide variety of
phenomena associated with the electrical transport
properties of moving CDW’s are the classical’ and
the quantum-mechanical tunneling® models. In
this section we summarize their main features.

As discussed in the Appendix, the motion of
CDW’s can be described in terms of the phase (¢)
of the wave

¢=2kp(x —vgt)+(x,1) , (2.1)

where kp is the one-dimensional (1D) Fermi wave
vector and p; is the phase velocity of the wave.
For a pinned wave, v; =0 and ¢, a slowly varying
function of x, is a solution of [see (A11)]

d’¢, _dé

Rt e +a,V'(¢))=BE 1), (2.2)

where the second term represents damping, V'(¢,)
is the gradient of a periodic pinning potential,
V(#), such that V'(¢;)— ¢, when @, is small, 0,
is the pinning frequency, E (¢) is the applied elec-
tric field, and B=2kge /(m +Mpy), where My is
the Frohlich mass associated with motion of the
ions and m is the band mass of the electrons.

In the classical pinning potential model,’
0,(®,0) at low ac fields is determined by Eq. (2.2),
and the experimental results suggest the response is
that of an overdamped oscillator. Consequently,
the first term on the left of Eq. (2.2) is neglected.
The response to a small ac voltage whose ampli-
tude ¥V, is much less than the threshold voltage Vi
is then given by’

>
0,(@,0)=0,( w,O)m , (2.3)
where 0, 0,0) is the conductivity at frequencies
much higher than copz/ .

In a dc field the periodic pinning potential is
tilted by the electric field, so the system may be re-
garded as particles moving down a staircase poten-
tial. There is no dc current until the potential
peaks are sufficiently reduced by the field so that
the barrier can be overcome by the potential drop.
The particles accelerate, and slow down during the
motion. This leads to a natural explanation of the
observed narrow-band noise.”* The model also
leads to a sharp increase of the conductivity above
E, and the differential conductance dI /dV
diverges at ET,” in contrast to the observations
which show a smooth increase of dI /dV above
E7.'' To account for the observed gradual rise in
conductivity above threshold it is necessary to as-
sume an appropriate distribution of pinning ener-
gies.!? The observation of well defined narrow-
band noise peaks’> however suggest that such a
distribution is not important in NbSes.

According to the tunneling model,® particles can
tunnel through the potential barriers when the field
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is less than that required for the particles to sur-
mount the potential peaks by classical motion. To
calculate the tunneling current, a semiconductor
model with a gap energy €, equal to the energy
fi, was used, and the tunneling probability was
determined from the theory for Zener tunneling.?
The relationship between the classical phase model
and the semiconductor model is discussed in the
Appendix.

To account for the threshold field, it was as-
sumed that there is a correlation length L for the
CDW across which the field must be applied to be
effective in accelerating the wave. The correlation
length is presumably twice the mean free path of
electrons.? In a dc field E, the tunneling probabili-
ty is given by an expression of the form

P(E)=[1—(E;/E)]exp(—E,/E) . 2.4)

The parameter E| is related to €, by the usual
Zener expression E 0:7632 /4he*vp, where the effec-
tive charge e* =me /(m 4+ M) and vy is the Fermi
velocity. The threshold field is given by

e*ErL =¢,. Upon introduction of the coherence
length §,=2%vy/me, analogous to that of super-
conductors, the relation Ey=E(L /2&;) is ob-
tained. This relation applies only when L >> 2&,.
When L <<2&,, Eo=Er and in general
Ey=E;[1+(L /2§,)]. At temperatures close to
the transition temperature T,, E, is enhanced by
the factor n/n., where n, is the concentration of
electrons condensed in the CDW.

A theory developed by Tucker'® for the quantum
limit of the tunneling current in superconductor-
insulator-superconductor (SIS) tunnel junctions was
used to account for the frequency dependence of
the current. The voltage across the correlation
length, L, replaces the voltage across the SIS junc-
tion and e* replaces e. It is only in the replace-
ment of e by e* that the CDW is included in the
model.

Tucker’s theory leads to the following expres-
sions for the ac current /() coswt and the change
in dc current, Al ., resulting from an applied vol-
tage Vo+ V coswt. When V; <<V,

I () =(e*V /2#iw)[Io(Vy+Fiw /e*)
—I()( V0~ﬁw/e*)] ’
Al 4. =(e*Vy /2% [ 1o( Vo +Fiw /e*) — 21 o( V)

+1o(Vy—fiw/e*)] . (2.6)
Here I,(V) is the dc current for an applied dc vol-
tage V. For small hw/e*, these reduce to the clas-
sical expressions,

Ii(e)=V(dl/dV)y,,
Aly=(V1/4)(d’T /dV?)y, .

For V=0, (2.5) gives the following simple rela-
tion for the tunneling contribution (o) to the ac
conductivity:

0'(0,0)=0"0,E) , 2.7

with #fio=e*LE. For dc voltages, o’ is defined to
be I/E. At threshold, the energy fio;r =e*LE is
the energy gap #iw,. Thus, the tunneling model
predicts that there is a scaling relation between the
field and frequency-dependent conductivity, with
the relation fiwr=e*LE7.

Another important prediction of Eq. (2.5) is that
a finite dc CDW current is obtained under a com-
bined dc and ac excitation for which the peak am-
plitude is less than the threshold, V4V < V7, but
whose frequency is large enough to span the differ-
ence between V| and Vy: V+fiw/e*>Vy. In
particular, for small V', and Vy—fiw/e* <V
<Vo+fiw/e* Eq. (2.6) gives

Al g, = (e*V /280 )*To( Vo + i /e*)

since the last two terms in (2.6) are zero below the
CDW threshold. This results predicts that the en-
ergy quantum fiw/e* can span the difference be-
tween ¥V, and Vr, even though the classical field
amplitude V' is too small to do so. Thus the tun-
neling model predicts there should be photon-
assisted tunneling of the CDW’s.

In comparison, the classical model® does not
predict the exact scaling of Eq. (2.7). The relation
between o ,(,0) and 04.(0,E) obtained with it
depends somewhat on the spatial form used for the
pinning potential. Those which have been used’
exhibit a qualitatively similar behavior for o,(w,0)
and g4.(0,E) but not exact scaling. Another differ-
ence is that the classical model does not predict
photon-assisted tunneling. The ac voltage acts
only as a time varying driving force, and the only
dc component to the CDW current is due to the
average motion which occurs when the instantane-
ous total voltage Vy+ V', exceeds V.

III. EXPERIMENTAL DETAILS
AND RESULTS

The NbSe; samples used in this work were pro-
vided by N. P. Ong (USC) and by R. M. Fleming
(Bell Laboratories, abbreviated BL). The BL sam-
ples have a large resistivity ratio, and consequently
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lower threshold fields for nonlinear conduction
than the USC samples if o4.(0,E) is measured at
the same temperature. The USC samples are from
the same batch used earlier for our investigations
of 0,(w,0)? and narrow-band noise.* In the present
work 04.(0,E) was measured using both continuous
and pulse methods to avoid self-heating of the sam-
ple at high E. A comparison of 04.(0,E) measured
by the two methods showed that self-heating is
negligible up to E ~5Er, even for continuous ap-
plication of the field. The quantity o,(w,0) was
measured up to w/2m as high as 1 GHz using an
H. P. 8754 A network analyzer. The condition

V1 <0.1Vr was always satisfied. Measurements
with various values of V; down to V;=0.01V; did
not reveal any dependence of o,(®,0) on V;. We
therefore believe our results accurately represent
the quantity o,(®,0).

The experiments to measure o4.(w,E) with the
joint application of dc and ac voltages (ac-dc cou-
pling) were performed using radio-frequency cir-
cuits developed for that purpose in our laboratory.

Typical uncertainties in our measurements of o
are reflected in the scatter of the data or error
flags. The temperature was provided by a helium
gas flow system constructed in our laboratory. Its
stability was about 0.1 K and its accuracy was
about 1 K. The conductivity was measured using
a two-probe configuration with a lead spacing usu-
ally less than 1 mm and contact resistances which
were usually two orders of magnitude smaller than
the sample resistance. It is important for this
work that we have avoided uncertainties associated
with variations in sample properties by making all
electrical measurements on the same sample during
the same experimental run. Also, the short sam-
ples used reduce the likelihood of inhomogeneous
-strains which develop in the sample. Care has also
been exercised to avoid spurious field dependences
from nonuniform sample cross sections, contact ef-
fects, etc. We have performed the ac and dc mea-
surements on several samples at various tempera-
tures both in the high-temperature and in the low-
temperature CDW phase. In this communication
we report our observations only at selected tem-
peratures. Measurements and other temperatures
lead to the same observations, with the only differ-
ence being due to the temperature dependence of
the parameters involved in the analysis of the ex-
perimental data.

In Fig. 1 we show 04.(0,E) and 0 ,(®,0) mea-
sured in the upper CDW state at T=130 K over a
broad range of E (upper axis) and w (lower axis).
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FIG. 1. Normalized ac and dc conductivity as a
function of w (lower scale) and ¥V, (upper scale) in NbSe;
at T=130 K (upper CDW state). The o scale has been
adjusted to demonstrate the scaling observed for
Vo> 2V and predicted by the tunneling model [Eq.
(2.4)]. The dashed line, corresponding to Eq=2E7 gives
a better fit to the tunneling model than Ey=E; (solid
line). The inset shows that o,(®w,0)> 04.(0,E) near Vr,
and suggests that internal excitations [Eq. (4.2)] are im-
portant near Vr.

The correspondence between E and V is made us-
ing the distance /=1.0+0.1 mm between the elec-
trical contacts to the sample. In Fig. 2, similar
measurements performed below T, on a USC sam-
ple are displayed. The most important feature of
Figs. 1 and 2 is, that by a suitable scaling of  and
E, both results overlap over most of the range
covered, as predicted by the tunneling model [see
Eq. (2.7)].

The data for small w and E, shown in detail in
the inserts of Figs. 1 and 2 indicate that a sharp
threshold for the onset of dc nonlinearity field is
not accompanied by a corresponding sharp thres-
hold frequency wy. Instead the o dependence ex-
tends to w— O for both measurements. This
feature is shown more strikingly in Fig. 3, where
experiments performed at T'=32 K are displayed.
Owing to the lower temperature, both the field and
frequency dependence move to higher E and o,
and the behavior near to Er is more clearly ob-
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FIG. 2. Normalized ac and dc conductivity as a
function of @ (lower scale) and ¥V, (upper scale) in NbSe;
at T=42 K (lower CDW state). The o scale has been
adjusted to demonstrate the scaling observed for
Vo> 2Vr and predicted by the tunneling model [Eq.
(2.4)]. The dashed line, corresponding to Eq=2Er gives
a better fit to the tunneling model than Ey=E7 (solid
line). The inset shows that o,(®,0)>04.(0,E) near Vr,
and suggests that internal excitations [Eq. (4.2)] are im-
portant near Vr.

served. By comparing the overall field and fre-
quency dependence measured up to 1 GHz and
field values much higher than shown in the figure,
a scaling of the w and E dependence (in a way
similar to that shown in Fig. 1) gives a correspon-
dence between V, and w. This leads to the assign-
ment or /27 =113 MHz at T =32 K. A sharp
threshold field is seen for 04 (0,E) at V=14 mV,
but the variation with o extends down to w— O.

Next we discuss our experiments which involve
the joint application of ac and dc fields. Equations
(2.5) and (2.6) also predict a change in o when dc
and ac fields are applied simultaneously to the
sample, and suggest the possibility of detecting a
dc current in the presence of a high-frequency exci-
tation. We have searched for both in an attempt to
verify (2.5) and (2.6).

In both equations the dc field ¥, and frequency
/2 appear in the combination Vy+#iw/e* or
Vo—#w/e*. We have in all cases first established
the scaling relations between V and 7w /e* by
measuring the field and frequency dependence
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FIG. 3. Normalized ac and dc conductivity as a
function of w (lower scale) and V), (upper scale) in NbSe;
at T =32 K (lower CDW state). The w scale has been
adjusted by scaling at values of @ beyond the range
graphed. Addition of the proposed internal excitation
contribution o%(w,0) [dashed line, Eq. (4.2)] to the tun-
neling part 04.(0,E) (solid line) gives the dotted line,
which provides a good fit to o,(w,0).

separately before performing the experiments with
joint ac and dc excitation. Plots similar to Figs. 1
and 2 were used to arrive at the correspondence be-
tween V|, and #iw/e*. Measurements on various
samples with different lengths / established that
the observed frequency dependence is independent
of I. The threshold field Vr is inversely propor-
tional to /, so that E; is constant as expected. All
ac-dc coupling experiments were performed at
T =42 K where the measured V' corresponds to
113 MHz as established before, on the sample
shown in Fig. 3. In the first experiment we mea-
sured o,(w,E) at two different frequencies in the
presence of a dc bias of varying amplitude. Figure
4 shows o,(w,E) at 30 MHz and at 80 MHz as a
function of V. In this experiment, V=2 mV
peak, which is much smaller than V. Therefore,
the series expansion in powers of V| used to obtain
Eq. (2.5) is appropriate. From Fig. 4 it is seen that
as w decreases, the threshold becomes progressively
less distinct and shifts to lower V.

The results of our search for photon-assisted tun-
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FIG. 4. Normalized dc and ac conductivity (30 and
80 MHz) as a function of ¥, in NbSe; at T'=32 K.
The solid lines are the prediction of the tunneling model

[Eq. 2.5)].

neling in NbSe; are shown in Fig. 5. In these ex-
periments Al 4, is measured while applying a V)
somewhat below ¥V and a low-amplitude ac vol-
tage over a wide range of w, and plotted in terms
of 0. The solid dots show the usual threshold
behavior of o4.(0,E) with no rf excitation applied
for the same sample and run as presented in Fig. 3.
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FIG. 5. Normalized dc conductivity as a function of
Vo only (upper scale) and as a function of a combined dc
(Vo=11 mV) and ac (V;=2 mV peak, o variable) exci-
tations. The frequency is added to ¥,=11 mV on the
lower scale using the scaling relation established for this
sample. The solid line shows the photon-assisted tunnel-
ing predicted by Eq. (2.6), which is not observed experi-
mentally (crosses). The dashed line is a guide to the eye
for O'dc(o,E).
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The crosses indicate o,(w,Vy=11 mV) with an ac
excitation of amplitude V=2 mV peak applied in
the range 0 < w /27 < 150 MHz. The frequency is
added to the V|, axis starting at 11 mV using the
frequency-voltage scaling relation V/w=13
mV/226 MHz established for this sample in Fig. 3.
As Vy+(hw/e*) defined in this manner extends
beyond ¥y, within our experimental resolution
there is no increase whatsoever in 0.

1V. INTERPRETATION

In this section, we interpret the experiments
described in the preceeding section in terms of the
tunneling and, to a lesser extent, the classical
model. The discussion divides naturally into the
three headings listed below.

A. Field-frequency scaling, E >2Er

First we consider the scaling between w and E
for E >2Er, as shown in Figs. 1 and 2. It is clear
that the scaling expressed by Eq. (2.7) describes
the experiments. The same situation has also been
observed in TaS;. Hence, this prediction of the
tunneling model is well satisfied by our experi-
ments.

A more detailed comparison with Eq. (2.4) of
the tunneling model is indicated by the solid and
dashed lines in Figs. 1 and 2. Two parameters are
adjusted to make the fits. First, the amplitude of
the CDW term in the model is set to make
04.(0,E) /04.(0,0) coincide with the experimental
value at the ratio 1.25 in Fig. 1 (130 K) and 1.85
in Fig. 2 (42 K). Then, two values of E; are con-
sidered, Eq=Er7 (solid line) and Ey=2E (dashed
line). It is seen that the data fall fairly close to the
detailed form given by (2.4). The assignment
Ey=2Er gives a better fit to the experimental
data, both at the upper and at the lower transition,
than the assignment Eq=Ey. In all cases, E; has
been determined from the measured threshold in
04.(0,E).

Since we obtain the same overall behavior both
at the higher and at the lower CDW phase, we
conclude that the presence of the two CDW’s
below 7', does not play an important role at these
frequencies and fields. Indeed, the depinning of the
second CDW below T, occurs at electric fields
higher than those shown in Fig. 2, and consequent-
ly we expect an w-dependent response due to the
second CDW to play an important role only at
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higher frequencies.

It is noteworthy that as long as T is not too
close to the Peierls transition temperature
(T,), Eo=2Er fits the data in NbSe; over a very
wide range of temperature and Er. The same type
of behavior also has been observed® for TaSs, but
with E,=5Er and E, approximately constant
from 150 to 200 K. In both CDW phases of
NbSes, E increases as T— T, while the fraction
of electrons condensed in the wave, n./n, decreases
to zero at T,,. For the data used in Ref. 8, the best
fit is obtained for Ey=Ey for the lower CDW
phase.

The tunneling model provides a good fit to the
experiments discussed here. As mentioned in Sec.
II, the classical model gives an approximate scaling
between w and E, but not the extremely close scal-
ing seen in our experiments and predicted by the
tunneling model.

It is worth noting that the frequency associated
with the scaling is not the same as that associated
with narrow-band noise ({2). This is evident, for
example, from the fact that ) does not exhibit the
scaling seen for . As indicated by experiments
and the classical model, () is proportional to the
CDW current.

We finish this section by presenting the parame-
ters which characterize the dc and ac response of
the CDW’s in NbSe; at several temperatures. They
are summarized in Table I. The threshold frequen-
cy is obtained from the scaling shown in Figs.
1-3.

The length €, /e*E; should correspond to L.
The estimates given in the table are obtained by
taking e* /e =103, The values of 2£, are ob-
tained from 4#iv/me,, with vp=10" cm/sec.

From the discussion below Eq. (2.4), Eq/E1 should
be (n/n. )14 (L /2£y)]. Thus the observed ratio
E,/E;=2 is not unreasonable for T=42 K and
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T =32 K, particularly since the fraction of con-
densed electrons may be somewhat less than unity
at the higher temperature. The value 2E for the
upper transition at T =130 K also probably arises
both from the factor n/n. and perhaps a smaller
value for e* /e than assumed.

B. Response close to Er

For E <2E7, Figs. 1—3 indicate an apparent
disagreement between our experimental results and
the scaling predicted in Eq. (2.7) using the tunnel-
ing model. We suggest that the observed increase
of 0,(w,0) above 04.(0,E) is caused by another
contribution (o?) which should be added to the
tunneling part (o’). The latter applies to displace-
ment of the CDW as a whole. The other contribu-
tion corresponds to an excitation of oscillations of
the pinned CDW centered around the pinning fre-
quency, ©, =or.

From Eq. (2.1) and the usual phenomenological
model'*!* [Appendix (A11)] it follows that the
contribution to the complex dielectric function ¢,
from the pinned mode, is
2

Q
elw)= ’

T, o s (4.1)
w%—coz——il"w

where sz is a measure of the oscillator strength.

Expression (4.1) without the damping term was
also used by Lee, Rice, and Anderson'® to describe
a pinned CDW mode. The corresponding contri-
bution to the complex conductivity is

IMe?
(w%_w2)2+r2w2

o (w)=0P(wr)

iTo(wk—o?)

B (0F —w?)?+Tw?

(4.2)

TABLE I. CDW parameters of NbSe; obtained from the conductivity measurements and scaling relations shown in

Figs. 1-3.
Threshold Contact Threshold
Temperatures voltage spacing field
T VT I ET 0)7‘/277' ﬁwT:Eg L———Eg/e*ET" 2§0b
(K) (mV) (mm) (mV/cm) (MHz) (1072 erg) (um) (um)
130 11 1.0 110 11 7.4 5 150
42 1.25 0.5 25 14.5 9.7 19 120
32 14 0.5 280 113 76 17 16

*Using e*/e=m /(m +Mp)1=1073.
From 2£y=4hvy/me; with vp=10" cm/sec.
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While one would not expect the two contribu-
tions to be additive when o >> wr, it should be a
good approximation in the neighborhood of wr
where the tunneling current is small. Thus, in this
region, Eq. (2.7) is modified to read

0o(©,0)=0"(0,E) +0%(,0) , (4.3)

where the tunneling contribution o%(0,E) is ob-
tained using the scaling relation established at high
E and w. In Fig. 3 we have fitted o,(w,0) to Eq.
(4.3) with o4(0,E) as given by the observed field
dependence, shown by the solid circles and solid
line in Fig. 3, and 0%(w,0) given by Eq. (4.2), with
the parameters wr and I" adjusted to fit the data.
The dashed line is 02(w,0) with wy/27=113 MHz
and I' /o7=0.78. The dotted line is obtained by
adding this term to 04.(0,E). An equally good fit
can be obtained for the data of Figs. 1 and 2. It is
seen that the sum of these two terms closely fits
the data, and thereby gives strong support to (4.3).
We believe this observation to be strong evidence
for an important contribution to ¢,(®,0) from os-
cillations of the pinned CDW.

C. ac-dc experiments

The experiments shown in Fig. 4 were designed
to test Eq. (2.5), which gives the tunneling model
prediction for the effect of a joint dc and ac excita-
tion on o,(w,E). These predictions are shown by
the solid line for 30 and 80 MHz and the value
used for V. It is seen experimentally that the ef-
fect of ¥V, is to smooth out the threshold behavior
in o,(w,E) and shift it to lower V. In compar-
ison, the theory predicts the persistence of a sharp
threshold, which is shifted to lower ¥, and an w
dependence to the slope above the V,-dependent
threshold. The first feature is in qualitative
disagreement with the data, the second in qualita-
tive agreement, and the third is not tested. Al-
though there is qualitative agreement on the second
point, there is a clear quantitative disagreement.
The theory indicates the rise should start at about
7 mV for 80 MHz and at about 21 mV for 30
MHz, but the experimental values are about 17 and
25 mV, respectively. The disagreement between
the theory and experiment remains even when the
internal excitation of Eq. (4.2) is added (with due
account made for the variation of w7 with E). It is
particularly evident at 30 MHz, where the tunnel-
ing model predicts a o,(w,E) which is substantial-
ly larger than what is observed above the thresh-
old. We therefore see that the experiments do not

support Eq. (2.5) when both ac and dc excitations
are present.

Another serious disagreement between the tun-
neling model and our experiments is the absence of
the photon-assisted tunneling which is implied by
Eq. (2.6) but not seen in Fig. 5. There, the solid
line shows Eq. (2.6) using ¥; =2 mV peak and the
scaling relation established for this sample in Fig.
3. This disagreement presents a serious challenge
to the tunneling model, which is discussed later in
this section.

We have also tested the classical limit of Eq.
(2.6), Al4.=(V?/4)d*I /dV? in measurements
which are merely summarized here. Over a wide
range of V| <V, and w, A4 is about that expect-
ed of the classical limit for w/2m <1 MHz. But at
higher frequencies, Al . drops rapidly as w is in-
creased, until it is less than a few percent of the
predicted value at w~w7.

Similar results have been obtained in NbSe; by
Griiner et al.* and by Coleman et al.'® for Al
with the application of a large amplitude ac field
and the specimen biased at or below threshold.
Again the expected response is observed only at
very low frequencies and drops rapidly with in-
creasing . For a given response, the applied ac
voltage, ¥, must be increased so as to keep V,/w
approximately constant. As V| /w is increased, the
response varies roughly as (V, /)%

Our conclusions with regard to the ac-dc experi-
ments are (a) that the quantum effects predicted by
the tunneling model using Tucker’s formalism are
absent, and (b) that only the low-frequency end of
classical limit is observed experimentally.

There are several comments to be made regard-
ing the difficulties of the models. For the classical
model, it has been suggested* that the significant
quantity is the amplitude of the CDW oscillation
in the anharmonic potential. According to this
model the ac conductivity depends on the applied
dc voltage. Owing to the heavily damped response,
a larger V), is needed at larger frequencies to give
the same amplitude of the oscillation as observed
in the experiments. In the applied field the fre-
quencies at the potential minima of the tilted-
staircase shift with increasing field and thus change
the ac response. The effect is expected to be larg-
est near threshold, as observed. However, it may
be difficult to account for the observed sharp rise
o,(w,E) just below Ez as shown in Fig. 4 on the
basis of this model.

Although there is good agreement between ex-
perimental and theory for the predictions of the
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semiconductor tunneling model for depinning of
CDW?’s for ac and dc fields separately, the theory
fails when the two are combined.

The difficulties for superimposed ac and dc fields
may not come from the tunneling aspect of the
theory, but from the oversimplification of the sem-
iconductor model. It is believed that Tucker’s
theory should apply to this model and the
shortcomings are with the model. In Tucker’s
theory, a quantum frequency fiwy=e*V, from the
dc field is combined with an ac frequency, w. If
the CDW were unpinned, the energy gained by an
electron from the voltage V| across L would be
vpfilk =e*V,. This frequency is still present in
the wave function for the amplitude of the tunnel-
ing electrons in the semiconductor model, but is
not present for an actual CDW. The only frequen-
cy present is that associated with its motion,
wg=2kpvg=awP(E), together with the various fre-
quencies that are observed in narrow-band noise.
The frequency w is that corresponding to the fun-
damental of narrow-band noise for an unpinned
wave in a field ¥ /L rather the actual frequency
associated with the drift velocity in the pinning
fields.

A theory has not yet been developed for com-
bined ac and dc fields. Similar difficulties very
likely would apply to combined high-frequency and
low-frequency ac fields. It will be necessary to go
beyond the semiconductor model, perhaps with a
tunneling theory based on the phase model (2,1).
Maki!” has worked out a theory of soliton forma-
tion by tunneling but not for motion the CDW as a
whole resulting from the field.

V. CONCLUSIONS

We have reported field and frequency-dependent
conductivity measurements in NbSes, at several
temperatures with parameters chosen to test criti-
cally the semiconductor tunneling and classical
models of CDW conduction. It is found that the
shape of the nonlinear dc conductivity is fitted
quite well by the tunneling model, and that well
above threshold, its prediction of field and frequen-
cy scaling is obeyed very well. At lower fields, this
scaling appears to break down. If, however, a
phenomenological internal excitation of the CDW
is added to rigid motion of the CDW, scaling is re-
tained for all applied fields we have investigated.
We suggest that such an excitation is present and
that it forms an important contribution to the
frequency-dependent conductivity near the thresh-

old for nonlinearity. When both ac and dc excita-
tions are applied, the predictions of the tunneling
model are not obeyed. In particular, photon-
assisted tunneling is not observed. We conclude
that although the semiconductor model adequately
explains the results when only an ac or dc field is
present, when both are present it oversimplifies the
motion of a CDW. We find that the classical
model provides a qualitative description of most
aspects of the experiments, but that it does not
reproduce in detail the observed response to ac or
dc excitation nor the scaling seen between them.
The relation of the classical model to the tunneling
model is explained in the Appendix.
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APPENDIX: MODELS FOR CDW PHENOMENA

Fréhlich’s model'® for electron transport by
moving CDW’s, based on a continuum 1D model,
was generalized by Allender et al.’® to a 1D lattice
with band structure. In the ground state with no
current-flow Peierls gaps open up at the Fermi sur-
face at +kyr. When there is current flow, gaps
open at the Fermi surface of the moving electrons
at —kp+q and kp+q. The average crystal
momentum per electron is P, =#ig =muv,, where v,
is the drift velocity of the CDW and m is the band
mass.

The phonons of the moving CDW also move at
a velocity vy, so that the charge density and poten-
tial are periodic functions, multiples of
cos[2kp(x —v4t)+ o] and various harmonics. For
vg positive, the CDW may be considered to be a
state of macroscopic occupation of phonons of
wave vector 2k and frequency 2kpvy with an ex-
cess of phonons moving to the right. The crystal
momentum of the phonons is P; =Mypv, per elec-
tron in the Fermi sea, where M is the Frohlich
mass.
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For an incommensurate CDW subject to no pin-
ning forces, the energy of the CDW system is in-
dependent of the phase, ¢o. There is no energy gap
to be overcome for translation of the CDW as a
whole, corresponding to a finite average crystal
momentum, #g, for the ground-state electrons.

The current density is n.evy, where n, is the densi-
ty of condensed electrons, equal to the total densi-

ty, n, at T =0 and decreasing to zero at the Peierls
transition temperature, Tp, as (Tp — )72,

If there were no scattering forces that change vy,
the current would persist in time and the system
would be a 1D superconductor as suggested by
Frohlich. Actual scattering is such that the con-
ductivity in the presence of depinned CDW’s is
about that expected in the absence of CDW’s. This
may be made plausible by consideration of the fol-
lowing equations of motion for the momenta P,
and P, in an electric field, E:

d(P; +P,)/dt+P,/1,=eE , (A1)
dPL/dt+PL/TL=Pe/Tph. (A2)

It is assumed that the 2k phonons gain or lose
momentum only by scattering of electrons from
one side of the Fermi surface to the other.

The steady-state response to a dc field, E, is
P, =e1 E and in equilibrium Pp, =(7y /Tpy)P,
=aP,, where a=My/m. The equation of motion
for the electrons is then

dP,/dt+P,/m*=e*E , (A3)
where
T™*/r,=e/e*=1+a . (A4)

For simplicity we shall assume that 7, >> 7.
The response to an ac field of frequency o is then
derived from

io(P,+P,)+P,/T,=eE(w), (AS5)

ioP, +Pyp /1y =P, /Tph » (A6)
which give

P,=er,E(0)/[1+ioT*(w)], (A7)
where

™ w)=T1, 1+-1~I£:@] . (A8)

Thus for o << 1, 7*(0w)=7*=7,(14+a) and the
conductivity is given by the usual expression,
o=ne’r,/m. For o1, >>a'’?, r*(w)=r,.

At high frequencies the electron motion becomes

decoupled from that of the ions, and the ions
remain essentially at rest. If w7, << 1, the real
part of the conductivity o(w)=0(0) and is in-
dependent of frequency.

The phase ¢(x,t) of the CDW is equal to
2kp(x —ug4t) for uniform motion. The electron
density, proportional to 2k, is then given by the
space gradient of ¢ and the current, proportional to
vg, by the time derivative.”® The Lagrangian is®

TNo(¢2—c3g2), (A9)

where in a simple model ¢} =av? is the square of
the maximum soliton velocity, No=n,am /(4k?)
and n, is the density of electrons condensed in the
CDW. Various possible ground states are available
for soliton motion corresponding to different values
of the drift velocity, vy, of the CDW. Pinning
forces from impurities or from commensurability
tend to pin the phase of the wave and the CDW
oscillates about pinning positions with a frequency
wp. The ratio of P; to P, is normally fixed at the
equilibrium value P, =aP,. A phenomenological
equation of motion per electron in the CDW is
then given by?*!

m (d’x /dt*)+T(dx /dt)+wjx =e*E  (A10)

and the complex conductivity by (4.2). Here x
represents the displacement at the center of the os-
cillation.

An expression similar to (4.2) is often used as an
approximation (Penn?? model) to the response of a
semiconductor with an energy gap €, =#iw,. A
semiconductor with a gap given by the pinning fre-
quency was used as a model for the CDW system
so that the Zener theory could be used to calculate
the probability of depinning by quantum tunneling
across the energy gap.® Such depinning allows for
the possibility of the electrons becoming decoupled
from the ions at high frequencies as described in
the motion of unpinned CDW’s previously. Since
the semiclassical contribution, op, does not include
effects of tunneling, the two contributions to o
should be additive, at least to a first approxima-
tion. The limitations of the semiconductor model
are discussed in Sec. IV.

Pinned CDW’s may also be described by starting
from the Lagrangian (A9) and including a phase
dependent pinning potential V' (¢;) as well as a
damping term.!” The equation of motion then be-
comes (on a per-electron basis):

m |d’; _d¢

*E (1)
F 2VI =e
k| a0 a TorV 0=y,

, (All)
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where ¢ =2kp(x —v t)+¢,(x,t) with kr and v,
constants, ¢, is a slowly varying function of x and
V'(¢)=dV¢,/d¢$, approaches ¢, as ¢;— 0.

This model gives a potential with small ampli-
tude oscillations at the pinning frequency wp. The
maximum of the potential barrier, depends on the
form of V(¢,) but is of the same order of magni-
tude as the effective barrier for electrons tunneling
through the gap in the semiconductor. model.

The hills and valleys of the potential are tilted
by an electric field into a staircase potential. In
sufficiently large fields the representative points
describing the system can go over the barrier clas-
sically by thermal motion® or can tunnel through®
at lower fields.

In the semiconductor model with a gap €, =2A,
the wave vector in the gap is kp+ik, where

2 m (AZ—EZ)

: (A12)
2WPE

and € is the energy measured from midgap and Er
is the Fermi energy. The effective height of the
potential hill for tunneling is Vp =#«*/(2m).
Thus the equivalent maximum barrier height (for
€=0) is

Vp=A2/AEp =€ /16Ep . (A13)

This expression is similar to that derived from a

sine-Gordon expression in the phase model
V(¢)=N~*(1—cosN¢) . (A14)

The maximum barrier height for electrons is
Vimax=mw, /(2kiN*)=¢€; /(4ExN?),  (A15)

which is equal to (A13) for N =2. Thus the phase
model and the semiconductor model are very simi-
lar and differ only in quantitative details.

In both models the acceleration of electrons in
an electric field is reduced by transfer of momen-
tum to the phonons of the CDW. In the above
this has been accomplished by introducing an effec-
tive charge e* =e/a. One would get the same
result for the tunneling probability, P(E), if one in-
troduces an effective mass m* =am and uses the
ordinary electric charge, e, since only the ratio
(e /am) enters Zener’s expression for E; in the tun-
neling probability. Using m* rather than e* would
imply using a polaron model for the electrons that
constitute the CDW. There is a major difference
in the magnitude of the displacement, g, of the Fer-
mi surface for a given drift velocity, v;. With use
of e*, fig=muv, as required in Frohlich’s theory.
The polaron model would give #ig=(m +Mpg)vy, a
much larger value. Thus we favor the semiconduc-
tor model with e =e*, although its limitations in
describing CDW phenomena must be recognized.
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