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The pressure dependence of the valence- and conduction-band edges of trigonal Te and
Se is studied theoretically by a self-consistent relativistic ab initio level calculation. The
agreement with the experimental f-fa’ models is close for Te at O kbar. The differences
are associated with the missing mass-velocity term in the l?-ﬁ theory. The double
valence-band maximum of Se near point M shifts at ~35 kbar to the vicinity of point H
where it attains the two-ellipsoidal —dumbbell shape. After ~ 35 kbar the valence-band
edge of Se behaves qualitatively similarly to that of Te (the double maximum tends to
change into a single one). Large anisotropic changes induced by pressure are found, espe-

cially in the conduction-band edge of Se.

I. INTRODUCTION

Trigonal Te and Se, both being group-VI semi-
conductors, have an uncommon anisotropic crystal
structure consisting of helical chains arranged in a
hexagonal lattice. The main effect of the applica-
tion of hydrostatic pressure P is to bring the chains
closer. This causes the rich and often unexpected
physical behavior of these materials under pressure.
The anomalous behavior of the optical spectra of
Se under pressure has been interpreted either
with2 or without** local-field corrections. The
behavior of trigonal Te and Se under high pres-
sures, as a part of the complex phase diagram, has
also been recently subject to active study.”~'* The
key quantities for the understanding of the above
and other pressure-dependent phenomena of these
materials are the relativistic valence bands (VB)
and conduction bands (CB) and especially their
edges.

It is quite generally accepted that the VB maxi-
ma of Te at P =0 kbar are characterized by two-
ellipsoidal —dumbbell-shaped constant-energy sur-
faces near the corner points H (or H’) of the first
Brillouin zone (BZ).'* An interesting feature is the
tendency of these double maxima to transform into
single ones under pressure'> which has been ob-
served by Shubnikov —de Haas,'® transport,'”'®
and optical'®*! experiments. The conclusions
drawn from these experiments are based on the
parametrized l?'i)’ perturbation theory, which also
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includes the spin-orbit coupling. One of the aims
of this work is to study whether a relativistic self-
consistent ab initio level calculation can give the
same behavior for the VB edge. A discussion of
the effects of the Darwin and mass-velocity terms
on the results is given. We also present results for
the P dependence of the CB edge of Te.

The P-dependent behavior of the band edges of
the more anisotropic Se can be expected to be even
richer than that of Te. Because of the higher an-
isotropy the double VB maxima of Se are located
near the center points M of the HMH’ axes of BZ
at P =0 kbar.>'%2 Under applied hydrostatic
pressure Se becomes more isotropic and the VB
maxima shift at P~35 kbar from the neighbor-
hood of the points M to the vicinity of points
H.3%2! 1t is then interesting to compare the
behavior of the VB (and also CB) edges of isostruc-
tural Se and Te under pressure.

All the self-consistent calculations used thus far
for the pressure-dependent behavior of Te and Se
have been nonrelativistic.*”~!"22 However, the in-
clusion of the relativistic effects is crucial for the
proper description of the VB or CB edges.?>** In
this work we are going to report such a relativistic
pressure-dependent study for Te and Se (the first to
our knowledge). It is hoped that this work will
stimulate experimental studies especially on the
pressure dependence of the VB edge of Se.

The format of this paper is as follows. In Sec. II
we present the methods. Section III contains the
results and discussion and Sec. IV conclusions.
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II. METHODS

Our calculations are of an ab initio type in the
sense that the only parameters entering the calcula-
tions are the lattice constants listed in Table 1
(Refs. 25—29) and Slater’s exchange-correlation
constant.’® As the starting point for the present
calculation we use the general (non-muffin-tin) po-
tentials resulting from the nonrelativistic self-
consistent band calculations described in Refs. 10
and 11. First the nonrelativistic bands and wave
functions near the band extrema are calculated
with the self-consistent potential and with the basis
of 235 orthogonalized plane waves. Then the rela-
tivistic bands are calculated with the degenerate
first-order perturbation theory using the relativistic
part of the Foldy-Wouthuysen Hamiltonian

2 2
H=—:Ta (VW)X V+ % (VZV) V4 (n

as the perturbation operator (given in the Hartree
atomic units). a is the fine-structure constant, o
the Pauli spin operator, and V¥ the crystal potential.

The earlier relativistic calculations with the
orthogonalized plane-wave basis®' ~3* used a non-
self-consistent potential. However, to our
knowledge the fundamental equations for the self-
consistent case have not appeared in literature and
are given in the Appendix. Some aspects of the
computation are also discussed there.

III. RESULTS AND DISCUSSION

The VB maximum of Te is located at the corner
point H under hydrostatic pressures up to ~40
kbar.®!" The behavior of the calculated uppermost
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FIG. 1. Pressure dependence of the relativistic
valence-band edge of Te. Solid lines represent the fully
relativistically corrected bands, dash-dotted lines the
spin-orbit-corrected ones, and dashed lines the if)’ re-
sult (see Ref. 19). Pressures: (a) and (b) P =0 kbar, (c)
and (d) P =8 kbar. In drawing the dash-dotted curve a
small asymmetry m top heights was averaged away.
kH——(b,+b2)+ b3 is used as the origin (b denotes

reciprocal-lattice vectors)

and next-uppermost relativistic VB (solid lines)
under pressure together with the corresponding ex-
perimental K-p model' (dashed lines) are shown in
Figs. 1 and 2, respectively. In agreement with the
k- p model the calculated VB maximum is of dou-
ble type with the associated two-ellipsoidal
—dumbbell-shaped constant-energy surfaces [Figs.
1(a) and 1(b)]. The calculated VB maximum also
shows a tendency to change into a single maximum
under pressure [Figs. 1(b) and 1(d)].

The accuracy of the calculated line shape may be
estimated from the difference of the heights of the
symmetrical tops on the k, axis to be ~1 meV [see
Fig. 1(b)]. This accuracy is an order of magnitude

TABLE 1. Lattice constants.

P c u
Material (kbar) (nm) (a)
Te 0 0.44572* 0.5929* 0.2633°
8 0.4378° 0.5948° 0.2670¢
Se 0 0.4366° 0.4955¢ 0.2285¢
52 0.3878¢ 0.5139¢ 0.248¢

*Reference 25.
*Reference 26.
‘Reference 27.
9References 28 and 29.
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FIG. 2. Pressure dependence of the edge of the
second-uppermost valence band of Te. Solid lines
represent the fully relativistically corrected bands,
dashed line the k-p result (see Ref. 19). In (a) the

upper and lower curves are at 0 and 8 kbar, respectively.

In (b) the change from O to 8 kbar is indicated by hor-
izontal arrows.

better than what is usually considered to be a good
accuracy in band calculations. The accuracy of
~1 meV may still be quite adequate in the small
region of the K space near the band extrema, espe-
cially because only the band shape is considered.
However, because the salient features of the band
edges are of the order of a few meV the following
comparison between the experimental and calculat-
ed results should be considered with slight reserva-
tions.

We find the following two main quantitative
differences between the calculated VB maximum
and the l_{'f)' models. Firstly, at P =0 kbar the
hills (measured from the saddle point) on the k,
axis (height ~6 meV) are significantly higher than
the E’b‘ ones of 1.1 —2.9 meV (Refs. 16, 19, and
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35—38) [see also Fig. 1(b)]. Secondly, the k -p
hills decrease more than twice as fast as the calcu-
lated ones under hydrostatic pressure from O to 8
kbar (Ref. 19) [cf. Figs. 1(b) and 1(d)].

The reason for the difference in the hill heights
may be associated with the fact that the Darwin
and mass-velocity terms [second and third term on
the right-hand side of Eq. (1)] are neglected in the
parametrized kP theory. The Darwin term could
be included in the k-p fitting scheme just by
changing the meaning of the parameters, but the
mass-velocity operator would introduce new terms
proportional to (k-p)?, (k-p)p 2 and p* which
\y.ould, to some extent, change the structure of the
k-p scheme. These terms are not negligible. A
direct calculation with only the spin-orbit operator
yields an uppermost VB (dash-dotted line in Fig. 1)
which differs significantly from the fully corrected
VB (solid line in Fig. 1) but agrees fairly well with
the k- fits'®!*3~38 [see also Fig. (1b)]. Howev-
er, the k-p hill still decreases almost twice as fast
as the spin-orbit corrected one [cf. Figs. 1(b) and
1(d)]. Hence, this type of reasoning cannot fully
explain the pressure dependence. Our result may
possibly indicate that the fine structure in the ex-
perimental absorption spectrum does not directly
reflect the pressure-dependent behavior of the VB
edge. In fact only the lower (so-called @) peak at
126.3 meV is associated with a transition from the
second-uppermost VB to the saddle point of the
uppermost VB at H whereas the upper (so-called 3)
peak at 128.7 meV is associated with a transition

TABLE II. The effective hole masses of Te. k, and k, denote the location from point H

in units 10® cm™!

. Direction is given with respect to ¢ axis. U and NU denote the upper-

most and next-uppermost valence bands, respectively.

P
Band (kbar) k, k, Direction Theory? Expt.
U 0 0 0 1 0.05 0.10°
0 ~+2 I 0.20 0.256¢
0 0 I —0.18 —0.29¢
8 0 0 L 0.02
0 ~+2 0.14
0 0 —-0.23
NU 0 0 0 1 0.05 0.26¢
0 0 [l 0.05 0.04¢

“Present work
Reference 40.
‘Reference 41.
9Reference 38.
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between the impurity levels near both band edges.'
A disturbing factor here is that the a peak is ob-
served also at low hole concentrations and low
temperatures when the states near the saddle point
should be occupied. Another related point is the
fact that the 8 peak grows faster than the a one
with increasing hole concentration.*

The calculated effective hole masses are com-
pared with the experimental ones in Table I1.3840:4!
We find that the calculated values are smaller than
the experimental values. This reflects again the
fact that the experimental k-p bands are flatter
than the calculated ones, possibly because of the
missing mass-velocity (and Darwin) term.

The pressure dependence of the effective masses
can also be obtained directly from conductivity
measurements. Koma et al.!” find that the (hole)
mobility of the perpendicular sample at P =7 kbar
reaches 2.15 times the one at P =0 kbar, whereas
that of the parallel sample becomes only 1.78 times
the one at P =0 kbar. We find for the correspond-
ing ratios ~2.5 (obtained at the saddle point) and
~ 1.5 (P increased from O to 8 kbar). This agrees
quite closely with the experiment.

The pressure dependence of the calculated next-
uppermost VB [the change from O to 8 kbar indi-
cated by arrows in Fig. 2(b)] is about the same as
that of the experimental one.!” We also notice that
the changes induced by pressure are much larger in
the k, direction [Fig. 2(a)] than in the k, direction
[Fig. 2(b)]. This is due to the fact that the main

effect of the hydrostatic pressure is to bring the
chains closer increasing the interchain interaction.

The calculated relativistic splittings of the VB of
Te at point H, caused by the spin-orbit term, are
presented in Table III (Refs. 19, 38, and 39) (the
H, band is here assumed to be uppermost). The
calculated differences are slightly smaller than the
experimental ones. This is probably due to the lo-
cality of Slater’s exchange-correlation potential
which is known to result in energy spectra which
are too compressed. Nevertheless, the calculated
increase of the H4-H s splitting under pressure
from O to 8 kbar of 0.01 eV is in good agreement
with the experimental value of 0.011 eV (Table III).

The (non-self-consistent) Korringa-Kohn-
Rostoker (KKR) calculation gave 0.13 eV for the
H,-H  splitting*? in close agreement with the ex-
perimental value. The Hs-H¢ distance from this
calculation is only ~0.015 eV—an order of magni-
tude smaller than the H,-Hs one. This coin-
cidence of the Hs and H¢ band edges at almost the
same energy has been used in interpreting optical-
absorption spectra.*>* However, our calculated
H -H ¢ separation of 0.33 eV (Table III) as well as
the experimental estimate of 0.48 eV (Ref. 38) are
significantly larger than the KKR value.

The uppermost relativistically corrected VB of
Se at P =0 kbar on the H’MH axis is shown in
Fig. 3. VB at point M (where the relativistic band
is degenerate because of time-reversal symmetry) is
~0.19 eV higher than VB at point H (Table III).

TABLE III. The relativistic splitting of the uppermost valence band of trigonal Te and
Se. The energy differences are given in eV. The H, band is assumed to be uppermost.

P
Material (kbar) Difference Theory? Expt.
Te 0 H,-Hs 0.09 0.126°
Hs-Hg 0.33 0.48¢
8 H,-H, 0.10 0.137¢
Hs-Hg 0.32
Se 0 M, ,-H, 0.19
H,4-Hs 0.02
Hs-H, 0.18
52 HeM,, 0.26
Hy-Hs 0.04
Hs-Ho 0.17

“Present calculation.
"Reference 39.
‘Reference 38.
9Reference 19.
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FIG. 3. Relativistic valence-band edge of Se at P =0
kbar. A slight asymmetry caused by numerical inaccu-
racies has been corrected in drawing the curves.
fM=%E|+ %5’3 is used as the origin.

We find two symmetrically spaced VB maxima on
the H'MH axis near point M [Fig. 3(a)]. However,
in the k k, plane these maxima represent only the
maxima of a valley along the H'MH axis. This is
obvious from Fig. 3(b) where the uppermost VB is
shown in the k, direction at k, ~ 10’ cm™!. One
can expect a qualitatively similar behavior in all
directions perpendicular to the MH axis. There-
fore, the VB maxima inside BZ can be expected to
be located pairwise at general points near the
H'MH axes at the angles of 120° around the I'4
axis. The calculated VB edge differs from the band
model suggested by Moreth? as follows. Firstly,
the calculated distance of the VB maxima from
point M is ~6%10% cm ™! [Fig. 2(a)] which is
about one third of the value of ~17x10® cm™!
proposed by Moreth.? Secondly, the calculated
VB maxima lie at general points whereas in the
model suggested by Moreth they are located on the
HMH'’ axes. (Thirdly, as will be discussed below,
the calculated CB minima are nondegenerate and
lie on the HK axes whereas in the model proposed
by Moreth the CB minima are degenerate and lie
at point H.)

Figure 4 shows that the uppermost VB of Se at
point H has transformed under pressure from a (lo-
cal) minimum at P =0 kbar (dashed line) into a
two-ellipsoidal —dumbell-shaped maximum at
P =52 kbar (solid line). The uppermost VB at
point M is ~0.26 eV lower than at point H at
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FIG. 4. Pressure dependence of the uppermost rela-
tivistic valence band of Se near point H. Dashed curves
P =0 kbar, solid curves P=52 kbar. FH = %(E, + Ez)

+ %E; is used as the origin.

P =52 kbar (Table III). Especially noteworthy is
the strong bending down of the uppermost VB on
the k, axis [Fig. 4(a)] caused by the significant in-
crease in the interchain coupling (Table I). The
VB maximum hills of Se at P=52 kbar are more
extended in the k space (maxima at k, ~ +5-10°
cm™!) and higher (height ~21 meV) than those of
Te at P=0 kbar [Fig. 1(b)]. The hills diminish
with increasing pressure qualitatively as in the case
of Te [Fig. (4b)].

The spin-orbit splitting of VB at point H is
smaller for Se than for Te (Table III) as can be ex-
pected from the corresponding atomic numbers 34
and 52. The main effect of the pressure is to move
the Hs band away from the H, band towards the
H¢ band for both materials.

The CB minimum of both materials is located
near point H. The calculated pressure dependence
of CB near point H is shown in Figs. 5(a) and 5(b)
for Te and Se, respectively. At P =0 kbar the kP
CB of Te based on the magnetoabsorption measure-
ments*® [dashed lines in Fig. 5(a)] and the calculat-
ed CB [solid lines in Fig. 5(a)] agree relatively
closely on the k, axis. The Efi bands are slightly
flatter than the calculated bands which may again
possibly be associated with the missing mass-
velocity and Darwin terms in the k-p bands. The
CB of Te change relatively little on the k, axis
when pressure is increased from O kbar [solid lines
in Fig. 5(a)] to 8 kbar [dash-dotted lines in Fig.
5(a)] whereas the change on the k| axis is signifi-
cantly larger because of the increased interchain in-
teraction.

When pressure is increased from O to 52 kbar

E(meV)

Le1l1 ]
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FIG. 5. Pressure dependence of the conduction-band
edge of Te and Se. (a) Bands of Te, solid and dash-
dotted lines represent the fully relativistically corrected
bands at P =0 and 8 kbar, respectively, the dashed lines
the K- P result at P =0 kbar (see Ref. 45). (b) Bands of
Se, solid and dash-dotted lines represent the fully rela-
tivistically corrected bands at P =0 and 52 kbar, respec-
tively. fﬁ = %(3|+Bz)+ %B; is used as the origin.
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the changes in the CB of Se are much larger than
in the case of Te. The effective mass of electrons
along the k, direction is decreased from ~0.13 to
~0.07 [Fig. 5(b)]. On the k. axis the changes are
dramatic because of the strong increase of the in-
terchain coupling (see Table I). Firstly for

k, ~+2-10% cm~!, the spin-orbit splitting which is
<1 meV at P =0 kbar grows to >5 meV at

P =52 kbar. Secondly, the effective mass decreases
from ~0.25 to ~0.05 [see Fig. 5(b)].

We finally comment on the difficult question of
the size of the minimum optical gap between VB
and CB. It is well known that self-consistent non-
relativistic band calculations with a local
exchange-correlation potential tend to underesti-
mate the gap. The relativistic corrections reduce
the gap further. Our calculations confirm this situ-
ation. The nonrelativistic gaps of 0.24 (Ref. 11)
and 0.92 eV (Ref. 10) for Te and Se, respectively,
are smaller than the corresponding experimental
values of 0.33 (Ref. 15) and 1.85 eV (Ref. 20).
After the full relativistic corrections are included
the gaps are reduced to —0.1 and 0.8 eV, respec-
tively.

IV. CONCLUSIONS

We have presented the relativistic ab initio level
calculations for the band edges of trigonal Te and
Se. The calculated valence- and conduction-band
edges for Te agree relatively closely with the exper-

imental kB p models. However, the KB p bands are,

in general, somewhat flatter than the calculated
ones which may possibly be due to the neglect of
the mass-velocity term in the k-P scheme. This
view is supported by the fact that the uppermost
valence band of Te calculated including only the
spin-orbit term agrees much more closely with the
k-P models than the fully corrected valence band

does. :
The l_f-'f)’ hills (based on the direct absorption

measurement'®) of the double valence-band max-
imum of Te diminish about twice as fast as the cal-
culated ones. On the other hand, the pressure
dependences of the effective masses of the conduc-
tivity measurement!” and of our calculation agree
quite closely. This may possibly indicate that the
a-p fine structure in the absorption spectrum does
not directly reflect the pressure-dependent behavior
of the valence-band edge.

In the case of Se the double valence-band maxi-
ma near points M shift at ~ 35 kbar to the vicinity
of points H (Refs. 9 and 21) and attain the two
ellipsoidal—dumbbell shape. The behavior of the
uppermost valence band of Se is, after this, qualita-
tively similar to that of Te.

Due to the anisotropy of Te and Se the behavior
of the bands under pressure is quite different in the
k, and k, directions. The interchain interactions
increase much faster than the intrachain ones
which changes bands much more strongly in the
k, direction. This is seen most clearly in the
dramatic change near the conduction-band
minimum on the k; axis of the more anisotropic
Se where the effective mass decreases by 80% and
the spin-orbit splitting increases about 1 order of
magnitude when pressure is increased from 0 to 52
kbar.

ACKNOWLEDGMENTS

We wish to express our gratitude to Professor T.
Stubb and Professor M. A. Ranta for their support
and to the Computer Center of Helsinki University
of Technology for amicable cooperation. The
work of one of the authors (J.v.B.) was supported
by the Academy of Finland. We wish to thank the
Swedish Academy of Technical Sciences in Finland
for financial support in connection with the publi-
cation.

APPENDIX: FUNDAMENTAL EQUATIONS
AND COMPUTATIONAL ASPECTS

The equations to be presented in this appendix are fully general. The elements of the matrix of the pertur-
bation operator in Eq. (1) is formed between the spin orbitals ¢—*X where Y% is the nonrelativistic Bloch

eigenfunction (» is the band index and K the reduced wave vector) and Xm, the eigenfunction of 2 0, with
eigenvalues 3 3,m; (m, =+1). Because Y} are given as a linear comblnatlon of the orthogonalized plane
waves X7 (k =k +G where G is a reciprocal-lattice vector) we need, in fact, matrix elements between the

functions X -*'_X m,- A lengthy calculation gives the following result:
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In Egs. (A1)—(A3) V((_fr,- —G;) is a Fourier com-
ponent of V(T):

V(G)=—- fn V(T)e! S Tddr (A4)

311=(X1|3X1>=—5_1—1=ﬁz, (A5)

— % - .
01 1=0_31=Ux—1iUy, (A6)

where 1,, U,, and U, are the Cartesian unit vec-
tors, {1, is the volume of the primitive unit cell, ¢
labels the atoms in the primitive unit cell, 7, is the
position vector of the atom g,

[ lu=—[1-1-1

2 Yl (05 9, )*Y (07 @ )m , (A7)

m=—1

1—1
[lici= 3 Yui1(6g 0% )*Yn(0y ox,)

m=-—1

X[I(I+1)—m(m +1)]'2, (A8)

[1_u= 2 Y’(ew,—;)*Y,’,,H(egW)

m=-—1

X[I(I+1)—m(m +1]'2, (A9)

where Y,I,, are the spherical harmonics, b7 is the
radial orthogonalization coefficient

b= [" RE(r) jikrir*dr (A10)

where RJj(r) is the radial part of the core function
of atom g and j; the spherical Bessel function, VJ
is the crystal potential spherically symmetrized
around 7, Py is the Legendre polynomial, and
B—> - the angle between k; and k;, Z7is the

charge of the nucleus of atom g, and EJ; is the
eigenenergy associated with R

The first term in Eq. (A1) is the plane-
wave — plane-wave part, the first and second terms
in the large parentheses correspond to the plane-
wave-core parts and the third term in the large
parentheses to the core-core part. In deriving the
second term in Eq. (A1), containing all core parts,
the spin-orbit operator was written into the well-
known radial form:

21 VI ., -
4i (T -wY). (A11)

It was moved to operate on the core functions with
the use of the turnover rule, and the Y., X m, parts
of the core functions were written for the operation
in terms of the eigenfunctions of this operator by
means of the Glebsch-Gordan coefficients.

In writing Eq. (A2) for the Darwin term it is im-
portant to take the singular part properly into ac-
count. V2V around the nucleus g is

2 avi(r) d*var)
+

- +47Z95(7) .
dr dr? r£0 T

VVi(r)=
(A12)

The last term in Eq. (A2) is the singular part ori-
ginating from the last term in Eq. (A12). In Eq.
(A2) the positive singular part is much larger than
the former (usually negative) part which reflects
the difference between the actual V(T) and
—Z%~!. In the former part the first term is the
plane-wave — plane-wave part whereas the second
term contains the core parts.

In deriving Eq. (A3) for the mass-velocity term
the V* operator is moved to operate on the plane-
wave part whenever possible (using the turnover
rule) whereas in writing the core-core part [corre-
sponding to the second term in the large
parentheses of Eq. (A3)] the radial eigenvalue
equation, written in the form

V2RS4 Y! = —2[E4—V(r)RLY!, . (A13)

and the turnover rule for V? are used.

Because the Darwin and mass-velocity operators
have at least the same symmetry as the effective
nonrelativistic crystal potential, only the diagonal
matrix elements need to be calculated. At the VB
maximum at point H the nonrelativistic eigenvalue
is double degenerate (single group representation
H;). This leads to a 4 X4 matrix for the spin-orbit
operator. Because this degeneracy is reflected also
to the neighborhood of point H the two uppermost
nonrelativistic valence bands are treated together
analogously to point H. Elsewhere (VB maximum
at M, CB minimum at H) the nondegenerate non-
relativistic eigenvalue leads to a 2 X2 matrix.

The symmetry orientated program system used
in Ref. 46 could not be generalized to apply to gen-
eral k points and compound crystals with any
reasonable effort because of its very complicated
structure. Also in these programs the Darwin
correction was treated erroneously. Therefore, a
new efficient (almost five times faster) single pro-
gram was constructed for the present calculations.
This program was tested as follows. The nondiag-
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onal matrix elements of the Darwin and mass-
velocity matrices, which should be zero, were about
one tenth of the diagonal elements. The Hermitici-
ty of all the three perturbation matrices was nu-
merically perfectly valid. The matrix elements of

6953

the three perturbation matrices were tested against
earlier results in some special cases and an agree-
ment with at least four significant digits was ob-
tained.
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