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Interlevel nonradiative transitions of impurities in solids
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The spin-orbit interaction in transition-metal ions induces fast nonradiative transitions

among states of different spin; the transition rates can be directly measured by the homo-

geneous broadening of zero-phonon optical lines. The configuration-interaction formalism
developed by Fano is well suited for the evaluation of the widths and shifts caused by these
nonradiative processes. By taking the Jahn-Teller effect into account, we have shown that
within the framework of Fano's formalism it is possible to reproduce the shape of the
zero-phonon line of MgO:V + as regards both widths and splittings without making use of
any fitting parameter. The model has also been applied to A1203.Cr'+, Cs&SiF6.Mn +, and

MgO:Cr +; its limits of validity have been discussed.

I. INTRODUCTION

Nonradiative transitions (NRT) in inolecules and

impurity centers in crystals have recently been the
object of increasing interest, both from the theoreti-
cal and experimental standpoints. ' Such
processes are in general rather difficult to study,
especially in solids where transition rates as high as
10' sec ' or more can be reached. In these cases
clearly, one is forced to get information about tran-
sition rates from indirect measurements such as
quantum yields, homogeneous broadening of lines,
and so ori.

Theoretical difficulties are also rather strong.
First of all, in solids, the impurity center in general
interacts with many vibrational degrees of freedom
of the host crystal, whose frequency is not well de-

fined but rather varies continuously over the range
of allowed phonon frequencies. This implies that in

most cases the simple cluster model cannot be used
even as a first approximation. We shall see in the
following sections that this interaction between the
electronic states of the impurity and the continuum
of vibrational states of the crystal is the key
mechanism for nonradiative transitions among dif-

ferent electronic states of the impurity. Another
source of trouble is that in most cases, the operators
which cause nonradiative transitions, i.e., the nona-
diabatic and anharmonic operators, have a fairly
complicated form. Last but not least, the excited
electronic states of impurities are very often orbitally

degenerate; this implies that the Jahn-Teller effect
must be taken into account. In this regard, it may

be anticipated that one of the interesting results of
the present work is showing that, in the cases where
NRT have appreciable strength, the well-established

theory of Ham's quenching of spin-orbit interaction
must be applied with some caution in order to
reproduce the experimental results.

Of the above-mentioned theoretical difficulties,
however, only the one connected with the poor
knowledge of- the promoting operators is really basic
because one can manage to treat the electron-
continuum interaction, even in the presence of
Jahn-Teller effect, at least approximately. In this
regard, it is very interesting to consider transition-
metal ions with the d electronic configuration and
their interlevel quadruplet-doublet nonradiative tran-
sitions. Actually, for these transitions the nonadia-
batic operator alone is ineffective because of the spin
change, and the direct spin-orbit-induced NRT is
expected to be the most important process. This is
a very important point because the matrix elements
of the spin-orbit interaction are well known, and it
is possible to set up a nonphenomenological theory,
as shown briefly in Ref. 5.

By assuming the adiabatic approximation as a
starting point, the relaxation process that follows op-
tical excitation of the center, which is vibronically
coupled to the host lattice, can be schematized by
several successive steps (Fig. I): In the first step the
system thermalizes within the same electronic state
releasing the excess energy to the phonon bath of
the crystal; in the second the nonradiative transition
to the continuum of vibronic states relative to a dif-
ferent electronic state takes place, after which (third
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&A)

FIG. 1. Schematic energy-level diagram for a three-
level system. Wavy arrows indicate interlevel nonradia-
tive transitions; internal relaxation in the excited states is
also indicated on the parabolas. The quantities b; and
AE are defined in the text.

step) thermalization within the second state is ac-
complished. The transition rates relative to the first
two steps may be of the same order of magnitude,
so that nonradiative transfer from vibrationally ex-
cited states of

~

C ) to
~

8 ) may be appreciable.
After all this, a photon is emitted and the system
goes back to the ground electronic state, where a
further vibrational relaxation can possibly take
place. This picture is meaningful if competitive
processes (such as radiative

~

C ) ~
~

A ) emission,
nonradiative

~

8 ) —+
~

A ) decay, energy transfer to
other centers, etc.) are not very important. More-
over, the necessity of introducing such a picture
stems from the practical impossibility of solving the
Schrodinger equation for the whole (ion + lattice)
system; actually, if this could be done there would
be no need at all for introducing nonradiative transi-
tions.

As said, typical systems where NRT are impor-
tant and which can be schematized by the level se-

quence of Fig. 1 are the 3 d ions, such as V +,
Cr +, and Mn + in ionic lattices, where the state

~

A ) corresponds to the A z ground state,
~

B )
represents the Tj and E levels, and

~
C) corre-

sponds to T2. The spin-orbit coupling between dif-
ferent states acts as a strong mixing operator induc-
ing NRT among the above-mentioned states. In
particular, we will be interested in NRT between

the T2 and E T& levels which are fast enough to
give appreciable homogeneous broadening of the T2
zero-phonon line ( —10—50 cm ').

Actually, an alternative source of (inhomogene-
ous) broadening of the lines is random strain at the

impurity sites; this is the mechanism which
broadens at low temperature the E ~ A 2 zero-
phonon transition, which has a very long lifetime

( —10 msec) and a nearly Gaussian shape whose
width is -0.1 —0.3 cm ' in good-quality crystals.
In contrast, in MgO:V + the shape of the
"A 2~ T2 spin-orbit components is Lorentzian and,
in the case of ruby, line narrowing is not observed
in emission by laser excitation.

The most complete calculation so far performed
on Cr +-like systems is due to Englman and Bar-
nett ' who studied radiative and nonradiative transi-
tions as a function of temperature and of the
electron-phonon coupling parameters for a system
like the one schematized in Fig. 1. In the frame-
work of the same model, employing a single vibra-

tional mode, Fonger and Struck computed the non-
radiative transition rates among the states of Cr + in

ruby and emerald.
The models of Refs. 7 —9 are suitable for com-

puting the temperature dependence of the nonradia-
tive transition rates, but cannot give the absolute
value of such rates because they involve a
phenomenological electronic factor which is used as
a fitting parameter. Moreover, such a factor is tak-
en to be the same for all electronic states. Also, the
use of a single frequency makes the results of Refs.
7 and 8 strongly dependent on the vibrational ener-

gy, giving rise to resonance effects when

Ec(min) —Eii(min) is a multiple of fico Amore.
realistic model has been employed by Sturge' in the
study of NRT in the two-level system

KMgF3. Co +, by taking into account phonon
dispersion.

In the present paper we will take a different ap-
proach with respect to Sturge's; in fact, since we are
interested in the low-temperature shape of the
A 2~ T2 zero-phonon line (ZPL), it is more natur-

al to adopt the configuration-interaction ap-
proach"' dealing with stationary states which are a
mixing of discrete and continuum configurations,
and giving further information such as the Lamb-
like shift of the discrete levels. %e will also intro-
duce the Jahn-Teller effect on the upper level,
which will turn out to be essential to account for ex-
perimental line shapes.

The results we obtain compare very we11 with the
experimental data of MgO:V +, whose A2~ T2
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zero-phonon line is reasonably well resolved, and of
A1203.Cr +. Comparison with other systems
(MgO:Cr +, Cs2SiF6.Mn +) is also established and,
besides being in reasonable agreement with experi-
ment, it helps to determine the limits of validity of
the model and assumptions employed, which will be
described in the following sections.

In Sec. II a simplified model for a three-level sys-
tem, not including the Jahn-Teller effect (JTE), is in-

troduced; the model is checked on MgO:V + in

Sec. III. Section IV is devoted to presenting the
theory with JTE and to applying it to the above-
mentioned impurity systems.

II. A SIMPLIFIED MODEL FOR
NONRADIATIVE TRANSITIONS

In order to focus on the physical origin of the
processes which determine the zero-phonon line

shape, we shall introduce a simplified model with

three electronic levels, whose extension to a more
realistic picture will be carried out in the following
sections. We shall consider the Fano-type confi-
guration interaction between the zero-phonon state
relative to

i
C & and the continuum of vibronic

states relative to the electronic state
i
B &. The as-

sumptions we make are the following:

(l) The three levels A, B, and C of Fig. l are not
degenerate.

(2) The total Hamiltonian of the system is divided

into two parts, H = Ho+ H'. The zero-order
wave functions are adiabatic products, and H' is a
purely electronic operator which couples such wave
functions. The electronic wave function P(r) does
not depend on nuclear coordinates (crude adiabatic
approximation).

(3) Only totally symmetrical 1 &+ vibrations are
considered in linear coupling (i.e., if there were only
one vibrational mode as in Fig. 1, the parabolas
would all have the same curvature).

(4) The nuclear equilibrium configurations of
states

i
A & and

i
B & are the same, whereas the one

relative to
i

C & is determined by the displacements
b, ; in the subspaces of the coordinates q; (b, ;" = 0,
gBc gdc@0)

(5) At zero order, radiative transitions are allowed
only between states iA & and

i
C &.

We shall consider the Fano-type configuration in-
teraction between the zero-phonon state relative to

i
C & and the continuum of vibronic states relative

to the electronic state
i
B &. The vibrational states

of the continuum will be indicated as

i0& = H; i0;(g;)&

for the ground (n; = 0) vibrational states, and

in(Q)& = H; in;(Q;)& (2)

for the excited states, where n = gn; is the total

number of vibrations present in the state, whose to-
tal energy is

A'Q = Agn;u);

In order to compute the nonradiative transition
rates, we will need the overlap integrals (n

i
n '&

= a„„which also determine the shape of the nor-
malized absorption band G(Q). At low tempera-
tures we have

and g; is the ith normal coordinate. Since the co s

belong to a discrete set of frequencies, it can be as-

sumed that n and 0 determine uniquely the vibra-

tional state; on the other hand, the density of states
is so high that the vibrational wave functions obey
the continuum orthogonality relation

(n (Q, )
i
m (Q, ) &

= 5„5(Q, —L), )

The functions
i
n;(g;) & are harmonic oscillator

wave functions centered on the origin (g; = 0); the
vibronic wave functions and eigenvalues are

iy„"(E)& = i(t~& in(Q)&, E = E,'+ AQ

l&~«)& = l6& ln(Q)&, E =Egp+m (4)

I gs «) &
=

i ya & i
n (Q) &, E = Es + fiQ

where the E 's are the energies of the vibronic states
and

i
n

'
& is the harmonic oscillator wave function

centered on the minimum of level
i
C & and is relat-

edto in&by

in'(g; —b,;)& =
i n(g;)

where 6; is the displacement of the minimum.
The strength of the electron-phonon coupling is

given by the Huang-Rhys factor So..

Sp ———, gb, ;

For application to Cr +-like systems, only hy-
pothesis (3) is really limiting and will be partially re-
laxed in the following sections.

G(Q) = ia~ i
5(Q) + g ia, (Q) i~, (6)

nl =1
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where

a~ ——&010 & ao„«) = &01n'(0}&

The square of the generic matrix element a, (Q)
may be obtained by convoluting

I a,, (Q) I, n —1

times with itself, which is proportional to the effec-
tive phonon spectrum.

We now have to diagonalize the total Hamiltoni-
an H = H + H' between the zero-phonon level of
the electronic state

I
C & and the phonon-continuum

of state
I
B &. The matrix elements turn out to be"

EO
—= I'„(E)=

& Pc I

H'
I P~ &a Q =

&t(g(E)) I
~

I 1(p(E2) &
= E,5 „5(E,—E,) .

The wave function of the interacting system has the
form

I
g(E) &

= a(E)
I
l(|c & + g J b (E')

I Pg (E') &dE'

Since, according to hypothesis (5}, only the

IA & ~
I

C & radiative transition is allowed, the in-

tensity of the radiative transition from
I gz & to the

state
I
1((E)& resulting from the diagonalization is

given by

~(E) = cons« I &4~ IP Idc& I'I~«) I',

where P is the electric or magnetic dipole operator,
and a(E), which represents the coefficient of the

discrete state
I gc & in the perturbed state

I
g(E) &,

is given by"

(E)
I

8 (E)
—F(E)]'+ [II'(E)/2]'

(10)

where'

W(E) = g I
VN(E)

I

F(E) = P J dE'
2' jV' (12)

where P means "principal part of." Equation (10)
has a Lorentzian-like dependence on E, which be-
comes a Lorentzian when G(Q) —const. In such a
case, 8'is the width and the peak energy is shifted
with respect to Ec by the amount F (Lamb shift).

It may be interesting to note at this stage that the
configuration-interaction approach that we have
adopted deals with stationary states and as such nev-

er involves the concept of NRT. On the other
hand, when G(Q) —const, Eq. (11)just gives the
same result as the first-order time-dependent pertur-
bation theory, i.e., the Fermi golden rule. In this
latter framework, if the system were prepared in the
nonstationary state

I l(c & at a given time, it would
evolve to the continuum of vibronic states

I
g~(E) &

with a lifetime ~ = A/W. The configuration-
interaction approach, however, gives more informa-
tion, i.e., the magnitude of the Lamb shift and the
shape of the zero-phonon line when G (Q) cannot
be considered as constant.

For the application of Eqs. (11) and (12) to real
physical systems the simple model we employed
must be extended in order to take into considera-
tion:

(1) the degeneracy of the zero-phonon discrete
state

I
C &, which is lifted by the spin-orbit coupling,

giving rise to a quartet, and
(2) the existence of two

I
8 &-like states with their

respective continua.
Item (1) does not cause any qualitative difference

in Eqs. (11) and (12); in fact, we only have to con-
sider the four sublevels separately as far as we may
neglect second-order interaction (through the contin-
uum) between the two discrete sublevels I s and I s

which span the same irreducible representation (IR)
of Oh', this is equivalent to neglecting quantum
beats; it will be shown in the following sections that
both experimental evidence and theoretical argu-
ments justify neglecting such mixing. As for the ex-
istence of two continua, it simply requires that two
different contributions to both Eqs. (11) and (12)
must be summed up to obtain the actual width and
shift.

E —E 0

III. APPLICATION OF THE SIMPLE MODEL

and

The low-lying electronic levels of d ions in cubic
symmetry are A2 (corresponding to the ground
state IA & of the model), E and T, (state IB& of
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the model), and Ti (state ic) of the model). In
the absorption spectrum the prominent "3z~ T2
transition shows a broad structured band and a
zero-phonon line which, depending on the system,
presents a more or less resolved spin-orbit structure
(See Figs. 2 and 3 for MgO:V +). The ZPL is mag-
netic dipole allowed, whereas the sideband has both
magnetic and electric dipole characters. ' ' The
former is known to be a spin-orbit quartet
( I 7, I s, I 6, and I' s) in KMgF3.V +, ' and recent
measurements on MgO:V + indicate' ' ' that the
ZPL is the envelope of three Lorentzians whose
widths and energies are reported in Table I. This
deconvolution leads to the symmetry assignment re-
ported in Fig. 3.'

In MgO:V + as well as in the d systems that we
shall consider later, the T2 state does not emit at
low temperature, indicating that fast NRT take
place to T] and E; the only observed emission is a
sharp ZPL from the E state, plus a negligible con-
tribution from the relative sideband [which justifies
hypothesis (4) of Sec. II]. Actually, in the cubic
systems the observed sideband emission is compar-
able in intensity to the ZPL, but this is due to odd-
vibration-induced electric dipole transitions which,
for symmetry reasons, are irrelevant to our pur-
poses.

We now compute the homogeneous broadening of
the ZPL's due to interaction with the continuum of
vibronic states. We will carry out the calculation
for MgO:V +, where comparison with experiment is

I

aE i

100

FIG, 3. A q~ T2 zero-phonon line of MgO:V'+.
Full line, experimental excitation spectrum at T = 8 K
(see Ref. 17 ); dots, fitting as sum of the three underlying
Lorentzian curves.

most easily feasible; the results will indicate the lim-
its of the present model and the way to overcome
them.

The interaction Hamiltonian H is the interstate
spin-orbit interaction. Since H transforms as the
I ]+ IR of OI,*, it can mix only vibronic states which
span the same IR. If, as in the present model, only
totally symmetrical vibrations are considered, the
symmetry of the vibronic states is the same as for
the electronic ones. Therefore, as the IR's of 'T]
are I 6 and V8, and as the IR's of E is I 8, it results
that the I 7 component of T2 is unaA'ected, while
the I 8 components couple with both T& and E
continua, and I 6 couples only to T&.

The matrix elements of H' are found in GrifBth '

for the cubic case as a function of the spin-orbit

4E2

4
T2

TABLE I. Experimental and calculated widths (in
cm ') for the "A2 T2 ZPL of MgO:V'+. Contribu-
tions due to the interaction between T~ and E, Tl, are
reported separately. Figures in parentheses: without
Jahn-Teller effect.

E T1
(0)

11.3
(3.0)
2.2

(o)
0.02

(27.&)

18.2

(0)
2.2

(2.7)
3.7

(0)
3.2

(10.9)
6. 1

11500
I

12500

ENERGY ( elm

13500
(o) (0)

2X10 ' 43
(27.2)
14.1

(0)
0.6

FIG. 2. Excitation spectrum of MgO:V'+ at T = 8

K. The position of the zero-phonon lines of E and 'Ti
is reported schematically. The vertical arrows indicate
the energies at which G(Q) has to be evaluated for the
calculation of the widths.

Total
(0)

13.5
(5.8)
10.2

Expt. 16 11.4

(27.2)
17.3

(38.3)
25.0
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constant g, which turns out to be 136 cm ' for
MgO:V~+. '" In order to use Eqs. (11) and (12) to
compute W and I', we must know G(Q); its calcu-
lation is the basic difficulty in calculating NRT
rates, as is shown by the many attempts made in

this direction. However, if assumptions (3) and (4)
of Sec. II are valid, ' G(Q) can more simply be de-

duced by the experimental absorption spectrum. .

The arrows in Fig. 2 indicate the energies at which
G(Q) must be measured for MgO:V + in evaluat-

ing W. Such energies are given [see Eq. (11)]by
Ec + (Ez —Eli), B = E, Ti. Since the experi-
mental absorption spectrum is the resultant of the
magnetic dipole contribution and the vibration-
allowed electric dipole one, which are shifted with

respect to each other, ' and since we must consider
only the magnetic dipole band, the deconvolution
procedure of Ref. 17 gives the G(Q) we used
(Pekarian, computed with fico = 500 cm ' and

So ——1.6). We do not expect this procedure to
yield a very accurate result; however, in the spectral
region indicated by the arrows, the dependence of
the Pekarian curve on the relevant parameters (So
and ~i) is not too strong, contrary to what would

happen in the extreme tail of the spectrum. We are
therefore confident that the values of G (Q) so ob-

tained are accurate, say, within 20%.
The results are summarized by the bracketed fig-

ures of Table I. As can be seen, the order of mag-
nitude of the width is correctly accounted for, ex-

cept for I 7 for which the present model gives zero
width for symmetry reasons.

This indicates that non-totally-symmetrical vibra-

tions are important in determining the width of the
single components of the ZPL. In fact, the Jahn-
Teller effect mixes electronic states of different sym-

metry, causing a redistribution of intensity and
width among the sublevels.

The same considerations apply to the energy shift

given by Eq. (12), which is reported in Table II.
In the next section we shall introduce the Jahn-

Teller effect and consider the case of the other
above-mentioned systems as well.

IV. ROLE OF THE JAHN-TELLER EFFECT

Let us consider now the effects which break the
strict selection rules which forbid NRT among elec-
tronic states of different symmetry. Actually, such
selection rules still hold for vibronic states; however,
when non-totally-symmetrical vibrations are taken
into account, vibronic states with the same sym-

metry can contain electronic states of different sym-

metries, which can in this way be mixed by the elec-
tronic operator H'.

More precisely, two new effects are to be expect-
ed as regards the shape of the ZPL:

(i) an internal relaxation among the spin-orbit-

split components of the ZPL, and
(ii) the above-mentioned breaking of the selection

rules of Sec. III.
The first effect, which concerns only the electron-

ic state
~

C ) of Fig. 1, corresponds to a thermaliza-
tion among the different spin-orbit components. In
the configuration-interaction picture this process is
due to resonance among the higher-energy com-
ponents of the ZPL and the sidebands relative to the
lower-energy ones; the magnitude of the effect
depends on the spin-orbit splittings and on the den-

sity of vibrational states of the right symmetry at the
energies of interest. In cases where the spin-orbit
splitting is of the same order of magnitude as the
Debye frequency of the crystal, the effect could be
very pronounced and the high-energy components
of the ZPL could be as broad as to be uneasily
detected. This could be the case of the Tz state of
CszSiF6.Mn +, and of Tq of MgO:Fe +, where
the high-energy components of the ZPL are not ob-
served. On the other hand, where the overall split-

ting is of the order of 50 cm ' or less, (or when,
like in V + the spin-orbit constant is not very high),
only low-energy acoustic phonons can produce

TABLE II. Experimental and calculated splittings for the 3~~ T& ZPL of MgO:V'+.
All data in cm

IR
I p

18
r6 ()

I"8 ~j

Expt

0
10

50

Splittings
Calc '

0
14.4
42.8
56.0

Calc b

0
18.6
45.0
43.8

Lamb shift

8.2
4.0
6.0

20.4

'With Lamb shift.
Without Lamb shift (see Ref. 17).
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H = Ho+ HJg+ H' (13)

where Ho contains all of the adiabatic terms includ-

broadening. The effects to be expected are not very
clear, but some information can be obtained from
the absorption spectrum of KMgF3.V +, where this
is the only homogeneous broadening mechanism of
the A2~ T2 ZPL, T2, being the first excited
state. As can be seen from Sturge's data' the
ZPL's are not very broad: -2 cm ' for the
lowest-energy one and -5 cm ' for the highest-

energy one; the width increase is in qualitative
agreement with the previous discussion. Also, the
width ( -5 cm ') of the highest-energy component
gives an upper limit to the combined effects of
mechanism (i), plus inhomogeneous broadening.

Since the observed widths in MgO:V +,
MgO:Cr +, and A12O3..Cr + are larger by about 1

order of magnitude, we feel confident in neglecting
mechanism (i), even though in principle one would
have to be sure that the density of vibrational states
does not change much in the range of interest.

The preponderance of mechanism (ii) over
mechanism (i) means that NRT from T2 to T~
and E are fast enough not to allow the system to
thermalize within "T2. It should also be noted that
the pseudo-Jahn-Teller effect between states

I

8 &

and
I
C & cannot induce NRT by itself because of

the different spin multiplicities of these states.
In the present case, the Hamiltonian is given by

ing the first-order spin-orbit interaction within

I

C &, H is the interlevel spin-orbit interaction, and
H J'f is the Jahn-Teller H amiltonian relative to eg
modes, which have prominent coupling' ' in the
system we are considering. %e still use hypothesis
(4) of Sec. II, so that HJr operates only on state

I

C &, in agreement with experimental evidence. '

%e now carry out the same calculation as in Sec.
II, taking for zero-order wave functions the eigen-

functions of Ho + HJz. The vibronic eigenfunctions
and eigenvalues of Ho are

lfrr& = l[&~ «.(Q.)]rr& ln (Qi)&, (14)

E~r=ER +fiQ, , + ~B

where I and y are, respectively, the IR of the dou-
ble group and its component, spanned by the vi-

bronic state, R is the IR of the electronic state,

I
n,(Q, ) & is the symmetrized vibrational wave func-

tion relative to the Jahn-Teller-active modes which
span the e irreducible representation,

I

n
~ & is the vi-

brational wave function relative to the totally
symmetrical mode, and the symbol indicates
symmetrized product. The wave functions of Eq.
(14) represent, on the one hand, the continuum
states relative to

I
8 &; on the other hand, they

represent the starting wave functions relative to

I
C & before HJ~ is applied. The Hp + H&~ wave

functions of the ZPL of
I
C & are

l@r'r& = X bÃ
I 4~, & Io.&+ 2 f «.bp"."«.)[IPR»

R=F

app IO)& + g f dQ)a, (Q)) In)(Q))&
n&

(16)

where the first sum over R is extended to the elec-
tronic states such that R = I (in the case of
Tz, R = I g, I '8, if I = I 8, in the case of I 6 and

I 7 the sum reduces to only one term), bpp and
bo"„, ' have the same meaning, for Jahn-Teller-active
modes, as have aoo and ao„ in Sec. II.

The matrix elements of H' analogous to those of
Sec. II [Eq. (8)] between

I err& and the states

I Pqr(n, n, ) & of Eq. (14) are given by

(pz. ( r,nn)
I

H'
I 1(„r&

= Q b „, '(Q,)a, (Q))(P
I

H'
I P~ & . (17)

Since both H J~ and H' are independent on y, Eq.
(17) is appropriate for every y. In the case n, = 0,
Eq. (17) becomes

(18)

The contributions from different continua to the line
shape of Eq. (10) are additive, such that Eq. (10)
still holds with W(E) = W&(E) + W,(E), where
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E —Eg0

XG) (19)

(20)

Equation (19) represents the contribution by totally
symmetrical vibrations alone and resembles the
result obtained in in Sec. II. Equation (20) is the
main new contribution of the Jahn-Teller effect,
mechanism (ii). As regards the energy shift, Eq.
(12) is still valid if the substitution W(E) = Wi(E)
+ W,(E) is made.

Let us now test the theory we have developed

[Eqs. (12), (19), and (20)] on physical systems. We
shall start with A120&.Cr +; in this system the
Jahn-Teller effect is rather strong, such that no
spin-orbit structure is observed in the ZPL of the
3i~ E ("T2) transition, which should in principle

be a quartet. This implies that the electronic states
are strongly (and roughly equally) mixed in each of
the four zero-phonon vibronic states. In such a situ-

ation, the four ZPL's are expected to be more or
less equally broadened and the width can be com-

puted as in Sec. II, provided the squared matrix ele-

ment of the interaction Hamiltonian H' is averaged
over the spin-orbit substates of

~

C ). For the calcu-
lation, the value g = 170 cm ' has been used; as
regards G (Q), the values of the energy levels are
well known and G (0) has been evaluated from the

A2~ T2 absorption spectrum of Ref. 26. G(Q)
can also be evaluated by assuming a Pekarian shape
and using the parameter values of Ref. 9; the value

one obtains in this way agrees within 10%%uo with the

experimental one.
The overall width we obtain is 31.6 cm ', of

which 19.8 cm ' is due to interaction with E and
11.8 cm ' to interaction with Ti. The correspond-
ing transition rates are 3.7 & 10' and 2.2 )& 10'
sec ', respectively. The width of 31.6 cm ' that
we find compares very well with the low-

temperature experimental value of -45 cm
also in view of the fact that the computed value is

actually the average width of one component and no
account has been taken of possible spin-orbit split-
ting of the components; this latter effect makes the
experimental ZPL look broader. Therefore, our
results are in agreement with those of Ref. 6, which
show that the ZPL is predominantly homogeneously
broadened.

The present results should be compared with pre-
vious calculations carried out within different frame-
works. ' The calculations of Ref. 27, made under
the assumption that the T2~ E NRT proceed via
the intermediate Ti level, neglecting the direct
T2~ E process, give a transition rate of —10'

sec ', which is too small by more than 2 orders of
magnitude. As regards the comparison with the
results of the simple model of Ref. 9, the main
difference is that those authors find the T2~ .T&

rate to be larger than T2~ E. This is due to their
assumption that the matrix element of H' is the
same for all states and that it can be handled as a
fitting parameter. In this way all of the NRT rates
are proportional to the vibrational overlap integrals.
Actually the strength of the spin-orbit interaction
(average squared matrix element) with E is more
than twice as much as with T&. Also, the total
NRT rate from T2 of Ref. 9 is larger by 1 order of
magnitude than the experimentally deduced one.

Let us now turn to systems on which the theory
of the present section, including the Jahn-Teller ef-

fect, can be tested more directly. Among these,
MgO:V + is particularly well suited because the
Jahn-Teller effect is active in the T2 excited state
but the quenching it operates on the spin-orbit in-

teraction is rather weak and the spin-orbit struc-
ture can be observed (Fig. 3). The Jahn-Teller effect
in this system has been studied by taking into ac-
count e modes in Ref. 17, within the single-mode
picture. In order to fit the splittings and the relative
intensities of the components of the ZPL the follow-

ing parameter values were used: EJz ——100
cm ', fico, = 200 cm ', g= 136 cm ', where co,
has the meaning of an effective frequency. Second-
order spin-orbit effects, mainly due to interaction
with E and Tj, were taken into account by an ef-

fective Hamiltonian. What emerges is that the total-

ly symmetrical modes have the prominent coupling.
This suggests a way of simplifying Eq. (20) through
a simplification of the wave function of Eq. (16),
which consists of building up

~ Prr) with Eg pho-
nons having all the same frequency, instead of a
continuum distribution which would make the
Jahn-Teller problem almost untractable. This can
be justified by considering that the coupling to I i+

modes is —10 times stronger than to eg modes,



674 O. PILLA, M. MONTAGNA, AND G. VILIANI 24

such that Eq. (16) will contain essentially, say,
~

0, )
and

~
I,) vibrational functions and many-phonon

I
&

vibrational functions. Since the energy gaps
T2 —Ti and T2 —E are of the order of

1000—2000 cm ', the NRT involve several I &+

phonons, which have a continuum of frequencies
and are sufficient to ensure resonance. The effect of
eg modes is just to couple different spin-orbit sub-

states of T2, and substitution of the continuum dis-

tribution by a single frequency is not expected to
cause strong differences. This assumption has been
checked by repeating the calculation with two dif-

ferent es frequencies (200 and 300 cm '); the
results were reproducible within 10%.

The assumption of a single Jahn-Teller-active
mode of frequency corresponds to taking

in Eq. (20), which becomes

(22)

The coefficients b, of Eq. (19) and b, of Eq. (22)

are obtained by diagonalizing numerically the Harn-

iltonian H0+ HJz. In order to evaluate 6&, we

have assumed a continuous Pekarian shape. The
value of S0 is now reduced with respect to the cal-

culation of Sec. II (So ——1.6) to take into account
that now part of the energy lowering of the T2
zero-phonon state is due to eg modes

S0~) + EJ'f —800 cm (23)

Taking ~i ——500 cm ' (see Sec. III), Eq. (23)
gives So ——1.3 for F&~ ——150 cm '

(fico, = 300
cm ') and S0 ——1.4 for EJz ——100 cm
(eo, = 2OO cm

—')."
The results for the various widths and shifts, rela-

tive to the first choice of the parameters, are given

in Tables I and II. As expected, the sum of the

widths (taking into account degeneracy) is not
changed by the Jahn-Teller effect, but this latter

causes a redistribution of the width among the vari-

ous levels, bringing the calculated widths into very

good agreement with experiment. It might be
surprising that I 7, which is not broadened without

the Jahn-Teller effect, becomes broader than I 8, this

is due to interference in Eq. (22) among spin-orbit
and Jahn-Teller contributions; such interference is
constructive for I 7 and destructive for I 8. A simi-

lar kind of destructive interference makes the I 8-I"8
mixing very small, as evidenced by magnetic circu-
lar dichroism (MCD) measurements, ' ' and as it
results from the calculations of Ref. 17.

The shifts and the final energies of the levels (in-

cluding spin-orbit splitting) are reported in Table II.
It should be noted that all levels are shifted towards
high energy, but I 6 and I"8 more so than I 7 and
I s. For comparison the results of Ref. 17 [calcula-
tion (b)], where H J~ + Hso + Hso' were di-

agonalized together but with no account of Fano
resonances, are reported. The present results are in
better agreement with experiment, especially as re-
gards the unexpected coincidence of I 7 with I 8. In
fact, on the basis of Ham's theory the ratio
[E(8') —E(8)]/[E(8) —E(7)] should be -1.67,
whereas the experimental value is 4. The interac-
tion with the continuum of states accounts for such
a strong second-order spin-orbit effect. In this way
the origin of the anomalies of MgO:V + with

respect to KMgF3.V +, where Ham's theory is
able to correctly explain the observed sphttings, be-
comes clear. In fact, it appears that when there is
interaction between the discrete and continuum
states the second-order spin-orbit interaction, which
causes the Lamb shift, must be properly taken into
account. In KMgF3.V + no such problem arises
because T2 is the lowest excited state and there are
no NRT, the lines are much sharper, and Ham's
theory works well.

Let us now consider other systems

(Cs2SiF6.Mn + and MgO:Cr +) whose spectra are
even more anomalous than those of MgO:V +. As
regards Mn"+, the experimental spectrum for
3 2 ~ T2 ZPL shows only two components whose

widths are 5 cm ' (I 7) and 8 cm ' (I s). The
I 6 and I"8 components are only observed as weak

peaks in MCD. In order to compute the widths

we have used the following parameter values:

Ace& ——600 cm ', Ace, = 512 cm ', EJf —546
cm ', g = 380 cm ', and G(Q) has been deduced
from the spectrum of Ref. 23. The calculated
widths are, in cm ',0 (I 7), 2.3 (I s), 13 (I'6), and

15 (I s) without the Jahn-Teller effect, 5 (I,), 7
(I s), 9 (I 6), and 10 (I s) with the Jahn-Teller ef-

fect. In this system the Jahn-Teller effect is quite

strong and its result is to redistribute the widths

more or less uniformly among the various I"s (simi-

lar to Alq03. Cr3+). On the other hand, the com-

puted values with the JTE can only give the correct
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order of magnitude, because in this case Eq. (21) is
not a good approximation, since due to the strong
JTE, many eg phonons are involved in the nonradi-
ative transition and it is not correct to neglect their
frequency dispersion. Moreover, G(Q) is not a
smooth function in the frequency range of interest.
It is important, however, that the computed widths
of I 7 and I 8 are in agreement with the experimen-
tal ones, especially in view of the remarkable differ-
ences between these parameters and those of
MgO:V +. In fact g(Mn +

) —3((V +), while the
values of G (0) are in the present case smaller by 1

order of magnitude because here 6—8 phonons are
involved, contrary to MgO:V + where only 2 —3
are involved. As regards I 6 and I 8, the fact that
these states are not observed in the spectrum is still
an open problem; one of the reasons may be a fur-
ther broadening due to processes not considered
here such as internal relaxation among the spin-
orbit-split components.

The same kind of calculation has been carried out
for MgO:Cr +. In this case, also, the simplifying
assumptions of Eqs. (21) and (22) are less valid, be-

cause the energy gap T2 —T& is only —500 cm
such that one-phonon processes are favored and the
results are strongly dependent on the shape of the
one-phonon densities of states of different sym-
metries. In this case the calculation including the
JTE could not be carried out because E&z is not
deducible from the ZPL, whose structure has not
yet been well unraveled. ' The results for the com-
puted widths without JTE, in cm ', are 0 (I 7),
30 (1 s), 80 (I 6), 230 (I s).

Even though the JTE would redistribute the
widths among the various levels, such widths are
unexpectedly large if the structure of the ZPL of
MgO:CR + had the same origin as in MgO:V +, as

hypothesized in Ref. 16. More accurate experimen-
tal investigation is required. On the other hand,
such large widths as 230 cm ', which are compar-
able with the phonon energies, cast doubts on the

applicability of Fano s theory, which is a perturba-

tive one.

V. CONCLUSIONS

In general, the theoretical treatment of NRT in
solid-state impurities is a complicated matter, such
that even the correct order of magnitude is difficult
to obtain. In contrast, in the systems we have con-
sidered, the situation is more favorable both experi-
mentally and theoretically; in fact, quite strong

spin-orbit coupling causes the ZPL to be rather
broad and a direct experimental observation of the
nonradiative transition rates is possible, if one is able
to distinguish between homogeneous and strain-
induced inhomogeneous broadening. On the other
hand, the spin-orbit operator, whose effect is more
important than other nonadiabatic efFects, can be
quite easily handled. Moreover, large vibrational
overlaps, due to the smallness of the electronic ener-

gy gaps, make anharmonic effects less important
than in other systems. ' Such overlaps can either be
deduced directly from the optical spectra or be cal-
culated by simple models.

This situation allows the Jahn-Teller effect to be
taken into account in a simplified way. This is an
important point because the symmetry breaking in-

troduced by the JTE is necessary to explain in detail
the width and shift of the various components of the
ZPL.

It should be noted that in our calculations we
made use of no independent fitting parameter;
nevertheless, the agreement we obtain for MgO:V +

and A1203.Cr + is excellent and the differences
between observed and calculated values are largely
accounted for by the uncertainty of parameter
values. Previous calculations ' could not give the
correct order of magnitude.

The present model, together with the intensity-

quenching effect, ' satisfactorily explains the long-
questioned' ' ' ' ' structure of MgO:V + zero-
phonon line. As regards Cs2SiF6.Mn + our model
reproduces correctly the widths of the two observed
lines, but it is clearly inadequate to explain the
disappearance of the other two; this effect must be
caused by some different mechanism. In the case of
MgO:Cr +, the present model predicts very large
widths for I 6 and I"8. At the present time such
prediction is neither confirmed nor refuted by ex-
periment.

The main limits of the present treatment are the
same as those of the theory of the JTE, i.e., the
problem becomes intractable if one wishes to con-
sider a continuum of Jahn-Teller-active modes.
Furthermore, our assumption of no I 8-I"8 interac-
tion is no longer valid when these peaks are super-
imposed or nearly so.
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