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Measurement of the low-field anomaly in the rf surface impedance of cadmium
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Measurements of the rf surface impedance of thin plates of cadmium as a function of
magnetic field in low fields (0—100 G) indicate that two previously proposed mechanisms
which cause a peak near zero field to be observed are operative in this case. The main in-

tensity of the peak is caused by the length of specularly reflected skipping orbit trajectories
matching the electron mean free path as proposed by Sibbald et al. Secondary structure on
the high-field side of the peak is due to the electrons experiencing a critical scattering angle
with the surface at which the surface scattering changes from specular to diffuse as pro-
posed by Juras. Measurements of the frequency dependence of the field positions of the
low-field structure and the radio-frequency size-effect linewidths support the existence of
these two mechanisms being effective in this case.

When the surface of a high-purity metal is sub-

jected to a radio frequency(rD electric field, and the
impedance of this metal is monitored as a function
of an applied external magnetic field, it is found that
as the externally applied magnetic field is decreased
to zero the surface impedance of the metal exhibits
an anomalous behavior near zero field. ' In par-
ticular, the rf impedance of metals in such an exper-
iment exhibits a peak with decreasing magnetic field

rather than a smooth change. This peak has been
observed in many metals and several theories of the
mechanisms causing the peak have been pub-
lished. ' ' In a recent paper Gordon has con-
cluded that the only explanation of the detailed ra-

dio-frequency and temperature dependence of his

measurements on molybdenum is that due to Sib-

bald, Mears, and Koch' (SMK).
According to SMK the peak arises from skipping

orbit trajectories of specularly reflected electrons
contributing to the surface impedance. At suffi-

ciently low values of the magnetic field the trajecto-

ry length of these electrons becomes equal to their

mean free paths and they become ineffective in car-

rying current —hence, the low-field extremum.
Since the trajectories of these electrons are well

within the skin depth, the peak position should be
frequency independent. The peak position should,
however, be temperature dependent since it depends
on the electronic mean free path. Detailed agree-
ment with the frequency independence and the
predicted temperature dependence have been ob-
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tained for measurements on copper by SMK and on
molybdenum by Gordon. It has been pointed out,
however, that the low-field anomaly still exists in

samples in which no skipping orbits are observed in

microwave measurements at higher magnetic fields.
Another effect must be occurring which causes this

discrepancy in observed data.
In 1970, Juras pointed out that a critical angle

between an electron's velocity direction and the
sample surface should exist at which the scattering
experienced by the electron at the surface would

change from specular to diffuse. This critical angle
would depend on the smoothness of the surface,
varying from zero for a very rough surface to sr/2

for a perfectly smooth surface. As a magnetic field

is increased on electrons in skipping orbit trajec-
tories, their angle of the incidence with the surface
continuously increases as their real-space orbit di-

ameters decrease. Juras suggested that a peak in the
surface impedance should be observed when the
field was such that the critical angle of incidence
was reached.

If the critical angle exists, the changeover from
specular to diffuse scattering would cause a change
in the slope of the real part of the surface im-

pedance as a function of applied magnetic field at a
field value H~, given by the expression
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where d is the plate thickness, 5 is the effective skin

depth, '
Hd is the critical-field value at which the

electron trajectories span the plate thickness exactly,

H. =2 "
(2

e d

and Oo is the critical angle of incidence. These ex-
pressions are specifically formulated for the radio-
frequency size effect (RFSE) since all of the quanti-
ties, H~, Hd, d, and 5 can be determined directly
from this experiment. The effective skin depth 5
can be determined from the RFSE linewidth'

through the relation bH/Hd = 25ld, where b,H is
the field change between the onset of the RFSE line.
at Hd and the first extremum in the impedance fol-
lowing Hd.

In addition to the low-field specular reflection ef-

fects on the surface impedance, R, Juras" also has
calculated the effect of specular reflection on the
RFSE line shapes. Measurements of these effects in
cadmium have been reported previously. In the12

present study the low-field anomaly is examined in

cadmium under surface conditions such that the
RFSE line at high fields shows no effects of specu-
lar reflection.

Cadmium was selected for this study since a
~ ~ 13low-field anomaly in the impedance exists in Cd,

long-mean-free-path samples are available, the Fer-
mi surface (FS) is well known, and with H applied
parallel to the [1010]axis in the (1120) plane there
is only one prominent RFSE line observed. The or-
bits giving rise to the single RFSE line for this
orientation are on the third-band electron sheet
(lens) of the FS of'Cd. For this field

crystallographic-axis orientation orbits on the
second-band surface are open in the direction of the
sample thickness, and the first-band orbits are ex-

tremely pointed where they enter the skin depth.
Thus, only the third-band lens is expected to contri-
bute to the skipping orbits. The real-space trajecto-
ry for these orbits in this orientation is shown in

Fig. 1(b). Samples approximately 0.5 mm thick,
prepared in the manner described in Ref. 12, were
used for the measurements and the measuring ap-
paratus has been described earlier. '"

Recorder traces of both the low-field anomaly
and the RFSE line are shown in Fig. 2. In order to
obtain high precision in determining Hd and AH,
second-derivative detection was employed. For the
low-field region, the problem of obtaining accurate
field measurements is twofold. The first difficulty
is in accurately determining the zero-field point.
This was accomplished by sweeping the field slowly
through zero from negative to positive values. The
rapid phase reversal at H = 0 produced a sharp
peak under second-harmonic detection, allowing
precise location of the zero-field point during a
low-field sweep. The second problem is due to the
fact that the low-field anomaly is rather broad. This
is evident from the fact that the slope of the first-
derivative curve in the neighborhood of the anomaly
is relatively small. The result is that the positions of
the structure cannot be determined very accurately
on the basis of second-harmonic detection alone,
since the second-derivative curve shows a relatively
broad peak in this region. To aid in this difficulty
of locating field values, a grid differentiation of the
first-derivative curve was employed to locate the
neighborhood of the maximum positive slope in the
low-field region. This was compared to the second-
derivative curve to determine the region of interest.
From the second derivative then, accurate measure-
ments of field values were made using the zero-field
point as a reference from which to measure the
field.
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FIG. 1.(a) Skipping orbits and angle of incidence for
H & H~. H is applied along ootward normal to plane of
paper. (b) Real-space orbit for the lens in Cd with

HEI[1010] and H = Hd.

H/Hd

FIG. 2. Recorder tracings of BR /dH and a'Z /aH
vs H showing H~, Hd, and bH. For these tracings H is
applied parallel to [1010]and these are the only signals
observed. Note the change in H/cled scale from low to
high fields. Also, the y gain at high fields is 10 greater
than at low fields.
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One may question at this point the prudence of
arbitrarily interpreting an extremal value on
second-harmonic detection output tracings as ex-
tremal points of the function itself. As is well

known, the amplitude coeAicient of the second har-
monic term of an expansion of the output signal in

terms of impressed sinusoidal modulation contains
higher-order terms of all even derivatives as well as
the second; thus, for broad asymmetric functions,
the corresponding extremal values may be shifted

with respect to one another. ' However, on the
basis of the experimental evidence showing a definite
shift in the peak indicated by the dotted line in Fig.
3 of the 8 R /BH curve as a function of frequency
and the other structure on these curves being fre-

quency independent, we feel justified in associating
these points with the position of the extremal in 8
corresponding to the field H. The frequency-
independent peak in the M jr)H curve and the
derivative of that peak in the 8 R /BH curves is

due to the SMK me"hanisms.
Under conditions necessary for observing the

RFSE, i.e., the radio frequency much less than the
cyclotron frequency, Juras has shown that the mea-
sured critical angle 00 should be independent of fre-

quency. Since under anomalous skin-effect condi-
tions 5 is proportional to ~ ', H~ is required to
be proportional to m' . Figure 3 shows recorder
tracings of the second-derivative curves at various
frequencies. The vertical lines indicate extremal
values which do not change, while the line through
points corresponding to H~ clearly shows a shift to
higher fields with increasing radio frequency. Table
I gives the measured values of H~, AH ~ 6, H~,
and the frequency-independent product as a func-
tion of frequency over almost an octave. It can be
seen that tI..e product is independent of frequency to
within 1%. Plots of co vs H~ and hH show the re-

quired functional dependence as described above.
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FIG. 3. Recorder tracings of 828 /BH2 vs H showing
the radio-frequency-dependent shift of the critical field

H~. Vertical lines show the main peak structure which
does not change with frequency. The loss of distinctive
structure at low frequency may be due to an increased rf
level which would tend to overmodulate the lines.

We note that from a semiclassical viewpoint the
orbits discussed here [Fig. 1(b)] give rise to small in-

cident angles even up to H/H~ ——1. Scale draw-

ings of the stationary real-space trajectories within

the sample at H/H& ——1 indicate a maximum angle
of incidence over most of the trajectory of approxi-
mately 0.16 rad. Since such a sma11 critical angle,
00 ——0.04 rad, is measured, one is led to the con-
clusion that the sample surface was extremely
rough.

Juras has calculated the expected RFSE line

shapes under conditions of complete diffuse scatter-
ing and under conditions of complete specular
scattering at the sample surface. " The RFSE line
observed here has the shape expected for the case of

TABLE I. Measured values of H~, AH, and H~ as a function of radio frequency. Field
values are in gauss, frequencies in MHz. The last column shows the frequency-invariant
dimensionless product (HsjHq)(EH!Hq) = 1 —cos00.

6.724
8.092

10.096
12.173

5.12 + 0.04
5.20+ 0.04
5.33 + 0.04
5.44+ 0.04.

0.900 + 0.008
0.880+ 0.008
0.860 + 0.008
0.847+ 0.008

70.3+ 0.3
70.2 + 0.3
70.3+ 0.3
70.3 + 0.3

(9.32+ 0.03)X 10-'
(9.29+ 0.03))& 10
(9.28 + 0.03) )& 10
(9.32+ 0.03) && 10
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diffuse scattering, indicating that at the fields at
which the RFSE occurred the electrons were indeed

being diffusely scattered. In order to check this
result, samples with much smoother surfaces were

p pared. The result of measurements on these
samples is shown in Fig. 4. In this case, the surface
impedance is found to change smoothly from the
low-field peak to H~ with no detectable H~. The
RFSE liine shapes observed in this case are much
different from the rough-surface line shapes and
agree with Juras's predictions for specular reAection.

e relative intensity of the SMK anom 1 t th
SE line intensity in this case is much higher than

in the rough-surface case, which indicates that more
of the electrons are being specularly reflected at low
fields as expected. The line shape in the smooth-
surface case does not change with temperature,
which is in agreement with Juras's prediction.

The main portion of the low-field anomaly in
cadmium shows the frequency independence
predicted by SMK and appears to be due to the
mean free path of electrons matching th k''

g e s ipping
orbit trajectory length. If one assumes that the
main contribution to the peak in cadmium for the
present sample-field orientation is from electrons on
the third-band lens, the mean free path can be cal-
lated from the expression given by SMK:

' 2/3

l—
0

H"'

In this expression E is the radius of curvature of the
Fermi surface, Ho is the field position of the peak, h

is Planck's constant, and e is the electronic charge.
The radius of curvature of the lens in din ca mium is
we known. From the SMK expressions, one ob-
tains a mean free path of -0.3 mm. This value is

8R
QH

0.0
I

I.O

consistent with the fact that th RFSE 1e ine is weak
in a 0.5-mm-thick sample.

In conclusion, the main contributio t th 1

ie anomaly in metals appears to be due to skip-
ping orbit trajectory lengths matchin the
free- ath lenee-pa engt»s. On samples with nonsmooth sur-
aces, additional effects due to a chan f
ar to i use scattering at the surface needs to be

taken into account.
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FIG. 4. Recorder tracing of 3A /c)H vs showing the
specular reflection line shape of th RFSE l'e ine and the
lack of additional structure in the SMK peak
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