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An admittance for localized physical quantities is generally related to a random walk on the
basis of linear-response theory. A coherent-medium approximation is introduced to solve a
master equation which is assumed to govern the random walk. The general formalism is spe-
cialized to ac hopping conduction and applied to the bond-percolation model in one- and three-
dimensional systems and to a lattice model for impurity conduction in doped semiconductors.
For the one-dimensional bond-percolation model, the ac conductivity obtained by the coherent-
medium approximation is in good agreement with exact results for both the frequency depen-
dence and the critical behavior. The present method predicts a percolation transition and
several critical behaviors of the ac conductivity at the transition point for the bond-percolation
model in a simple cubsic lattice. In particular, lim,_.oRelo(w) — a(0)1/w?? diverges as
(p —p.) 32 when p =p, +0 and lim, —.qReo(w)/w? diverges as (p, —p)~3 when p =p, —0 and
in the static limit Reo(w) vanishes as w? for p < p.-and as !’ at p =p.. The present approxima-
tion also succeeds in reproducing the typical frequency dependence of the ac conductivity of the
hopping conduction in doped semiconductors, namely, the transition from the dc behavior
through an o® dependence to a plateau as the frequency o is increased. The theoretical results
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are shown to be in good agreement with experiments.

I. INTRODUCTION

The transport of physical entities (hereafter re-
ferred to as electrons) such as electrons, excitons,
and phonons in disordered media is affected greatly
by the nature of randomness. If the degree of ran-
domness is sufficiently large, the electronic wave
function is localized in a small region in a sense
described by Anderson! and transport of electrons
takes place by hopping among these localized states
with the assistance of other degrees of freedom. The
hopping rate between two localized centers depends
on several physical parameters associated with these
centers, especially on the spatial distance between the
centers and the energy difference between the initial
and final states. These parameters fluctuate from
center to center, since the environment of each
center is statistically distributed. Because hopping is
assisted by other degrees of freedom as well as en-
vironmental fluctuations, the site-to-site transition
probabilities are random variables.

To obtain the ac conductivity for the stochastic
transport described above, Scher and Lax? (hereafter
referred to as SL) first constructed a tractable model
system on a discrete lattice which simulates actual
disordered systems and employed the continuous-
time random walk (CTRW) formalism due to Mon-
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troll and Weiss.? Their result for the frequency and
temperature dependence of the ac conductivity is in
excellent agreement with experiments for doped
semiconductors* and spinel-type MnCoNiCu complex
oxide semiconductors® for a wide range of frequency.
The SL procedure in the original form, however,
treats all sites as equivalent and independent, and
hence it may not be an appropriate approximation for
a certain type of randomness in which the microscop-
ic structure plays an important role in the problem.

In the present paper, we develop a new approxi-
mate procedure for the evaluation of the ac conduc-
tivity due to hopping in random media. In Sec. II,
the relation between the ac conductivity and a ran-
dom walk which SL have used as a basic equation is
rederived from a general view point on the basis of
linear-response theory. The frequency-dependent
admittance is expressed in terms of the Laplace
transform P (S,u|S,) of the conditional probability
P(3,t|50,0) of finding a moving particle at a point
S at time ¢ if it was at a point S¢ at r =0. This rela-
tion holds quite generally if the physical quantities
entering the admittance can be assumed to be diago-
nal for a set of local basis functions.

In the expression for the ac conductivity of a
discrete lattice in terms of P(5,u|S,), randomness
appears only in the probability function P (3,u|5,)
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which is assumed to obey a master equation. In Sec.
III, we show that master equations can be solved by a
generalized application of the coherent potential ap-
proximation,®™ i.e., a kind of scattering T matrix
produced by a disordered unit embedded in a
coherent medium is forced to be zero on the average
to self-consistently determine the coherent medium

~and hence the coherent transition probability. In a
sense, the coherent potential approximation consti-
tutes a formal expression of earlier effective-medium
approximations used to obtain the conductivity of a
resistor network.!% 1!

The new method is applied to several representa-
tive examples for hopping conduction problems in
Sec. IV: the bond-percolation model in one dimen-
sion and three dimensions and a model lattice system
for topologically disordered systems. The present ap-
proximation gives fairly good agreement with exact
results for the bond-percolation model in one dimen-
sion. Moreover, the present method predicts a per-
colation transition for the bond-percolation model in
three dimensions as is physically expected. In this
scheme, the critical bond-percolation probability p, is
—;— for a simple cubic lattice. Several critical behaviors

of the ac conductivity at the percolation point are also
predicted.

For the topologically disordered system, our pro-
cedure also succeeds in reproducing the qualitative
behavior of the frequency dependence of the experi-
mentally observed ac conductivity.*>1%1*> Namely,
the real part of the obtained ac conductivity shows a
power law dependence w® on frequency between the
static limit and the saturated value at higher frequen-
cies and a gradual transition from one to another as.
the frequency is increased. The results will be com-
pared with experiments for doped semiconductors.*
Section V is devoted to discussion while in Appendix
A we discuss the effective medium derived from the
SL procedure.

II. FLUCTUATION-DISSIPATION THEOREM
FOR LOCALIZED QUANTITIES

Suppose that an external field F(¢) = Fycoswt adds
a perturbation —A4F () to the Hamiltonian of a sys-
tem and we observe the response of the system
through the change AB (1) of a physical quantity B.
The response (AB (1)) is written in the form

<AB(’)) =ReXBA(w)F0e"’" . Q.1

The complex admittance X4 (w) is expressed in
terms of the response function ¢z, (1) as

Xoa (@) = [ daa(De™ar . 22)

The frequency  should be understood to have an in-
finitesimal negative imaginary part to ensure conver-

gence of this transformation.
In linear-response theory,!*!5 ¢z, (1) is given by

¢BA(t)=——§—t Lriswaimpean . @3

If the time derivative of B is observed, the response
function ¢, (1) is written as

¢,§A(t)=——;% L reBatmelan . @)

In these expressions, 8 =1/kT is temperature in-
verse, B (1) = e/fBe~H/X is the Heisenberg
representation of B, 4 (if\) =e A4eM and
p=exp(—BH) is the equilibrium density matrix,
where H is the Hamiltonian of the system without
the external field and k is Boltzmann’s constant. By
introducing B8 — A as a new variable the cumulative
response can be shown to obey ‘the identity

B ’ B
S TrlB 4 (N)pldn= ] Trla (~ikN) B()p]

2.5)
Equations (2.3) and (2.4) can then be rewritten,
respectively, into
(f)B,q(t) =_;;j‘t"l’5,4(ﬁ,t) (2.6a)
and ‘
32
(bBA(t):W‘PBA(ﬂ't) , (26b)
where

Vou (8.0 ==+ [T Tel|B () — A (=it0) Pl d

Q.7

differs by a constant from Eq. (2.5). Here, we have
used the stationarity of the system. Insertion of Egs.
(2.3) and (2.4) with (2.6) and (2.7) into (2.2) and in-
tegration by parts yield

X5u(0) =5 (B,0) +iw [ e~ 5,(8,0) di (2.82)

and a similar form for X, (w):

X4 (@) =—§WBA(p,t) — 10V ,(8,0)
. t =0
—a? [ e (B0 d (2.8b)

Now, let us assume that the physical quantities A4
and B are diagonal in the Hilbert space spanned by a
set of orthonormalized local basis functions |5 )
=¢,( T —7T), where S denotes a localized site as well
as a position vector. Explicitly, we assume

' (3|4|F) =458(5,35) (2.9a)
(3|B|s'y =B+58(5,3) , (2.9b)
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where 8(5,S') is a Kronecker & function. In addition, we assume the density matrix p is also diagonal with

respect to the localized basis set;

(3le 3"y =£(3)8(3,3) . (2.10)
Then, the admittance X4 (w) and X;,(w) can be rewritten as
X4 (@) =_12z 3 (Be— A7)/ (3) +"—‘;fi S, (By—A45)P(ial$0)f(30) @.11)
s T, T

0

Xjlw) =—£ S (By—A)2(Be—A2) +io(Bz—A1f(3) - B2 5 (B5 =45 )P (5,i0|30) /(50 .

Here, P(3,u|5,) is the Laplace transform of the ab-
solute square of the Green’s function P (5,t]5,0)
= |G (§,f|§o) IZ;

PGul3) = [ e P(5.1(F00)ar ,  @.13)
where the Green’s function G (3,t|5,) is defined by
G (3,t|50) =—i0(1) (S|e ™M|5,) (2.14)
with the Heaviside step function
1, t=0
"(’)=[0, <0 . @.15)

It should be remarked that the assumption Eq. (2.10)
does not imply G(3,t|5) ~ 8(F,F), since we are
concerned with low frequencies o such that fw/ kT
<< 1 and a typical time scale we will deal with in
Eq. (2.14) is /.

For the specific case of B = A4, Egs. (2.11) and
(2.12) are reduced to simple forms

x,,,(w)=i£’22 S, (4 =A< )P(5,i0]30)/(50)
oo (2.16)
and
2
Xia(@) ==L S (4s =45 )P (i0l50) £ (S0) .

0 Q.17

The quantity P(5,¢|So, 0) means the probability
density of finding the particle at site § at time ¢ if it
started at site S at time 0, as stated before. The
probability density describes the stochastic motion of
the particle in a given sample. To get the admittance
actually observed, we have to average Eq. (2.16) or
(2.17) over the ensemble of samples. The ensemble
is determined by what we are studying. In topologi-
cally disordered systems, the configuration of sites
{5} differs from sample to sample and one must car-
ry out an average over all possible configurations of
sites {S}. In cellular disordered systems, the set of
sites {§} forms a fixed array of lattice points and
hence the average is taken over transition probabili-
ties rather than {§}. The expressions (2.16) and

2 <=
S, 8y

(2.12)

(2.17) also contain a sum over the initial particle lo-
cation through z?of (¥o). If the ensemble average

is carried out, however, the averaged quantity
((4+ —A-S-O)zP(‘s',imI's’o) ) is independent of the in-

itial site So. Consequently, the term E?Of (3o) in

Eqgs. (2.16) and (2.17) simply gives unity and we
have, for example,

Xia(@) = B2 5 (45— 45 )P (S i0l50)

(2.18)

where ( - - - ) denotes the average over the distribu-
tion of random variables.!” As shown in SL, a sys-
tem with the fixed array of sites together with an ap-
propriate distribution of other variables can serve as a
useful and tractable model for topologically disor-
dered systems. Therefore, in the succeeding part of
the present paper we assume a fixed array of sites

5.

To be specific, Eq. (2.18) implies that the scalar ac
conductivity o(w) for an isotropic random media
with the fixed array of sites is given by the general-
ized Einstein relation as follows?:

(@) =2 D (a) 2.19)
D(w) ==L S (E-T)HP(R.ialS)) . (220

where d is the dimensionality of the system, e is the
electronic charge, n is the number density of carriers,
and D (w) denotes a generalized diffusion constant.
Here, use has been made in Eq. (2.18) of

A =37 |%)esq (3|, s, being a Cartesian component
of 5, and (s, —54)2= (3 — 3 )?/d in isotropic media.

III. MASTER EQUATION AND COHERENT
MEDIUM APPROXIMATION

Although the expression for the ac conductivity
(2.19) and (2.20) has a simple form, it is still difficult
to evaluate (P(5,iw|S¢)) on the basis of first princi-
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ples. Instead, we set up a master equation which
expresses the essential features of the actual stochas-
tic time dependence of the probability density
P(%,t|5,,0).1617

Let us assume now that P(5,#|5o, 0) obeys the
following master equation:

0
.a_li(_s.%lﬁﬂ:_) —T'+P(3,1]50,0)
+ ’2 w.s.,?lP(?',tl'S'o,O) ,
s #£§ (31)
where
 J zw_s.,‘_s. . (3.2)

—sol
Then, the Laplace transform P(3,u|5,) obeys

(u+T3)P(Fuls)— 3 w_,_.,P(s ,ulSo)

’
T =T

=5(35,50) . (3.3)

.. —" — .
The transition rate Woo o from S to § is a properly

chosen random quantity which describes all of the
stochastic nature of the process and is assumed for

the sake of simplicity to satisfy W o =W, .
For later convenience let us introduce the opera-

tors'®

P(w= 3 [3)P(5,ul30) (ol , (3.4)

?.0

[$)Tx G+ 3 [$)w, (3. 69

T=7’

ol

A=

wl M

Then Eq. (3.3) can be written in a form
(ui-A)P(w) =1 (3.6)

which makes P(u) behave as a propagator or resol-
vent, and A plays the role of the corresponding
Hamiltonian. Of course, H bears no simple relation-
ship to the Hamiltonian H of the underlyigg problem,
as used following Eq. (2.4). We may call P(u) a
random-walk propagator.

However, we exploit this analogy to the usual
Hamiltonian formulation to construct a coherent-
medium approximation for master equations. In par-
ticular, the formal solution for Pis (ul—A)!
that P(S,u|S,) is given by the § § matrix element
of the propagator:

P(3,ul30) = (S|(ui—1)Y50) . 3.7

To evaluate the ac conductivity by Egs. (2.19) and
(2.20), we must calculate the ensemble average of
P(5,u|So) which is written formally as

(P(3,ul59) = (3|(ul =3)150) , (3.8)

where the coherent Hamiltonian operator 3 is de-
fined by

A A

(ul=2)" . (3.9)

1]

((ul=m)1)

So far, we have not specified the structure of the )
coherent medium described by . The structure of 3
should be determined by the nature of actual system
which we treat. In the present paper, we restrict our
discussion to a case where the set of sites {§} forms a
regular lattice and the transmon rate Wo ot is zero

unless two sites S and S are nearest nelghbor to
each other. Though this model system is a very sim-
plified one, it will work well if the hopping probabili-
ties W o are given a suitable distribution.

Now, let us introduce an approximation to obtain
the coherent medium. Suppose that in a coherent
(average) medium all the transition probabilities as-
sociated with a given pair of nearest-neighbor sites
(say 1 and 2) are given their specific rather than
average values, The effective Hamiltonian HA for
this system is

H =347V, (3.10)

where 3 is the coherent part, defined in Eq. (3.9)
and

V=11)(wc—wa) (1] + 1) (w12 — wc) (2]
+‘2)(W21—Wc)<1| +|2)(WC_W12) <2| » (311)

is the localized perturbation produced by using real
rather than average values on the 1—2 bond. The as
yet unknown coherent transition rate we = we(u) is
introduced to describe the effective Hamiltonian as

S=—zwe JIB) GEl+we 3 [5)(F], (3.12)
¥ =T
(n.n.)
where z is coordination number of the lattice. We
determine the unknown parameter wc in a self-
consistent manner by the condition

(ui-A)N=(i-%", (3.13)

where ( - - - ) denotes the average over the distribu-
tion of wj,. The situation is schematically shown in
Fig. 1. In this figure, circles and bonds represent,
respectively, the diagonal and off-diagonal matrix ele-
ments of H, and 3. The diagonal element of a site is
a sum of off-diagonal element of bonds connected to
the site, which is designated by a partition of the di-
agonal element.

The explicit form of condition Eq. (3.13) is rewrit-
ten as a matrix equation:

(V(A-PV)y =0, (3.14)
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FIG. 1. Schematic illustration of the coherent-medium
approximation. The hatched region denotes the coherent
medium. The partition of the diagonal part (circle) denotes
that the diagonal part is minus the sum of the off-diagonal
parts (bonds) connected to it.

where

_  |Wc—Wan Wip—Wwc

V= W —We We— Wia ’ (315)

Fll ﬁlZ

P=l- =
Py Py

(3.16)

with Py=P(T,u|7) =(T|(ui-2)""7) and T
denotes the 2 X 2 unit matrix. Since Ey is a function
of we, Eq. (3.14) must be understood as a self-
consistent condition for we. A straightforward calcu-
lation shows that the matrix equation (3.14) ends up
as a single condition

< _ We—Wo >=o . (G.17)
1=2(Py,—Py) (we—wyy)

Here, we have used the symmetry Py, =Py, _
Py =Py, and wi; = w,;. From the definition of Py,
we have an identity

I_’“—I_’ué(l—u}_’u)/zwc . (318)

It is easy to see that P(3,u|S,) is given by

- -ik - (T-75)

S 1=y _ 1 e
P(s,ulso)—N §u+zwc(1—f;') (3.19)

f;’=%§e' ' , (3.20)

where E—S. sums over nearest neighbors of site S
and N is the total number of sites in the system.

Specifically, it is apparent that the generalized dif-
fusion constant D (w) in the coherent medium ap-
proximation becomes

D(w) =a*wecliw) , 3.21)

where a is the lattice constant.

IV. APPLICATIONS

The present formalism for the admittance is quite
general and applicable to various quantities. As a
representative example, we shall consider the ac con-
ductivity due to hopping which is governed by the
master equation (3.1) with several kinds of distribu-
tion of [ We are interested in the frequency

dependence of the ac conductivity o(w). Since
o(w) always bears a factor ne2a’wo/kT, we shall be
concerned with the dimensionless ac conductivity
5(w) =o(w)/(neta’wy/kT) or equivalently the
dimensionless diffusion constant D(w) =D (w)/
a’wy, where wy is a certain scaling factor of L—

A. Bond-percolation model in one-dimensional chain

Let us consider the bond-percolation model in a
one-dimensional chain in which W is distributed

according to the following function:
P(w?__g.,) =p8(w_s.'_§.,— wo) + (1 —p)8(w_s,'.§,)

4.1

In other words, a bond is broken randomly with pro-
bability (1 —p) and loses its ability to transfer elec-
trons through it.

Since the diagonal element P(3,u|S) of the pro-
pagator for the coherent medium of one dimension is
given by

P(S,uls) =luCu+4wc) 172, 4.2)

the self-consistency condition (3.17) with distribution
function (4.1) yields

we/wo=-11d +2(1-p)?— (1-p)
u

X[(F+2)2+4p(p -1, (43)

where @ =u/wy. Therefore, the dimensionless dif-
fusion constant is given by

pw)=La-200-p2%+0-p
w
x[(2+id)2+4p(p —2)1"%) 4.4)

with @ =w/wq. The real and imaginary parts of
D (w) are plotted in Fig. 2 for various values of the
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Re D (w)

Im D (w

10

FIG. 2. Frequency and probability dependence of the real
and imaginary parts of the dimensionless ac conductivity for
the one-dimensional bond-percolation model.

probability p. As is expected, the static limit of the
diffusion constant is always zero except for p =1. It
is straightforward to observe the limiting behavior of
D (w), namely,

Do) —L22=p) 22 pQ=p) o0 (o)

and

D(w)—p—- 217(1—{)2(2—11) + 2p(l~—p) i
w ®

(4.6)

The dimensionless diffusion constant, Eq. (4.4), is in
good agreement with exact results for both the fre-
quency dependence and the critical behavior.!

B. Bond-percolation model in a simple cubic lattice

Next, let us apply the present method to the
bond-percolation model in a simple cubic lattice. The
transition rate W o between nearest-neighbor sites

again obeys the distribution (4.1). In order to obtain
simple analytic results we approximate P(S,u|s) for
the simple cubic lattice by

P(S,ul8)=2{u+zwc +[uu +2z2wc) 121 | (4.7)

This approximation is equivalent to assuming that f¢

[Eq. (3.20)] for the simple cubic lattice has a simpli-
fied density of states

; S(G—I—Vf;') _ 2(1 — €2)172

k

(4.8)

m™

with the appropriate behavior at the band edges.
Then, the self-consistency condition to determine wc¢
is reduced to an algebraic equation of fourth order.
We can easily find the physical solution which is a
branch continuous to the proper solution at p =1.
Figure 3 shows the frequency dependence of the dif-
fusion constant D (w). Using a ~series expansion, we
obtain the limiting behavior of D(w): (i) as @ — oo:

8(1—p)* 4(1-p)? @ @
4.5) and (ii) as @ —0:
J
3(p— F()(A=p) -. CU-p)  .3p., .
>(p—pe) + 1200 —70) @i 3605(r —p) 7" o (1= forp>p, 4.10)
D(w)= ;\%) (1 +1) for p.=p. (4.11)
_ _ 12 oy _NI21(T
1 ;/(ilfp:p)l’) @i + — P)1623(f(_p;)3p) 1a-p & for p<pc , (4.12)

where p. = %(=2/z), and F(1) =2 and C =2+2. If we use the exact expression for P(5,u|5) of the simple cubic
lattice, F(1) and C must be replaced by 1.516 38, and 3v6/2#,2! respectively, and Eq. (4.12) is rewritten as

a*(1-p) .2

D(w) =adi+ ,
() =abi o2(pe—p) +F'(1+1/6a)/108 *

(4.13)

®@—o0) .
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Re D (w)
o
[

0.1
0 1 1 a1 1 1 1 L 4 i
2 p=, 09
r 0.7
O‘I_— 05
3t 03
o [ o.l
E
-
0 1 TR 1 1 " 1 L L
(o) 5 10
@

FIG. 3. Frequency and probability dependence of the real
and imaginary parts of the dimensionless ac conductivity for
the bond-percolation model in the simple cubic lattice.

where a is a solution of the implicit equation
F(1+1/6a)=18(p.—p)c . 4.14)
Here, F({) is defined by

F(C)=$fﬂf§

dx dy dz
- -;—(cosx +cosy +cosz)

s

(4.15)

and F'({) =dF({)/d{. Near p =p,, both coeffiéients
in Eq. (4.13) become very large and their leading
terms are again expressed in terms of F(1):

N L
D (w) 18, —p) @i

FA?(=p) o2 (),
+324(1,,6_1,)3‘” (p ~p.—0) . 4.16)

Obviously, the static diffusion constant D (0) and
hence the static conductivity is nonzero for
D> D= %, while it is identically zero for p < p., that

1.0 T T T T T T Y T T

0.5 3/2(p=pc) -

ReD(0)

P.=1/3 P

FIG. 4. Probability dependence of the static dimension-
less conductivity for the bond-percolation model in the sim-
ple cubic lattice.

3(p —p)/2 (p=p.)
0 w=p) . 4.17)

D(0)

Therefore, the critical bond-percolation probability p.
for this model is % The dependence of the static
diffusion constant on p is shown in Fig. 4.

At p =p., the system shows several critical
behaviors. First of all, the static conductivity van-
ishes linearly at p — p.*, as in Eq. (4.17). In the stat-
ic limit, we have

. Rela(@) —a(0)] 1

lim P =) (p>p)
(4.18)

im Reel@) __ 1 __ <) @19

a—0 & (pc—p)

and
fim Ime(@ 1 (4.20)
>—0 ® |17_pc|

As we can see from Egs. (4.10)—(4.12), the quantity
Rela(w) — o (0)] vanishes as *? above p, and as
? below p., and Im[o(w) — o (0) ] vanishes linearly
in frequency near the static limit. At p =p. these
quantities approach zero as «%° with frequency.
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C. Impurity conduction

Let us now apply the present procedure to impurity
conduction in an n-type compensated semiconductor
at a low temperature where transport takes place by
an electron hopping from a neutral donor to an ion-
ized donor.

In order to simplify the problem, we first construct
a lattice model which simulates the actual doped sem-
iconductor. First, consider a simple cubic lattice
whose lattice constant is @ = (3/4wNp)'?, where Nj
is the donor concentration. The nearest-neighbor
transition rate W is assumed to obey a certain
distribution, which is derived by combining a transi-
tion rate

— st
e"‘ s$—s I/Rd

w(5-3']) =wo 4.21)

W
8,8
and the Hertz distri’bution for the nearest-neighbor
distance r =|S —F | in the homogeneous random
media

r 4.22)

N(r) =

47N, 4nN
™ Drzexp[__ 1;ZD

Here, R, is half the effective Bohr radius, z (=6) is
the coordination number of the lattice and, wq is a
function of the temperature.?

Now, we can easily apply the procedure described
in Sec. I1II to obtain the ac conductivity. In fact, Eq.
(3.17) reads as :

f" N wec—w(n]
0

— dr=0 . (4.23)
1—2(P11—P]2)[WC—W(r)]

Using Eq. (4.7) as the Laplace transform P(5,u|s)
of the transition probability in the coherent medium,
the self-consistent simultaneous Egs. (3.18), (4,7),
and (4.23) with the distribution (4.22) have been nu-
merically solved. Figures 5 and 6 show the frequency

1072
4
1073
o
=
o~
2 -a
X10-
3
o
&
1075
10°® | | 1 1 1 1
108 107 10® 0% w0* 103 10? 10!
w/We

FIG. 5. Comparison of the theoretical and experimental
values of ReD (w) for N =2.7 x 1017 ¢cm™2, The solid line
is the present result and the broken line is the SL resuit.
The latter and experimental data for Reo(w) are taken from
Ref. 2. The dimensionless ac conductivity or diffusion con-
stant D (0) = o(w)/(ne?/kT) (a*wq) with n =0.8 x 1015
cm™ and a = (47 Np/3)~'7 is shown.
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FIG. 6. Comparison of the theoretical and experimental
values of ReD (w) for N =1.2 x10'¢ cm™3. Symbols are
the same as in Fig. 5. According to SL, a is assumed to be
0.9 (47Np/3)713 in this plot.
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FIG. 7. Comparison of the present method (solid line)
and the SL method (broken line) for the static dimension-

less diffusion constant. ReD (0)/a2w0=-;—

xexp[—(lBln-:-)mn'l/’] for the present method and

e expl—29~12/31/6~/m for the SL method with n
=47 NpRJ and y=0.5772.
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dependence of the real part of the dimensionless ac
conductivity or D (w), for Np=2.7 x 10" cm™ and
1.2x 10'® cm™3, respectively. We have used R;=12
A, as discussed in SL. In these figures, the solid line
is the present result, the broken line is the result by
SL and the small symbols are experiments for Si
doped with P and B.* The present results are in an
excellent agreement with experiments and reproduce
the well-known »° dependence. The exponent s
reads as 0.52 (for three decades of w) in Fig. 5 and
0.77 (for seven decades of w) in Fig. 6.

Simple algebra shows that the static diffusion con-
stant D (0) behaves as

D(0) ~ 5 expl— (181n3) P y71] (4.29)

for small n=4wNpR}. A comparison between Eq.
(4.24) and the SL formula is given in Fig. 7. The
present method gives a higher static limit of D(w)
than that of the SL method for smaller values of 7.

V. DISCUSSION

In the present paper, we have derived a general ex-
pression of the admittance for localized physical
quantities. The expression is quite general and appli-
cable to various systems. Then, the coherent-
medium approximation has been first applied to solve
the master equation which is assumed to govern the
stochastic motion of the localized quantity. As a
specific example, we have studied the hopping con-
duction in one- and three-dimensional systems.

The present approach essentially requires a cluster

- treatment, since the random distribution of L in

the Hamiltonian (3.5) cannot be expressed by single
site disorder. It is well known that a certain type of
the cluster CPA (coherent-potential approximation) is
not analytic.”2 The cluster treatment employed here,
however, is identical with the homomorphic cluster
CPA,? the analyticity of which has been rigorously
proved.?* We have set one of the transition rates

W srasa disordered unit, but it is easy to extend

the present formulation to the multibond cluster.

The difference between the present approach and
the SL method is apparent if one compares Eqgs.
(3.13) and (AS). In fact, the SL method treats all
sites as equivalent and independent, and hence the
reciprocity between two sites is not taken into ac-
count properly. On the other hand, the present
method treats a pair of sites as a unit and the recipro-
city is included correctly. These two methods have
been compared in each application in Sec. IV. Both
methods provide a qualitatively good frequency and
probability dependence of the ac conductivity for
one-dimensional bond-percolation model; a closer
comparison is given elsewhere.!®

As for the bond-percolation model in three-
dimensional systems, the present method predicts a

percolation transition at p = p, and various critical
behaviors [Eqgs. (4.17)—(4.20)] of the conductivity at
the percolation threshold. The predicted value p,. =-;—

for simple cubic lattice is bigger than the critical
bond-percolation probability 0.254 estimated by
Monte Carlo methods,? though it coincides with the
value given by the effective medium treatment of the
resistor network.!°

The critical behaviors of the conductivity in resistor
networks!% 2627 and composite media?® have been dis-
cussed by making use of computer simulation and
scaling theory. A direct comparison of the present
result with those for resistor networks is possible only
for the dc conductivity above the percolation thresh-
old. The present method predicts that the dc conduc-
tivity of the bond-percolation model for the hopping
conduction vanishes linearly with p — p.. The critical
exponent again coincides with the result obtained by
the effective medium treatment of the resistor net-
work.!® The computer simulation yields
a(0) ~ (p —pc)'® near p. for the bond-percolation
model of the resistor network on the simple cubic lat-
tice.10-?7 :

The imaginary part of o(w)/w can be related to
the real part of dielectric constant, so that the critical
behavior (4.20) implies the divergence of the real
part of dielectric constant at the percolation thresh-
old. Actually, such a divergence of the dielectric con-
stant has recently been observed in Ag-KCl random
composite,?’ where a percolation model is supposed
to be adequate. The critical index (=1.0) in Eq.
(4.13) is somewhat larger than the observed value
(=0.73) in the Ag-KCl composite system.

Although we have used a lattice model for topolog-
ically disordered systems, the coherent medium ap-
proximation as well as the SL method have produced
a frequency dependence of the ac hopping conductivi-
ty which is in an excellent agreement with experi-
ments for doped semiconductors. Both methods also
give the same temperature dependence of the ac con-
ductivity, since it is governed by the temperature
dependence of wy. However, the static conductivity
given by these methods shows a big difference for
low-concentration regions as one can see in Fig. 7.
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APPENDIX A: THE CTRW METHOD
AND COHERENT MEDIUM

Let us divide the Hamiltqnian operator A 3.5)
into a purely diagonal part I' and a purely off-
diagonal part W:

H=T+Ww , (AD
‘where
P=-3I9r:GL = 3 5w, (3.
s

T=7’

(A2)

Off-diagonal matrix elements of I and diagonal ma-
trix elements of W are identically zero;

(3If[5") =-T58(3,3) , (A32)
ST =w_ _[1-8(3,3)] . (A3b)

Now, let us expand the propagator ( ul—H)'into a
series

—

1 _
(ul-H) Wi-t-w)

U S
(ui-1)

it z(W(ui—f)-llk] .
k

(A4)

In the SL procedure,?!” the average of Eq. (A4) is
given in a Hartree approximation by

2 s >k] '

1 1
<(ui—m >=<(ui—f)>

(A5)
Since
— S —L—I (A6)
(uf—f) <5 (u+l"-§) .
and ’
2 1 — w-s',_s'l -.'I (A7)
Vi-n 2Py S
we have
(0 = 1 NG (< N (<
bW =(——) 238G (5| (A3)

and
&(u)=<Wml_T)>=?§?l|§>¢(§—§’,u)<§’| :
(A9)
where
&(5,u) = (1/(u+T)) , (A10)
JE-F = (v LJ(u+T)) . (AID

These functions (A10) and (A11) are the same ones
as SL defined. We can easily see that ®(u) and

lll( u) determine the following coherent medium 3,
which is defined through (#1—2)"'= ((ui —H)“)

S=ul —d() '+ §() D (u)! (A12)

—ZM[ q>(s u) (sl
3 DI
that is
2”3‘2‘5‘1)1 <u£?r~>/<u lp?> (A14)
I.=dE- 'u)—lﬁ
(o) / ) 19

Here, we have used &~ "5 =u/ll ——w(u)] in-
dependent of §, and $(u) = 35¢(5 —F ,u) is the
key function in the SL method. Since the generalized
diffusion constant D () is in proportion to 3+ + in
CTRW and wc in the present theory, the difference
in the coherent medium for these methods is reflect-
ed in the different frequency dependence of D (w).

It should be remarked that Eqs. (A14) and (A15) are
general relations between coherent medium and the
Laplace transform of ¢(5 —75 t) a probability densi-
ty that the time between steps occurs at time ¢ result-
ing in a vector displacement S —3S . In other words,
a coherent medium determmps the Laplace-trans-

formed distribution (3 —F ,u) through
lll(-g—-g ,u)=2_s.’_s.,/(u~2-s~,—§) . (A16)

The expressions (A14) and (A15) have also been
derived by Klafter and Silbey.>
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