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For granular metallic films or two-dimensional arrays of Josephson junctions, fluctuations in
the number of Cooper pairs are conjugate to the superconducting phase and can lead to zero-
point destruction of phase coherence at zero temperature. In two dimensions the resulting criti-
cal behavior is shown to be that of the A point of “He in three dimensions, with the charging
energy playing the role of temperature. The nature of the quantum — classical crossover and its
effect on the frequency dependence of precursor diamagnetism near the quantum critical point

are discussed.

I. INTRODUCTION

The idea that zero-point fluctuations of the phase
difference of the superconducting order parameter
across a Josephson junction can become large as the
effective local capacitance, C, of the junction tends to
zero was proposed by Anderson in 1963.! Recently
measurements by a number of groups have demon-
strated the effects of this zero-point motion on the
junction critical current.? For any assembly of cou-
pled junctions, Abeles® pointed out that the zero-
point phase fluctuations could actually destroy the
phase coherence of the assembly for C below a criti-
cal value, even at zero temperature. A mean-field
theory of this quantum phase transition has been
worked out by Simanek* and Efetov.’

For two-dimensional arrays of junctions, or weakly
coupled granular films for which the BCS coherence
length &gcs is smaller than the grain size, vortex-pair
fluctuations will be expected to dominate the
superconducting-to-paracoherent (resistive) transition
at finite temperature.>” The purpose of this paper is
to show that space-time quantum fluctuations of the
superconducting order parameter for a two-
dimensional array of junctions will also strongly
modify the nature of the zero-temperature
paracoherent critical point away from the mean-field
results.

II. EFFECTIVE GINZBURG-LANDAU
FREE-ENERGY FUNCTIONAL

For grain sizes large compared to £, the Anderson
formulation for charging fluctuations leads to the
Hamiltonian
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where a=2e?/C and we take the sum to be over
nearest-neighbor pairs of grains on a two-dimensional
lattice.? In order to discuss the phase diagram for
this model it is convenient to use a Hubbard-
Stratanovich’® representation for the partition function
in terms of ‘‘coarse-grained”’ classical local field vari-
ables §x(7): ’
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where T'is the I}ime-terix}perature ordering operator
and H;(7)=e “Hye . Then (2) may be rewrit-
ten as
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and D = [],Jk is the determinant of the coupling ma-
trix.

Here

J o =
Ji== Yexp(ik-Ry) ,
N %
~8H, -
(A )o denotes Tr(e =~ °4)/Z,, with

o BHy & o iK-X ]cosg;
Zo=Tre ° S;= ;e [sincb,- .
III. MEAN-FIELD STABILITY CONDITION

The mean-field approximation consists in replacing
Y (7) by N8, o¢ in Eq. (4) and looking for the sad-
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dle point in the free-energy functional:
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where 3 =number of nearest neighbors and 8=1/T
is the inverse temperature (units are chosen so that
Boltzmann’s constant kz has the value unity).

The mean-field stability condition 8% mg/dy =0
gives, on expanding to second order in ¢ and orient-
ing 47 along the x axis,

1=2807 [} drdv (TISHDSH])o
=28JT J;pdrdr'go('r~-r') . ()

Using a quantum rotor representation
|m;) = (1/27)exp(im;¢;), one has

g(r—1") =—Zl—o b%expl—ﬂa (% (my = my)?

X {m| TIS¥(r)SF(+) ] |m) , (D)

which is a correlation function of the two-
dimensional discrete Gaussian model. At very low
temperatures, Ba >> 1 and the main contribution
comes from a state in which all m; have the same
value. Setting this equal to zero gives

go(7) =e™ol"! (8)

from which the mean-field stability condition (6) be-
comes

1=23i[1—(1_ﬁ—‘;—’")] for Ba>>1 . (9
o

This leads to a stability boundary at low temperatures
given by
ao(T) =23 —-T+0(T?*J) . (10)

At high temperature (Ba << 1), all the rotors may
be treated as independent, so that (7) becomes
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from which the stability condition (6) becomes
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FIG. 1. Sketch of mean-field stability boundary as a func-
tion of quantum coupling a and temperature T

leading to a high-temperature mean-field phase boun-
dary (to order «),

To(J,a) =3J —a/3 .
The mean-field phase boundary is sketched in Fig. 1.

IV. FLUCTUATION EXPANSION AT LOW
TEMPERATURE

For values of a and T near the mean-field stability
line, the general free-energy functional (4) may be
expanded in powers of Y, (7) using a cumulant ex-
pansion. This leads to a Ginzburg-Landau-Wilson
(GLW) form for $[¢] which, as we shall see, has a
critical superconducting-paracoherent phase boundary
below the mean-field line.!° In general, the coupling
constants of this effective functional are only aproxi-
mately calculated using the cumulant expansion.
However, we expect the universality class of the
resulting critical behavior to be correctly represented
using this approach even if the coupling constants are
only given approximately in terms of the parameters
of the original Hamiltonian (1).

Writing ¢ (7) in terms of Matsubara frequencies
on=2mmT (m =0, %1, +2,...),

Felr) = 3" Gy, 0<7<pg, (12)

J may be expanded to fourth order in ¢ as
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and the 7 dependence of the fourth-order cumulant has been neglected. In the low-temperature regime
(Ba << 1), we can use the limiting form (8) for g(7) to give

2
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which in general leads to damped propagatidn of the fluctuation modes. However, as T —0 (8 — o0), the second
term becomes O (T/a) with respect to the first and the modes may be treated as purely propagating.
Expanding J;! to order k? and Eq. (14) to order w2 the low-temperature limiting form reduces to

Ln - _ k2 2 2
9=BL§" Vha,* q;k,..h[(u) ‘[1 ———2“—1——;[1 -

with U = (3J)?/6a°, which is an n =2 GLW model
defined in a two-dimensional position-space and a fi-
nite time slice of ‘‘thickness’” 8=1/T.

In the limit 8 — o, the sums over w become in-
tegrals and the critical properties of Eq. (15) become
those of a three-dimensional » =2 model, i.e., those
of the A point of liquid “He in three dimensions with
the quantum coupling constant « playing the role of
temperature. .

V. CRITICAL-POINT PHASE BOUNDARY
AT LOW TEMPRATURE

At T =0, the universal critical properties of the
model may be deduced from what is known about
the d =3, n =2 critical point.

The role of temperature is now played by the quan-
tum fluctuation energy «, which varies as the sample
parameters are changed. The critical value «, will oc-
cur at some fraction of the mean-field instability cou-
pling ag, and for a < a, the superfluid density, ps,
will vary as

ps(a) < (a;—a)? , (16)

where g = %

At finite temperature, only the w, =0 modes of
the system will exhibit critical behavior so that the
system will behave as a d =2 X-Y model, i.e., we ex-
pect it to show Kosterlitz-Thouless critical behavior at
a renormalized two-dimensional critical temperature
Tip(a). In order to estimate the effect of quantum
fluctuations on this transition, one needs a way to es-
timate the renormalization of the local superfluid
density ps; which determines the vortex-vortex cou-
pling

U( Fu)'=_qlqjln(ru/§) (17)

(where 7y is the vortex spacing, ¢, = n;q and
n,= %1, +2,... the vorticity) via the hydrodynamic re-

2
m
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f
lation for the vortex charge,
q?=®/m)ps, . (18)

For « close to a, the zero-temperature coherence
length for quantum order-parameter fluctuations, ,

éo(a) « (ac—a)™ , (19)

will determine the length scale beyond which the su-
perfluid density ps(a) will describe the superfluid
hydrodynamics. At finite temperature, leading to fi-
nite “‘film thickness’’ in the time dimension,

des(T) =a(a/T) lusing Eq. (15) to relate the o scale
to the k scale] the system will behave three-
dimensionally until a crossover temperature Ty is
reached at which dg < &), giving

T(a) =aa/t(a) « (ac—a)” . (20

At this temperature, T will still be very small com-
pared to a., and so ¢(a) will not have changed very
much from its zero-temperature value. Hence for
T ~ T(a), ps; will still be determined mainly by the
quantum fluctuations and may be equated with ps(a,
T=0). '

Using this relation and Eq. (18), the vortex charge
at temperatures 7 such that the system is starting to
behave two-dimensionally is given by

qzzqczlass(l"a/ac)p s (21)

where ¢2. is the a =0 limit (classical) vortex charge.
This leads to a predicted two-dimensional vortex un-
binding temperature given via Thp =242 as

Typ(a) = Tp(0)(1 —a/a.)? . (22)

At this temperature, the ratio of the effective time
thickness to the zero-temperature coherence length is
given by

degi(Top)/Eo(a) < (1 —a/a.)* P . (23)

Since v and B are of the same order of magnitude for
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FIG. 2. Sketch of the effective superconducting density
ps(a,T), as measured in a diamagnetic response experi-
ment, as a function of quantum fluctuation coupling con-
stant a and temperature T expressed in units of the Joseph-
son coupling energy J. The universal jump at T,p, rescaled
as a varies, is exhibited for several arbitrary choices of a.

d =3 and n =2,'% it may be seen that finite “‘time-
size’’ effects will not play a very strong role in modi-
fying Eq. (16) as T is raised to T,p(a), so that,
pending more detailed numerical investigation, Eq.
(22) should provide a reasonable estimate of the
universal part of the dependence of Tp(a) on
a.—a.

Finally, following Nelson and Kosterlitz,!! the glo-
bal superfluid density ps( 7T, «) measured, say, by the
diamagnetic response will then exhibit a ‘‘universal
jump’’ at Top(a) whose height is proportional to
T,o(a). So a plot of the effect of quantum zero-
point fluctuations on the global superfluid density will
exhibit a ‘“cliff face’’ of universal jump as a is
varied, dropping to zero at a — a.. (See Fig. 2.)

VI. EFFECT OF QUANTUM FLUCTUATIONS
ON THE PRECURSOR DIAMAGNETISM

In order to test out the above ideas experimentally,
it is necessary to have some way of characterizing a/J

Flyl =J:fa2x[—(31)'l ‘aznp"(x, D V=iA(x)12¢(x, )+ " (x, )(x, 1) r (T, @)— %

where

r(T,a)=[(3)"1-2/a+2T/a?] .

for a given sample. This may be done by measuring
the precursor diamagnetism for temperatures above
the two-dimensional critical temperature Top(e). In
order for the unrenormalized coupling constants to
be seen, T — Tp(a) must be outside the critical re-
gion. In t_t.le presence of a magnetic field with vector
potential A(x) the Josephson part of the Hamiltonian
may be written

Hy=—J (2)cos(¢,—¢J—AU) , (24)
iy

where
X
7 R
Ay= J;: dl-A(x) .

Using a complex notation f5i ihe phase variables de-
fined in real space (not to be confused with the com-
plex representation of the k-space transform) this be-
comes

H,= —%J (% (eM'S,"Sje—M" +c.c.) , 25)

where
A= jldT-K(x)

and the Hubbard-Stratanovich representation be-
comes

5lyl= j;ﬂdr Sure Migtey,
)

—-‘l;lnkTexp{—J:d‘r ;¢7SI(T)]+H'C'>°] ,
(26)

where the y variables have been redefined

¥, — y,exp(—id,;) to take up the gauge factors in Eq.

(29). :
Expanding the first term of Eq. (26) in powers of

the lattice constant a, and inserting the cumulant ex-

pansion (15) for the second term, the continuum

limit becomes

2
%‘f— +U[|J(x,1)|212” ,
@7
(28)

The diamagnetic susceptibility in the paracoherent region may now be calculated by expanding in powers of A(x)

to give, in the Gaussian limit,

a-—2

X(a,1) = EEIID) _y iy 8 3
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E2H(K+T) 2+ 0202 €2+k2+c 20

(29)
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Here Xo= %nT(a/(#%) is a susceptibility per unit
volume, with ¢o the quantum of flux (hc/e),

£ 2(a,T) =a~%3Jr (T, a) is the Ginzburg-Landau
coherence length in the paracoherent region and c is
the group velocity of the Josephson plasmon modes
given by (w,, =2m7mT has dimensions of energy),

c=aa . 30)
On performing the k integration, Eq. (29) becomes!?
X(a,T) 2a72 £ &le
= = t .
Xo ,,,2 (£ +c2w?) 2Ta? coth 2T
31)

Note that X(a,T) remains finite as T —0 for a > a,
since Xp is proportional to 7. Since Eq. (31) has been
obtained in a Gaussian approximation, it will not be
valid as the critical phase boundary is approached.
Nonetheless, we use it to get an indication of the
classical-to-quantum crossover as (7, ) are in-
creased away from the critical boundary. To lowest
order in (2J3 —a), £~ may be written as

T—To(a)

To(a) =&, (32)

€T, a) =§62[

where To(a) is the mean-field estimate of the critical
boundary

To(a) =Qa/ag)(ag—a) , (33)

with ap=24J, and &2=aTy/a=a(ay—a)/a,
and Eq. (31) may be reexpressed as

&'c i
2T, (1+1)

x(a,T) _ (éoc/a?)

34
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Hence, for £&'c/2Ty > 1 the quantum limit (where
the argument of the hyperbolic cotangent is > >1)
will extend to small values of ¢, i.e., inside the critical
region. Using Eqgs. (32) and (33) this condition reads

l—a/aof_% .

Hence there will be a range of coupling constants, «,
above which quantum fluctuations will be expected to
dominate the diamagnetic fluctuations in the region
of the critical phase boundary even at finite tempera-
tures. The crossover temperature is given in this ap-
proximation by

&lc i

2o 45y L
giving
t,=4(1—a/ap) . (35)

Since the phase boundary becomes renormalized to
lower temperatures by the non-Gaussian §* interac-

quantum fluctuations
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FIG. 3. Sketch of the classical-to-quantum crossover line
in the vicinity of .. The Gaussian estimate [Eq. (35)] for
te =[Ty/Typ(a) —1] has been tacked on to the renormal-
ized curve for Typ(a) [Eq. (22)].

tions, Eq. (35) may be expected to provide an
overestimate of the classical-to-quantum crossover
regime (see hatched region in Fig. 3). So observa-
tion of the quantum exponent 1//f temperature
dependence of fluctuation diamagnetism as opposed
to the 1/t Curie-like behavior of the classical precur-
sor fluctuations!? will provide a signal for samples
which have entered the quantum regime. The mag-
nitude of the coefficient of the 1/ term in expres-
sion (34) for X, proportional to 1/&5'a

=[a/(ag— a) 12, will give a measure of closéness to
the critical value of the quantum coupling. The
above Gaussian estimate relates this to the mean-
field value «g, though renormalization of the Gauss-
ian propagator will reduce this to a,. In practice this
may be hard to determine from a static measurement
owing to uncertainties about other material parame-
ters, and a frequency-dependent measurement will
give a better way to estimate this parameter. This is
discussed in the remainder of the paper.

VII. FREQUENCY DEPENDENCE OF THE
DIAMAGNETIC FLUCTUATIONS-LOW-
TEMPERATURE LIMIT

As may be seen from Eq. (29), the measurement
of a diamagnetic response corresponds to the excita-
tion of pairs of order-parameter propagators
(y(x, 7)¢*(x’, 7)) summed over the Brillouin zone
of wave vectors. The effect of the quantum term in



5068

the Hamiltonian is now to produce propagating
Josephson plasmon modes of energy

Qe=c(e24 k)12 | (36)

So at finite frequencies, the diamagnetic response will
contain an absorptive part even at a temperature so
low that the usual normal-electron damping mechan-
ism for quantum phase fluctuations has become very
small (since the normal-electron component becomes
exponentially small as T —0). This absorption corre-
sponds to the excitation of propagating Josephson
plasmon modes above a threshold frequency
Qo=cé¢71, which will tend to zero as the critical
phase boundary is approached. In order to calculate
the strength of this absorption within the framework
of the Hubbard-Stratanovich effective free-energy
functional (15), we use the fact that the linear di-
amagnetic response to a time varying vector potential
A(x,0) may be expressed in terms of the analytic

(ko) (k +q)g 1
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continuation of the current-current correlation func-
tion defined for imaginary time ¢t —i7: .

Cﬂﬁ('x' T) = <ja(x' T)jﬁ(o' 0) )A-O

N 5
84 a(x' 7) 8145(0, 0)

[-T1nZ (A4)]

4=0
37

where Z (A) is determined in terms of a 7-dependent
density matrix satisfying

dp/dr=[H(7),pl, p(0) = BHO | (38)

and A(7) is switched on at =0. This may be calcu-
lated in terms of the ¢ variables via the explicit 7
dependence of Eq. (27) introduced through A(7). In
the Gaussian approximation, the Matsubara
transform of Eq. (37) becomes

K (39)

C,p(q,iwm) = 2

—sa ,
Kol Rl +(e—wm)? (QF+ed) P (QF+eD?

leading to a diamagnetic susceptibility whose absorptive part is given by

Xip(w) =+ }i_%—az—z (discl Cop(g, )1}

(40)

’

where the discontinuity is across the real cut of expression (39) in the complex w plane. The real part may be
obtained by a Kramers-Kronig transform of Eq. (40). Using a contour integral representation, the analytic con-
tinuation of Eq. (39) becomes, as ¢ —0, in units of Xea 2,

1 1)

() Ca,(q,z)l =%fd£cothl%£

2
dq a=0

leading to

v v 1 3!
X" (w) 308 kEcothl
1

2
=cothl%]7—4— lmTz — f"zczl[('*)(m_—Zcf_l) +0(—w—2ctN)] .
I

So at low temperatures for which damping can be
neglected, the diamagnetic absorption will have a fre-
quency gap with threshold w =2Q¢=2c¢7(T, a) and
strength which grows quadratically as w?—4 Q3 due to
the current matrix elements k2 in Eq. (42) with a
maximum at 4Q, (see Fig. 4). As the phase boun-
dary is approached the Josephson plasma frequency
Qo will go to zero and so will the absorption gap.

VIII. EFFECT OF NORMAL-ELECTRON DAMPING
ON THE FREQUENCY DEPENDENCE OF THE
PRECURSOR DIAMAGNETISM

The finite-frequency diamagnetic absorption
derived in Sec. VII is valid only in the limit that clas-

Forq o aig

k lk2[6(m—29k) +8(m +2Qk)]

(42)

sical damping effects which usually dominate the
frequency-depenent linear response of a Josephson
junction are neglected. This phenomenological
damping of form —y d ¢/dt in the equation for the
phase, which arises at low temperatures from voltage
fluctuations induced by normal-current noise, cannot
be incorporated directly into the Lagrangian form for
the free-energy functional used in the above deriva-
tion. We here simulate its effects by incorporating a
self-energy part in the propagator for order-parameter
fluctuations used in Eq. (39). This would correspond
to a Lagrangian in which coupling to heat-bath modes
have been included.!?
Writing
1
G (k &) Q}+e2+1(ie,)
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with .
N | (e)e
H(IE,,)—; fde_e,f%ez , (44)
where y(e) represents a spectral function for cou-

pling to a heat bath, the current correlation function
(39) may be generalized to

Cap(giiom) = 3 lkolk +9)pG(k +q, €4+ wpm)

k, €,
X G (k, €n) — 8,5k 2[G (K, €,)1% .
(45)
Provided the coupling to the heat bath spreads over a
wide range of frequencies compared to that of the

Josephson modes, the self-energy (44) may be re-
placed by a purely imaginary damping

M(wtie) = tiy (46)

for w small compared to the range of € over which
v(€) varies rapidly. We then find

72

x" (w)

FIG. 4. Plot of the absorptive part, X', of the precursor
diamagnetism in the low-temperature regime close to a,.
Damping effects will tend to broaden the threshold for exci-
tation of Josephson plasmons. X''(w) is given in arbitrary
units.

4y[QF—(x —w)?]

" k2
X'(0) = kz-;; fdxcoth[%

reducing to Eq. (45) in the limit y —0. So damping
effects will become important for y/Q¢ > 1 and the
absorption features of Fig. 4 will become washed out
as the Josephson plasmon threshold approaches the
critical phase boundary.

IX. CONCLUSIONS

Observation of the reduction of the superconduct-
ing transition temperature in granular-metal-
film—two-dimensional arrays of Jospehson junctions
as the grain-size—junction capacitance is reduced will
in practice be due both to a reduction in average
Josephson coupling energy J, and to an increase in
the quantum fluctuation parameter a. The above
analysis suggests that these may be sorted out by ob-
servation of the frequency dependence of the precur-

_ sor diamagnetic fluctuations in the paracoherent
phase. As shown in Fig. 4, a Gaussian approxima-
tion predicts this should display a maximum absorp-
tion at frequency proportional to Q¢=cé¢ (e, T)
whose temperature dependence (for fixed a) will
vary as [T/Typ(a) —11%, with v= % in the Gaussian
limit. The coefficient of this temperature-dependent
factor will then give a direct measure of the scale of
the quantum fluctuations in a given sample, as dis-
cussed in Sec. VI. As seen in Sec. VII, damping ef-

(0= +y? {[QF—(x — )22 +42)2

(CY)]

fects will tend to wash out the threshold of the
Josephson plasmon-mode absorption spectrum, but
should not change the above general relation of the
frequency of maximum absorption to the inverse
coherence length ¢ 1(a, T) for the paracoherent fluc-
tuations, provided the system is close to the quantum
critical point ., so that the low-temperature limits
taken in the above discussion of fluctuation effects
[Eq. (15)] are applicable. As the classical critical re-
gime is approached, vortex fluctuations (not dis-
cussed here) will start to affect the frequency-

-dependent response. '

As the critical phase boundary is approached, the
Gaussian approximation will be renormalized by
mode-mode coupling effects and critical slowing
down may be expected to take place. However, the
effects of disorder in real granular systems will prob-
ably affect the quantitative details of this renormali-
zation.

ACKNOWLEDGMENTS

This work was partially supported by NSF Grant
No. DMR-80-07934. I am grateful to D. Browne, S.
Trugman, D. Fisher, and P. A. Lee for helpful criti-
cism at an early stage of this work, and to B. L.
Halperin for a remark about critical indices.




5070 5. DONIACH 24

IP. W. Anderson, in Lectures on the Many Body Problem,
edited by E. R. Caianiello (Academic, New York, 1964),
Vol. 2, p. 127.

2W. den Boer and R. de Bruyn Ouboter, Physica (Utrecht)
98B+C, 185 (1980); A. Widom, T. D. Clark, and G.
Megaloudis, Phys. Lett. 76A, 163 (1980); see also R. H.
Koch, D. J. Van Harlingen, and J. Clarke, Phys. Rev.
Lett. 45, 2132 (1980).

3B. Abeles, Phys. Rev. B 15, 2828 (1977).

4E. Simanek, Phys. Rev. B 22, 459 (1979); Phys. Rev. Lett.
45, 1442 (1980).

5K. B. Efetov, Zh. Eksp. Teor. Fiz. 78, 17 (1980) [Sov.
Phys. JETP 51, 1015 (1980)].

8S. Doniach and B. A. Huberman, Phys. Rev. Lett. 42, 1169
(1979).

7B. 1. Halperin and D. R. Nelson, J. Low Temp. Phys. 36,
599 (1979).

8As discussed by Efetov (Ref. 5) in the limit of very small
grain-dielectric ratio, screening becomes ineffective and
the charge fluctuation coupling matrix becomes long
ranged. We confine ourselves here to the strongly
screened case where only near-neighbor Coulomb effects
need be considered.

9J. Hubbard, Phys. Rev. Lett. 3, 77 (1959); R. L.
Stratanovich, Sov. Phys. Dokl. 2, 416 (1958).

10This is to be contrasted with the case of fluctuations in
itinerant magnetic systems [K.K. Murata and S. Doniach,
Phys. Rev. Lett. 29, 285 (1972)] where the nature of the
paramagnon spectrum tends to suppress the fluctuation ef-
fects and leads to mean-field exponents in the quantum
regime: M. T. Beal-Monod, Solid State Commun. 14,
677 (1974); M. T. Beal-Monod and K. Maki, Phys. Rev.
Lett. 34, 1461 (1975); J. Hertz, Phys. Rev. B 14, 1165
(1976).

102ysing hyperscaling 8= for 3D *He: M. E. Fisher, M.
N. Barber, and D. Jasnow, Phys. Rev. A 8, 1111 (1973).

1D, R. Nelson and J. Kosterlitz, Phys. Rev. Lett. 39, 1201
(1977).

12This is a quantum generalization of the precursor-
diamagnetism formula of A. Schmid, Phys. Rev. 180, 527
(1969), for a film of thickness a.

13A. O. Caldeira and A. J. Leggett, Phys. Rev. Lett. 46, 211
(1981).

145, F. Hebard and A. T. Fiory, Phys. Rev. Lett. 44, 291
(1980).



