
PHYSICAL REVIEW B VOLUME 24, NUMBER 1 1 JULY 19S1

Interactions between topological point singularities
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The interaction between point singularities is investigated as a function of dimension d for the

isotropic n = d fixed length spin model. For dimensions greater than or equal to 3, the region of
d-dimensional space which is perturbed by the pair of singularities collapses into a string joining

the two singular cores. Thus the interaction between point singularities in the three-dimensional

(3D) classical Heisenberg model (n = d =3) is radically different from the interactions between

vortices in the 2D XY model (n = d =2).

The importance of the possibility of having vortices
in the two-dimensional (2D) XY model has been
recognized for almost eight years. Since the work of
Kosterlitz and Thouless, ' the consequences of the
ideas of vortex-mediated melting in the JV model
have led to a thorough understanding of 2D systems
in which vortexlike excitations cause the melting. ' In
contrast, very little is known about the role of topo-
logical point defects, the higher-dimensional analog
of vortices in the 3D classical Heisenberg model. '
The reason the XYmodel has been so successfully

studied, while little progress has been made for the
3D case, is that for the XYmodel, the nonlinearities
associated with the constraint that the spin s have

length unity can be removed by representing the spin

by an angle field. In contrast, the nonlinearities in

the 3D model cannot be removed by such a trick.
The 2D XY or 3D Heisenberg models are members

of the class of models with the Hamiltonian in d-

dimensional space given by

H= —,
'J g ddr ' ', (I)

8 t') Gag

where the summation is over the d indices of r and

the n indices of s. The vector s is constrained to
have length unity: s = l. In the rest of this paper
the equality (n = d) is assumed.

An example of a point singularity in the 3D
Heisenberg model occurs at a position r from where

all the spins point radially outward. Similarly, a vor-

tex is a point singularity in d =2. These point singu-

larities are called topologically stable because no local

fluctuation in a uniform system can produce such a

singularity. Furthermore, imposing uniform boun-

dary conditions at infinity forces the singularities to
occur in oppositely charged pairs.

Halperin has suggested that an understanding of
the interaction between point defects may be relevant
to the understanding of the critical behavior in the
3D Heisenberg model. ' More generally, Cardy and

Hamber have discussed renormalization-group rela-

tions for the Hamiltonian in Eq. (1.1) as a set of ana-

lytic equations in n, d, the coupling constant J, arid a

parameter y which reduces to the vortex fugacity for
n = d = 2.4 They find that close to d = 2 there is a

curve in nd space such that for n ~ n, (d) the fugacity
of topological defects must be considered explicitly.
They also suggest that n, (d) ~ d. If this is the case,
the present work may be relevant to an eventual
theory of critical behavior of the 3D Heisenberg
model. The relevance of e-expansion renormalization-

group techniques to n = d = 3 is currently a topic of
debate. '

In the present work, the nature of the interaction
between two topological point singularities is explored
as a function of dimension. The region of physical

space which is affected by the presence of a pair of
topological point defects is found to collapse into a

string in dimension greater than or equal to 3, so that
d =3 is found to be a crossover dimension where the
interactions between point defects become singular.
The analysis suggests that connecting the point de-

fects pairwise by straight strings in such a way as to
minimize the total string length represents a solution
to the minimization of the Hamiltonian in Eq. (I) in

the presence of an arbitrary number of point defects
of charge +1 and total charge zero. The argument is

not certain, however, since the analysis shows this

solution only is extremal, and a more complicated
many-body solution which has lower energy cannot
be excluded. At finite temperature for d =3„ there
may be important scale-invariant fluctuations which

cause the string diameter to fluctuate. Higher-order
terms added to the Hamiltonian in Eq. (I) also be-

come important for d «3 for any lattice model which

reduces to this Hamiltonian in the long-wavelength
limit.

The value of the charge of a point singularity

counts the number of times and the sense in which

the spins on a (d —1)-dimensional surface surround-

ing the defect cover the order-parameter space deter-
mined by s =1.
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s (x,y, z) = (x,y, —z)/(x'+y'+ z') ' ' (3)

rather than s ( r ) = —r /~ r ~. The defect defined by
Eq. (3) can be smoothly deformed into the latter type
by rotating the spins by n about the z axis. The real-
ization in Eq. (3) of a negatively charged point defect
is easily generalized to any dimension. Figure 1

shows a 2D cross section of the field lines due to a
pair of oppositely charged defects. The field lines lie
parallel to the direction of the spins at each point,
and the configuration is axially symmetric about the z
axis. The spins are assumed to point along the z axis
at the boundary at infinity.

The core region between two defects is defined here
to be the volume in d-dimensional space inside the
isoangle surface determined by 8 = —, m. This core re-

gion is found to be roughly apple shaped for dimen-
sions less than 3, and the diameter is proportional to
the separation. (The words core region do not
necessarily denote a singular region in this context. )
The core region in Fig. 1 is outlined by the dashed
isoangle lines, for example. It will be useful to de-
fine the ratio

D (d) = &max/R (4)

where I,„ is the maximum diameter of the core re-

gion and R is the separation.

Consider a very large (infinite) system with the
boundary condition that the spins be uniform at the
surface. It is easy to see that the interactions
between defects at a finite separation must be finite
since a pair of oppositely charged defects can always
be enclosed in a finite d-dimensional box on which
the spins are uniform on the surface. By dimensional
arguments, ' any spin configuration which minimizes
energy and is singular only at the positions of the
singularity must have an energy as a function of de-
fect separation 8 given by

E(R) = JC(d)R~ z/(d —2)

where D(d) is a function of dimension. (The in-
teraction ip logarithmic in precisely d =2, where the
dimensional argument above cannot distinguish
between a constant function and a logarithm. ) The
function C(d) has the value 2nfor d =2 a.nd will be
shown to have the value 4m for d =3. The defects
are then expected to be linearly bound in d =3.

Equation (2) fails for d )3, because the field lines
can lower their energy by collapsing into a singular
string. Since there is then only a core energy per unit
string length, the energy as a function of defect
separation will remain linear rather than increasing
more rapidiy as R~ z as Eq (2) w. ould imply. The
dimension d =3 is therefore a margina1 dimension in
this sense.

It will be useful to consider the point singularities
of charge —1 in d =3 defined by

FIG. 1. Field lines parallel to the spins in a 2D cross sec-
tion in the vicinity of a pair of oppositely charged topological
point defects are shown. The dashed lines show the isoangle
boundary of the "core region" where the spin polar angle is

equal to 3
m. For d ~3, this core region collapses to a

string.

There will be d —2 spatial dimensions perpendicu-
lar to the planar cross section in Fig. 1. For this par-
ticular configuration, the spin can be parametrized
by only the polar angle, so that

s ( r ) = ( r csin(8), cos(8))

where r q is the (d —1)-dimensional unit vector of
the projection of the position r onto the (d —1)-
dimensional space perpendicular to the z axis. For
d =3, this corresponds to ordinary axial symmetry
represented by polar coordinates z and r. The angle 8
is the spatial polar angle in spherical coordinates.
Spherical coordinates are used for the spin, while
cylindrical coordinates are used for the space. With
this restriction of geometry the Hamiltonian in Eq.
(1) becomes

2

ee ee
9f Bz

+, sin'(8) dr dz, (6)f

where Sq z is the surface area of the (d —2)-dimen-
sional sphere (Sq 2 is 2m when d =3). By taking the
variational derivative of this equation, one finds that
the minimal energy solution must satisfy

628+8'8 +d —2 68 d —2
sin 28

f2 gz2 f gf 2f2

If a defect of charge +1 is placed at z =1 and a nega-
tive defect is placed at z = —1, the boundary condi-
tion to be satisfied is that 8 be zero everywhere on
the surface at infinity and zero on the line r =0 ex-
cept for the interval —1 & z & 1, where 8 takes the
value m.
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When Eq. (7) was solved numerically it was found
that the core region collapsed into a singular line as
d approached 3 from below, so that D(d) approached
zero as d 3. The important result, which is the
essential point of this article, is that D(d) does not
drop discontinuously to zero for d & 3, which a naive
picture based on an analogy to vortices might suggest.
In fact, for a large class of trial solutions for Eq. (6)
it can be shown that D(d) ~ (3 —d)'~' as d ap-
proaches 3 from below. '

In order to understand the structure of the core re-
gion in d = 3 more clearly, consider a plane perpen-
dicular to the string, in the middle and far from ei-
ther end at a length scale small compared to the
string length. The angle 0 is then just a function or
the radius r Equati. on (7) can then be solved exact-
ly. One finds

8(r) = vr —2arctan(kr)

where A. is an arbitrary constant reflecting the scale
invariance of the differential equation. (The solution
was derived by noticing that the substitution r = e'
leads to a sine-Gordon equation in the parameter s.
The parameter A. is related to the arbitrary position of
the sine-Gordon kink in an infinite system. ) The en-
ergy per unit string length is then calculated to be
4n.J. '

This is a surprising result. The energy of an isolat-
ed point defect in the center of a spherical volume of
physical space of radius R has energy 4n JR, assum-
ing a spherically symmetric spin configuration. The
same energy is obtained if the field lines which
emanate from the singularity forms a string which

goes straight to the surface.
Since there is radial scale invariance in the solution

to 8(r) in a z-independent cross section through a

string in d =3, why do the isoangle lines emanating
from the defect's collapse into a string of zero diame-
ter rather than remain finitely separated? Since the
area of the unit disk around the origin occupies a
large fraction of a cross section in low dimension, it
is advantageous to let the angle vary relatively slowly
at small radius and have a majority of the angular
change at large r in order to minimize the energy of a
z-independent cross section for d (3. Introducing a
pair of point defects at either end of the string forces
the isoangle lines to converge at the ends. If the an-

gle 8 remains large at large radii, there will be a large
energy cost in the curvature along the z direction
when the lines must eventually converge. This com-
petition between the tendency for a pair of defects to
pull the isoangle lines together to form a string and
the tendency for a z-independent solution to favor
isoangle lines at large r causes the apple-shaped core

region for d (3. When d =3, the appearance of the
radial scale invariance now implies that a string confi-
guration of any diameter has minimal energy, and the
presence of the singularities at the ends compresses
the string to zero diameter.

This argument suggests that local fluctuations in
the string diameter are important low-energy excita-
tions in d =3. The question of the role of these in a
statistical mechanical ensemble is not known. String
diameter fluctuations are not expected to be impor-
tant for d & 3, since the energy per unit length string
length is minimized by a string of zero diameter and
the point singularities at the end do not help to
compress the string further.

The relevance of the singular string solution shows
that higher-order terms added to the Hamiltonian in

Eq. (1) must be considered in order to understand a

lattice realization of the continuum Heisenberg
model. Incorporating these, we see that terms such
as u4('re)4+ u6('78)6 must be added to the in-

tegrand in Eq. (6). First, consider the case u4 )0.
In this case, u6 can be ignored. For d &3, the
parameter u4 will determine the string diameter. . For
d =3, the previous arguments apply and the presence
of a pair of point defects again form an apple-shaped
core region. Since there are now two more gradients
associated with the extra u4 term, minimizing the en-
ergy for a large class of trial solutions, one finds a
core region diameter which scales like u4 R' ', where
R is the defect separation. " If u4 (0, a radically dif-
ferent situation occurs for d =3. It is then favorable
to have a string diameter given by ( —u4/u6)'i'. The
string diameter is then determined locally and is stiff
against diameter fluctuations. The core region diam-
eter is independent of defect separation if R exceeds
this characteristic length. %hen d & 3, and u4 & 0
and u6 & 0, the string is also stiff against diameter
fluctuations in this sense, as it is for u4 & 0. Thus u6

does not seem important for d & 3.
It should be emphasized that the string is not a to-

pologically stable structure. A string configuration
may relax by breaking, creating a series of short "di-
pole" strings. The higher-order terms may provide a

core energy for the point singularity which keeps the
process of subdivision from continuing to arbitrarily
small scales.
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