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The Debye temperatures of hexagonal crystals of 42 elements and compounds have
been calculated from the elastic constants, by numerical integration and by Pynn’s
method. It is found that Pynn’s method is inapplicable in certain cases; the cause of this
is analyzed, and a modification of Pynn’s method is suggested for these cases. The calcu-
lated Debye temperatures are compared with the calorimetric Debye temperatures, wher-
ever data are available. Large discrepancies are pointed out for Pr, Dy, Ho, and Er, and

small ones for Be, Mg, Y, Ti, Zr, Hf, and Tb.

I. INTRODUCTION

The Debye temperature is an important. parame-
ter of a solid.’? From calorimetric measurements
it is well known that it varies with the tempera-
ture. The Debye temperature at 0 K is of special
theoretical significance. It can be calculated from
the elastic constants (6%). From theory one ex-
pects that the Debye temperature thus calculated
should be equal to the calorimetric Debye tempera-
ture (©¢) at 0 K:

0;=6y. : (1)

A comparison of the theoretical and experimental
values is helpful in detecting inaccuracies in the
elastic-constant and/or calorimetric data.

For cubic crystals, calculations of 6¢ have been
made by a number of workers®>~ and ©§ and 6}
values have been compared.>* For hexagonal crys-
tals, methods to calculate 68‘ have been devel-
oped®—!! but no extensive comparison between ©F
and Og appears to have been made. Such a com-
parison is of special interest for hexagonal crystals
because rare earths belong to this class. Most of
the rare earths with the exception of thulium and
lutetium are ferromagnetic or antiferromagnetic at
low temperatures, displaying unusual types of mag-
netic orderings. Thus, their heat capacity Cp usu-
ally has four different components: (i) the lattice
specific heat Cy, (ii) the electronic specific heat Cg,
(iii) the magnetic specific heat Cy;, and (iv) the nu-
clear specific heat Cy. Because of the large
number of parameters involved, it becomes difficult
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to extract an accurate value of © from the experi-
mental data. Indeed, in actual practice a suitable
value for g is assumed so that the parameters in-
volved in other contributions may be determined.
In the present paper we have calculated O using
numerical integration (NI), and also Pynn’s
method!! for such simple hexagonal crystals for
which reasonably accurate data for elastic con-
stants are available and whose crystal structures
are reasonably well determined.'? In the course of
this investigation it was discovered that Pynn’s
method is not applicable in all cases; we have
analyzed why it happens and when. The calculat-
ed ©f values are compared with ©} values wherev-
er possible.

II. THEORY
A. Numerical-integration method

The Debye temperature at O K is related to the
average sound velocity v, by
1/3
h
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where 4 is the Planck constant, k is the Boltzmann
constant, N /V is the number density of atoms, and

-1
) (3)

where v; is the wave velocity which can be ob-
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tained!® from the solution of

n3d+5n3C—A nn,G ninsD
n,n,G +niC+n34 —A nynsD |=0,
nyn3D nyn3D niH —A
4)
where
A=cy1—cu,
C=cy—cpp—2y,
D =cy3+ca,
G=%(c11+c12),
H=c3—cy,
A=pv2—cy,
p is the density and (n,n,,n3) is a unit vector
specifying 6 and &.
Thus, \
v =[(A;+cas) /p12. (5)
Writing #n =n3=cos 6 and m =(1—n?)!"2, we have

1

A1=7m2C, »
Ay= 5(m?4 +n’H)

+[‘l—(m2,4 +n2HY 4+ n’m¥ D>~ AH)]'2, (6)
As= 5(m?4 +n’H)

—[5(m?4 +n’HP+n’m¥D*— AH]'”2,

Noting that the only angular dependence is on
co0s?@ and sin?6, it is not required to average on ¢,
and moreover, the averaging on 6 need only be
done between 0 and 7 /2. Thus,

/2 -1

Jy

s 1
sind ¥, —d6

i=1 Y,

vy =3 7

B. Pynn’s method

For hcp crystals the constant-frequency surfaces
for low-frequency acoustic waves are cylindrically
symmetric about the hexad direction. Using the
formulas for the low-frequency wave velocities,
Pynn!! obtained the following expressions for the

three constant-frequency surfaces:

r%:(pw2—226’44)/(366, ®)
r;=—aw*—bz’+(cz*+-dz%0?* +e0*'?,  (9)
ri=—aw’—bz*—(cz*+dz%0* e, (10)

where o is the frequency, » and z are the com-
ponents of the wave vector which are perpendicular
and parallel to the hexad direction, and the other
parameters are defined by

a= —pleyy+c44)/2¢11Cag ,

b=(cjc33—ci3—2c13¢44)/2¢1 04,

c=b’—cy/cyy,

d =plcs3 +C44—b(011+c44)j/611044 ,
and

e =[plcy1—caq)/2¢11c44]7.

In terms of y=z/w and R; =¥; /w, Egs. (8)—(10)
can be written as

R12=(p—y2c44)/c66, (11)
Ri=—a—by’+(cy*+dy’+e)”?, (12)
Ri=—a—by’—(cy*+dy*+e)/?. (13)

Using this, the volume of wave-number space
containing modes of frequency less than or equal to
o is given by

3y
Vie)=2m03, [ "Ridy, (14)
i=1
where y; is the smallest positive root of R;. Thus,
y, is given by ( p/cyy)!/?. To find y, and y3, R,
and R; in Egs. (12) and (13) are set equal to zero;
both the equations yield the following:

(a +by?P=cy*+dy*+e. (15)

This has roots at y2=p/c4, and y2=p/c33. If
C33>Cas, Y2 =(p/cas)’? and y3=(p/c33)'7%

The density of vibrational states g(w)dw is then
given by

3
=L Ry,
glo)=o5 =" E,l fo idy
—Adpe?, ' (16)
which leads to
h ON 1/3
el
== 17
°T k| V4, un
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Pynn was able to show that the constant Ap, which BeO, two sets of elastic constants have been report-
appears in (16), can be expressed as a sum of sim- ed which differ from each other and appear to have
ple algebraic functions and elliptic integrals of the the same sort of accuracy; calculations were carried
first and second kinds. out for both sets and these are represented by TI-1
and TI-2, and BeO-1 and BeO-2 in Tables I and II.
III. DATA When the density was given in the reference from
which elastic constants were taken, it has been fol-
The experimental data employed in the calcula- lowed. For other cases, a number of sources'*~!8
tions are summarized in Table I. Usually the most were used and where necessary, correction was
recent measurement has been followed. For Tl and made for the thermal expansion.!®!%1519

TABLE I. Experimental data used in calculations. The sources for the elastic-constant data are given in the ninth
column. All elastic constants are in the units of 10!! dyn/cm? The data are at the temperature indicated in the third
column.

: Temp. Density p
Group  Substance (K) ci 13 Cas cp ci3 Ref. (g/cm?)
0 He 1.4 ~0.00405 0.00554  0.00124 0.002 12 0.001 05 a 0.19087
2a Be 0 29.94 34.22 16.62 2.76 .1 b 1.851
Mg 0 6.348 6.645 1.842 2.594 2.170 c 1.763
Zn 4.2 17.909 6.88 4.595 3.75 5.54 d - 7.277
Cd 0 13.08 5.737 2.449 4.048 4.145 e 8.840
3a Ti-1 4.2 4.44 6.02 0.88 3.76 3.0 f 12.134
TI-2 4.2 4.53 6.11 0.903 3.86 2.92 g 12.10
3b Sc- 300 9.93 10.7 2.77 3.97 2.94 h 2.989
Y 0 8.34 8.01 2.69 2.91 1.9 i 4.498
4a C 300 106 3.65 0.4 10.8 1.5 j 2.26
(Graphite)
4b Ti 4 17.61 . 19.05 5.08 8.69 . 6.83 k 4.528
Zr 4 15.54 17.25 3.63 6.72 6.46 k 6.524
Hf 4 19.01 20.44 6.00 7.45 6.55 k 13.288
7b Re 42 63.44 70.16 16.91 26.6 20.2 1 21.112
8 Co 298 30.71 35.81 7.55 16.50 10.27 m 8.836
Ru 300 56.3 62.4 18.1 18.8 16.8 h 12.41
La Pr 10 5.080 5.570 1.485 2.46 1.48 n 6.794
Nd 6 5.878 6.513 1.620 2.458 1.62 o 7.007
Gd 0 7.680 7.899 2.378 3.145 1.91 P 7.949
Tb 0 7.836 8.243 2.518 2.777 2.005 p 8.232
Dy 0 8.104 8.506 2.677 3.740 1.875 q 8.575
Ho 0 7.99 8.223 2.847 2.66 1.845 q 8.840
Er 10 8.675 8.205 2.648 2.851 2.418 r 9.158
Lu 0 9.104 8.401 2.908 3.19 2.88 s 9.930
H, 4.2 0.042 0.051 0.011 0.018 0.005 t 0.08745
D, 4.2 0.082 0.102 0.023 0.029 0.009 t 0.198 1
Agl 10 3.74 4.39 4.10 2.88 2.38 u 5.994
BeO-1 298 46.06 49.16 14.77 12.65 8.848 v 3.01
BeO-2 298 47.0 49.4 15.3 16.8 11.9 w 3.01
ZnO 300 20.70 20.95 4.48 11.77 10.61 X 5.676
ZnS 298 12.42 14.00 2.864 6.015 4.54 v 4.089
ZnTe 300 8.6 9.3 2.02 3.7 3.0 h 6.34
CdS 42 8.75 9.57 1.48 5.455 4.825 y 4.822
CdSe 298 7.490 8.451 1.315 4.609 3.926 \% 5.684
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TABLE 1. (Continued.)

Temp. Density p
Group  Substance (K) ci 13 Cas cn c13 Ref. (g/cm?)
MnAs 303 4.00 11.6 34 0.8 1.0 z 6.19
SiC 300 50.2 56.5 16.9 9.5 5.6 aa 3.2145
TbHo 300 6.97 7.593 2.371 2.229 1.588 bb 8.5
CaMg, 100 6.124 6.552 1.927 1.76 1.50 cc 1.805
Cd,Mg 298 5.92 5.00 1.02 3.72 2.97 dd 6.35
MgZn, 0 10.725 12.64 2.77 4.545 2.743 ee 5.09
TiB, 300 69 44 25 41 32 ff 4.504
CeF; 300 18.0 22.5 3.42 8.8 6.4 gg 6.160
Cd;Mg 298 6.66 4.51 1.33 3.9 2.3 dd 6.9
SmCos 300 19.68 23.98 4.84 10.32 10.49 hh 8.595
CsCuCl; 300 2.896 4.649 5.490 1.128 1.030 ii 3.66
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TABLE II. Calculated and experimental values of Debye temperatures in K. The cases
for which Pynn’s method does not work are indicated by an asterisk after the calculated
value in column 4.

T for
elastic-
constant 6(calc.)
Solid data NI Pynn Of(expt.)
He 1.4 25.82 25.82 26.06
Be 0 1462.7 1462.7 1481+ 16°
Mg 0 386.5 386.5 403+4,° 440+ 110
Zn 4.2 327.1 332.9% 326.8+1.8¢
cd 0 213.8 213.8% 213.2+1.8¢
TI-1 4.2 79.2 79.2 78.5+0.2f
TI-2 4.2 79.7 79.7
Sc 300 362.0 362.0 359+48
Y 0 257.2 257.2 248+ 3"
Graphite 300 393.9 393.9 413
Ti 4 425.4 425.4 420
Zr 4 296.1 296.1 291
Hf 4 251.4 251.4 248
Re 4.2 405.1 405.1 407+10%
Co 298 453.3 453.3 443!
Ru 300 499.0 499.0 530™
Pr 10 152.0 152.0 85+1"
Nd 6 163.4 163.4
Gd 0 181.7 181.7 - 18743°
Tb 0 186.1 186.1 178+2"
Dy 0 182.3 182.3 207+7," 207°
Ho 0 188.3 188.3 114+7°
Er 10 186.0 186.0 134410
Lu 0 184.3 184.3 185+14
H, 4.2 119.8 119.8 122*
D, 4.2 120.4 120.4 114
Agl 10 142.2 149.8*
BeO-1 298 1278.5 1278.5
BeO-2 298 1260.0 1260.0
ZnO 300 '418.8 418.8
ZnS 298 349.3 349.3 339°
ZnTe 300 219.3 219.3
Ccds 42 215.3 215.3
CdSe 298 178.3 178.3
MnAs 303 248.1 248.1
SiC 300 1172.4 1172.4
TbHo 300 198.3 198.3
CaMg, 100 376.4 376.4
Cd,Mg 298 158.3 158.3
MgZn, 0 325.1 325.1
TiB, 300 988.3 1010.3*
CeF; 300 379.3 379.3
Cd;Mg 298 170.7 170.7
SmCos 300 330.9 330.9
CsCuCl, 300 239.6 251.5%

W. R. Gardner, J. K. Hoffer, and N. E. Phillips, Phys. Rev. A 7, 1029 (1973).

value corresponds to 20.97 cm?/mole.
°G. Ahlers, Phys. Rev. 145, 419 (1966).
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Calculations of the Debye temperature were car-
ried out using both the numerical-integration
method and Pynn’s method. The results are shown
in Table II and where data are available, compared
with experimental calorimetric Debye tempera-
tures.

We have included in our list a number of sub-
stances for which elastic constants have been mea-
sured at room temperature but not in the vicinity
of 0 K. The Debye temperature calculated from
such data need not be equal to ©g. The Debye
temperature is involved in a number of physical
properties besides the heat capacity, e.g., thermal
expansion, electrical resistivity, Debye-Waller fac-
tor, etc. While, strictly speaking, the Debye tem-
peratures involved in the different physical proper-
ties are not identical, frequently they are close to
each other. It was felt that even approximate
values of the Debye temperature would be of use.

IV. DISCUSSION

A comparison of ©F values calculated by NI
with those obtained from Pynn’s method showed
that in most cases the agreement between the two
was excellent, as expected; however, there was a
number of cases in which there were significant
discrepancies. A careful analysis of these cases re-
vealed that Pynn’s method is not applicable under
certain conditions. To explain the source of the
trouble, we note that Pynn’s method requires the
integration of R;* from zero to the first positive
root of R; [Eq. (16)]. Also one notes that in find-
ing the roots of R ? and R? one arrives at the same

equation, (15). At this point one must decide
which solution of (15) refers to R and which to
R3. The term (cy* + dy? + €)'/? can be either pos-
itive or negative. We need consider only one case,
say when it is positive, because when it is negative
the roles of R and R # are merely exchanged. For
R? to have a root at a certain value of y, y,, the
term a + by? must be positive, and conversely for
R 32 to have a root at y3, a + by? must be negative.
Also one notes that a is always negative. Thus, for
y*>(—a/b), a + by*>0, and for > <(—a/b),

a + by? <0. Thus one must consider three cases.
In the following it is assumed that ¢33 > c44. If this
is not the case, it is only necessary to interchange
p/c33 and p/cyy in what follows.

Case 1: (—a/b)<p/c33. Then a + by? is positive
for both y?=p/c;; and y2=p/c4s, so that R} has
no roots. Both the solutions of (15) belong to R 2.

Case 2: p/cy; <(—a/b)<p/cyy. In this case
a + by? is negative for y*=p/c33 and positive for
y?=p/cas, so that both R? and R?havea positive
root.

Case 3: p/c4y <(—a/b). Then a + by? is nega-
tive for both y2=p/c33 and y2=p/c44 so that R?
has no roots. Both the solutions of (15) refer to
R32. This situation is illustrated in Fig. 1 for TiB,,
which belongs to this class.

Thus, for cases 1 and 3 Pynn’s method fails; the
condition for the method to succeed is that (—a /b)
should lie between p/c3; and p/cy4. If this is the
case, then

y,=larger of (p/c44)!/? and (p/c33)!/?

and
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FIG. 1. The variation of R and R} with y, for TiB,.
R?# does not become zero for any real value of y. For
y>16.19%x 1077 sec/cm, (cy* + dy? + e) becomes nega-
tive and both R22 and R;Z become complex.

y3=smaller of (p/c44)/? and (p/c+3)"/2.

There are five substances in our list which belong
to case 1 or 3. Such substances are identified by
an asterisk adjacent to the calculated value in
column 4 of Table II. For Cd the discrepancy be-
tween the NI value and Pynn’s value is negligible
because it is a borderline case; the above condition
is just violated for this crystal.

A way of modifying Pynn’s method for “non-
Pynn” substances is the following. It consists of ad-
ding to the areas included in the integrations of

' Pynn’s method, the area between the curves R ?
and R ? from the point y=( p/c44)1/2 to the point
y', where the two curves intersect (see Fig. 1). y'is
given by the positive real solution of cy* + dy?

+ e=0. This reduces to replacing [I( p/c44)

—I( p/c33)] in Pynn’s'! equation (9) by [21(y?)

—I( p/cay)—1I( p/c33)]. We have calculated the
Debye temperatures for the five non-Pynn sub-
stances in our list by this modified Pynn’s method
and the results are shown in Table III. It will be
noticed that the values thus obtained are in excel-

TABLE III. Calculated values of Debye temperatures
(in K) from the modified Pynn’s method for “non-Pynn”
substances.

6¢ (calc))
Modified
Solid NI Pynn’s method
Zn 327.1 327.1
Cd 213.8 213.8
Agl . 142.2 142.2
TiB, 988.3 988.3
CsCuCl; 239.6 239.6

lent agreement with the NI values.

Next we consider the theoretical and experimen-
tal 9y’s for individual substances. For Sc, graphite,
Co, Ru, and ZnS the elastic constants used in the
calculations are at a temperature of about 300 K,
thus a meaningful comparison between 6 and 65
for these substances is not possible.

He. The agreement between the calculated and
the experimental value is reasonable.

Be. There is a large uncertainty in the experi-
mental value. The theoretical value lies just out-
side the lower limit of the experimental value. A
fresh determination of 65 would be worthwhile.

Mg. There is seen to be a large discrepancy be-
tween the calculated value and the first quoted ex-
perimental value. Wolcott?® had drawn attention
to this discrepancy. Subsequently, Martin?! mea-
sured the specific heat of magnesium in the tem-
perature range 0.4— 1.5 K, but found that the lat-
tice specific heat-in this range was so small that an
accurate value of 65 could not be obtained, as may
be seen from the second 6§ listed in the table.

Zn, Cd, Tl. The agreement between the theoreti-
cal and experimental values is satisfactory.

Y. There is a 7° difference between 65 and the
upper limit of 6.

Ti, Zr, Hf. There are small differences between
the calculated and experimental values, but the un-
certainties in the experimental values are not
known.

Re. Within the large uncertainty of the experi-
mental value there is agreement with the calculated
value.

Pr. There is a very large discrepancy between 98]
and 05 The experimental value almost certainly
seems to be in error.

Th. There is a discrepancy of 6° between 6 and
the upper limit of 6.
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Dy. There is a discrepancy of 18° between 65
and the lower limit of 65.

Ho. The calculated value is greater than the
upper limit of the experimental value by 67°. The
experimental value appears to be in error. ‘

Er. Situation is similar to that of Ho. There is
a large discrepancy of 42°.

H,, D,. The calculated values for the two are
quite close. There apPears to be a reasonable
agreement between 65 and 6§ for H,, but for D,
there seems to be a small discrepancy.

In summary, we find that there are large
discrepancies between 6 and 6 for Pr, Dy, Ho,

and Er, and small ones for several other elements.
Where there are large discrepancies, 6 deserves to
be reinvestigated. Small discrepancies could be due
to inaccuracies in one or more of the three—elastic
constants, density, and specific heat. For rare
earths the calculated values of the Debye tempera-
ture presented here should prove to be useful for
analyzing low-temperature specific-heat data.

We are grateful to R. Pynn for the suggestion
concerning the modification of his method. This
work was supported by the Natural Sciences and
Engineering Research Council of Canada.
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