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Dynamic universality and the critical sound velocity in a binary liquid
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The absence of any critical temperature variation in the measured ultrasonic velocity in binary

liquids is in apparent contradiction to the universally occurring critical behavior of all other types
of fluids. We establish quantiatively that critical behavior must exist in binary liquids at suffi-

ciently low but experimentally accessible frequencies.

The critical dynamics of the binary liquids have
been under intensive study' lately, with special atten-
tion given to universality. Because of the absence
of strains, the binary liquids have sharp phase transi-
tions at their consolute temperatures T,. They conse-
quently offer very precise tests of universality for the
class n =1 (scalar order parameter). It is therefore a
disturbing discrepancy that no critical temperature
dependence has ever been observed in the sound
velocity of binary liquids. This stands in sharp con-
trast to the widely observed critical variation of the
velocity in the single-component fluids, 4' which are
presumed to belong to the same universality class
and for which a successful theory6 has been ad-
vanced. The purpose of this note is to clarify this
puzzlement and to offer guidance leading to experi-
mental verification of the critical variation, which we
claim must exist. Our quantitative prediction is
presented on two levels: (a) general phenomenologi-
cal arguments based on causality and dynamic scal-
ing', and (b) a totally new approach to the thermo-
dynamics of binary liquids which supports and pro-
vides deeper understanding for (a).

We begin purely phenomenologically by noting a
regularity in the measurements by Harada et ot. ' of
the ultrasonic attenuation at T = T„ the consolute
point of 3-methylpentane-nitroethane. The attenua-
tion in one wavelength, nk, is —2mu2/u„where u, is
the zero-frequency sound velocity at the consolute
point. u = u& +iu2 is the small complex critical com-
ponent superposed on u, . After subtraction of a
background 7 &&10 'f, where f =au/2n is the fre-
quency in MHz, we find the critical frequency varia-
tion —2mu, /u, =0.014f~06 shown by the lower line
in Fig. 1. Because u corresponds to a casual response
function, its real and imaginary parts are related by
the Kramers-Kronig relations. 9 It follows that —u&/u,
must have the same power-law dependence upon f,
with the ratio of real-to-imaginary parts the same as
that for exp(0.06+i/2) —namely, cot(0.03m)
= (0.03m ) '. This enables us to draw the upper line
in Fig. 1 for —u~/u, with a slope greater than the
lower one by the factor (0.06m') ' =1.6.

The T, frequency dependence is fixed. We now

—= —0.022
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The sensitivity to the small exponent disappears in
the final limiting form of Eq. (1). Figure 2 shows
the critical variation of u& (relative to its value at
t =0.1) that is predicted by Eq. (I). (Here we have
used'0 u, =10' m/sec. ) The slight curvature in this
semilog plot results from using the more precise
power-law version of Eq. (1) rather than the loga-
rithmic approximation. The horizontal lines indicate
the critical-point frequency dependence of Fig. 1.
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FIG. 1. Real and imaginary parts of the fractional critical
sound velocity as a function of frequency at the consolute
point. u, is the large noncritical velocity and u, + u is the
full complex velocity. The attenuation data at different fre-
quencies are taken from Harada et af. (Ref. 8).

use dynamic scaling' to infer the critical dependence
of the thermodynamic (f =0) velocity on the re-
duced temperature t = ( T —T, )/T, . From Rayleigh
linewidth measurements we know that the charac-
teristic relaxation rate of the fluid is y = y0t' where
yo/2m = 15 6Hz. Thus we replace f by y/2m to con-
vert the upper line in Fig. 1 into the thermodynamic
relation (up to an additive constant)
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They join the thermodynamic curve in the vicinity of
t = (2n f/yo)'iz as required by dynamic scaling. It is
evident from Fig. 2 that in order to observe the criti-
cal temperature variation the measurements should
be carried out at the lowest possible frequency. For
example, measurements at 10 kHz, such as would be
possible with a resonant cavity, ' should reveal a
detectable drop in u~. According to Fig. 2 this drop
should amount to approximately 15 m/sec in passing
from t =0.1 to 0.001, before leveling off at the
critical-point value. By contrast, the velocity mea-

.surements in binary liquids have generally" been
made in the MHz range, corresponding to the upper-
rnost curve in Fig. 2. This is flat over most of the
temperature range. Thus we see that the frequencies
have been too high, which explains the puzzle of the ab
sence of critical temperature variation

We now turn to the thermodynamics for an alter-
native derivation of Eq. (I). Let w be a free energy
defined by

dw = SdT+ Vd—P —cdp, = SdT+ Vd—P —cdp, , (2)

where S and V are the entropy and volume, respec-
tively. All of these extensive quantities are for a unit
mass of the fluid. P, c, and p, are the pressure, mass
fraction, and a suitably defined chemical potential, '

respectively. The application of pressure shifts both
T, and p,„the consolute value of p, , along a A, line
described by the functions T, = T„(P) and

p,,= p, „(P). Similarly, c = cq(P) along the A. line,
while the extensive variables are described along the
h. line by the functions w„(P), S„(P),and V~(P). In
the form line of Eq. (2)', we have restored the sym-

metry along the critical isochore by introducing a
shifted chemical potential p, =p, —(Bp,/BT), T.
S —=S+ (Bp/BT), c is an effective entropy for the

fluid. . Integrating away from the A. line at constant
pressure gives

f T
w=wi —,J SdT —

J cdp,

phT
=w —

l SdhT — ' cdhp, (3)

where we have introduced the relative variables
hT = T —T& and 4p, = p, —p, &. .Because
(Bis.T/BP) r = T„' an—d (Bise/BP) = p,„we—obtain

t

Qw

, hT, hp,

+ TgS + jtLgc (4)

BV =(w„" + T„"S+@,q'c —Sq 6T —c„"/sp, )BP

The first term requires differentiating S and c parallel
to the A. line within the integrals. To first-order accu-
racy these derivatives can be replaced by their A. line
values giving

I —t
V = w„' + T&S + p, &c —S& 5 T —c& Ap,

The coefficient of, 4 T can be expressed in terms of
the dimensionless coupling constant g = Ti,S„/ V.

By differentiating Eq. (5) we can now obtain vari-

ous thermodynamic quantities of interest, such as the
isothermal compressibility and the expansion coeffi-
cient. These can then be combined according to the
standard thermodynamic identity to give the isentro-
pic compressibility. But we can reach the same goal
more quickly by clamping S and c, so that the varia-
tions SP, 5~ T, and Sb p, produce the volume varia-
tion

gSAT cg Skjx (6)
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IO IO IO IO The mass-fraction clamping condition is explicitly
Sc = c&SP+ XSSM, =0, on the critical isochore, which
yields 85p, = —(c„'/X) BP, where X is the isothermal
susceptibility. Entropy clamping gives

SS =S),SP+ SAT+ Shp,
, ~T, Phys, ~P, PT

=S„SP+ ' SAT =0
T

(7)
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FIG. 2. Predicted critical sound velocity vs reduced tem-
perature. The lowermost curve is the thermodynamic limit
(zero frequency). The two upper curves show the effect of
a finite frequency.

where we have introduced the specific heat along the
critical isochore. The term containing Shy, vanishes
because of the Maxwell relation (BS/Bp, )r r
=(Bc/BT)r ~-~=0. Thus Eq. (7) yields

Sb T= —g SPV

Cp,

Substituting Bhp, and BAT into Eq. (6) gives for u,
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the velocity of sound,

1 1 9V 1 SV
V' BP „V' SP

t2

(9)u2 T Cp, yV2

where the first term corresponds to the first term of
Eq. (6). The second term is small by comparison and
determines the critical component u = v —u, as

2 u~u ~uc 1 (10)
u, 2 T, Cp, ,

[The third term of Eq. (9) is negligible in the critical
region. ]

Equation (9) is a generalization of Chase's formu-
la, ' applied so successfully by Barmatz and Rud-
nick'" to. the study of the critical sound velocity in the
vicinity of the X point of liquid 4He. The advantage
of the present derivation is that (a) account is taken
of c,' W 0 (pressure dependence of the critical mass
fraction) and (b) the coefficient of SETin Eq. (6) is
shown to be noncritical. The latter point, which is
not evident in the treatment of Griffiths and
Wheeler" is important for the application of Eq. (10)
to the theory of the ultrasonic attenuation' in binary
liquids because it ensures that the critical dynamics
enters only via Cp, . In this connection we should
point out that the first term of Eq. (9) is not strictly
constant but contains the temperature dependence of
the first-order terms T„"(S —S„)—S„ tt T in Eq. (6).
This type of nonfrequency-dependent background
variation has been observed by Arrigo et al. " in their
high-frequency measurements. It needs to be dis-
tinguished from the true critical variation coming
from the second term in Eq. (9). Although, for the
sake of simplicity, we have carried out the derivation
of Eq. (9) only along the critical isochore, this equa-
tion is valid in the entire t, p, plane. Similarly, the as-
sumption of pressure independence of (8p, /tJT) p, ,
can be relaxed.

The critical specific heat appearing in Eq. (10) can

-ap
be written as Cp, = At +B, where we set o.p =0.12.
We can expect A (& B because of the large number
of internal degrees of freedom contributing to the
background. Linearizing with respect to A gives

u
& uc A -ap clpA uc2 2 2 2

1 ——t =const+ ~
2

lnt
u, 2 TB B 2 TB2

(11)
thereby providing the alternative derivation of Eq.
(1). The coefficient in Eq. (11) provides, in princi-

ple, an independent a priori prediction of the coeffi-
cient found phenomenologically in Eq. (1). Unfor-
tunately, carrying this out in practice is hindered by
the lack of specific-heat data for 3-methylpentane-
nitroethane. We can, nevertheless, from the pure
components interpolate the background at B =1.7
J/gK. From $0=2.2 A and two-scale factor
universality we have A =0.22 J/g K. A preliminary
measurement of the coupling constant in this labora-
tory'~ gives g =0.5 +0.2. Substitution of these
numbers yields (4 +2.5) && 10 ' for the coefficient of
lnt in Eq. (11), one standard deviation away' from but
consistent with Eq. (1). Clearly, more thermodynam-
ic data would be highly desirable.

To summarize, we have made a quantitative pre-
diction of. the critical sound velocity which, as illus-
trated in Fig. 2, ought to be observable at sufficiently
low frequencies. We emphasize that the logarithmic
approximation has been used in Eqs. (1) and (11)
only in the interest of simplicity and that it is general-
ly better to use the finite op versions. We also cau-
tion that the background specific heat may not always
be large enough to justify the approximation B &) A.
In this case, the critical specific heat should be kept in
the denominator, as for the X transition in liquid He.

In closing, it is a pleasure to acknowledge discus-
sions with Professor J. V. Sengers, Professor H.
Meyer, and Mr. E. Clerke. We are indebted to the
National Science Foundation for support under
Grants No. DMR 79-01172, No. 79-00980, and No.
79-10819 to the University of Maryland.
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