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Dispersion of relaxation rates in dense liquids and glasses
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The structural relaxation rates, which are crucial in understanding the liquid glass transi-

tion, are investigated within the free-volume theory. We discuss the origin of the observed

dispersion of relaxation times and show that it is simply related to the dispersion of the total

surface-to-volume ratio of the liquid clusters.

It is now well known that the observed changes in
the heat capacity and molecular volume at the liquid~ glass transition is the result of the system falling
out of complete metastable thermodynamic equilibri-
um. This occurs when the time of the measurement
becomes comparable to the structural relaxation
times near the glass transition temperature T~ and
the system cannot reach equilibrium during the cool-
ing or heating process.

The changes in volume v and enthalpy 0 conse-
quent to a stepwise or continuous change in tempera-
ture has been investigated by a number of workers' '
and has been extensively reviewed. ' The salient
features of all these theories are very similar. They
all stress the importance of including a distribution of
relaxation times and keeping track of the thermal his-

tory of the sample. However, all of these have been
largely phenomenological in nature and make no mi-

croscopic specification of the structural relaxation
modes which are important. Here we discuss how
these strongly temperature-dependent structural re-
laxation rates near Tg can be described within the
free-volume model. " The analysis differs signifi-
cantly from the previous work because we have at
our disposal an equilibrium theory of the liquid~ glass transition from which to begin our discus-
sion. By starting from a concrete model of a glass,
we can identify the dominant structural modes and
establish their relaxation mechanism.

The three key quantities in our equilibrium free-
volume theory' "are P(u), p, and C„,(p). P(v) is

the probability that a cell has a volume v, p is the
fraction of liquidlike cells, and C„,(p) is the cluster
distribution function. The reader is referred to Refs.
9 and 11 for a complete review of our equilibrium
theory. Consider now the effect of a stepwise or con-
tinuous change in the temperature. Equilibrium with
regard to P ( u) can be established for a given value
of p simply by phononlike density fluctuations, which

are very fast. The quantity C„,(p) depends entirely
on p and presumably relaxes with it. However, p can
change only if there is an exchange of volume
between liquidlike and solidlike cells, which is not a
free exchange. ' To change p requires the diffusion
of a molecule across the interface between a liquid
cluster and its solid surroundings. Accordingly, if we
make a single relaxation-time approximation for p,
the temperature dependence of the relaxation time
should be the same as the viscosity q and therefore
be given by'

/
7 =70e

where v is a molecular volume and vf is the aver-
age free volume. The value of the preexponential ~0

will be determined below. The properties of the sys-
tem depend on p, as in the equilibrium theory, since
the system remairis in secular equilibrium with
respect to p. However, when r is large compared to
the measurement time, p itself may no longer have
its metastable equilibrium value p,q. In fact, for
T & Tg, p can no longer follow its equilibrium value
but freezes out at a value pf„, ~ 0, which depends on
the cooling rate q. In a previous paper, ' we have
calculated the effect p falling out of equilibrium has
on the heat capacity. We find that Tg depends linear-

ly on log~oq so with a slope in excellent agreement
with experimental observations. These results lead
us to conclude that all the important relaxation times
are proportional to the viscosity q and that the tem-
perature dependence of the free energy and entropy
are smooth through the region of Tg.

We found that preexponential '7p (the only addi-
tional free parameter beyond those of our equilibri-
um theory) was about 10 'p sec from our studies of
the time-dependent heat capacity. To test the simple
diffusion picture for 7 outlined above, it is important
to calculate 70 directly. This can be done by consid-
ering the time rate of change of p, which can be writ-
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ten as

(2)

imental results. Indeed, there has been substantial
evidence presented in the literature which suggests a
relaxation function of the form"'

dN(

dt N dt
(3)

where N( is the number of molecules in liquid clus-
ters of the N molecules. The change in N( depends
on the surface area of the liquid cluster approximate-
ly as

dN(

dt 2A
=———VJ (4)

The two terms in Eq. (2) can be thought of as (i) the
forward or the liquid-to-solid transition and (ii) re-
verse or solid-to-liquid transition. The first term cor-
responds to the generation of solid regions from
liquid ones and depends on the state of the liquid
through p. The second term, however, corresponds
to the generation of free volume from the solid
which is governed only by the equilibrium value of p.
To find 7, consider the forward process in more de-
tail,

S/V = o.v ", (10)

where o. is a constant. We propose that a similar
dependence on fragment size, also designated by v,
holds for disjoint pieces of the infinite cluster broken
at the weak links. Then Eq. (7) yields

instead of a simple exponential. In the present
theory, such a dispersion of relaxation times would
be due to a dispersion of the S/V values for finite
clusters and for the infinite cluster broken into finite
clusters at the weak links. One can write for R (t),

R(t) = J~ P(W)e ~'dW (9

where W is a relaxation time and P( W) its probabili-
ty distribution. Percolation theory strongly' ' sug-
gests a power-law dependence of S/ V on cluster size
for finite clusters,

v -~/
m f

J, 30
(5)

where S is the surface area of the liquid cluster, A is
the surface area per cell, and vJ is the jump frequen-
cy. From our previous calculation9 of the diffusion
rate, we have that

W= 8'pv ",
where

1(2
1 3kT

16 M

Equation (9) becomes

(12)

where 9 is the average velocity and a is the cell diam-
eter. Substituting Eqs. (4) and (5) into Eq. (3),
gives, for the forward process,

1/2

dp p S 3kT
dt 16 V M

(6)

where (S/V) is the total surface-to-volume ratio of
the liquid clusters plus the percolation channel. To
obtain this result, we have used NAa = —, V&,& and

pV&, &

= V~;~. Therefore, we find that the preexponen-
tial 7 p is given by

~ 1/2
1 S 3kT

16 V M

We can approximate Tp near the percolation threshold
where the minimum-sized liquid cluster contains
v /v~ molecules and S/Vis well approximated by
5(v /vy) . For T =300 K, M =60, and
u /vr ——30, we find ro = 10 ' sec, in excellent
agreement with the value found in our studies of the
heat capacity. '

The results discussed so far have been based on a
single relaxation-time approximation. However, it
should not be surprising that a dispersion of relaxa-
tion times is crucial in understanding all of the exper-

R(t) = P(v)e 0 dv, (13)

P(v) =Ae '~ (14)

where c is a constant and A a slowly varying function
of v. We now substitute Eq. (14) into Eq. (13) and
evaluate the result for asymptotically long times

z

R(r) =Be

z =y/(x+y)

(15)

(16)

where B is a slowly varying function of t and c' a
constant. The forms of Eqs. (8) and (15) are identi-
cal apart from normalization with v

' = c' '8'p.
For compact clusters x = —,, which is also its max-

imum value. For stringy or ramified clusters x is
smaller. Therefore, the full range of x over all possi-
ble cluster shapes is

0&x~—1'
3 (17)

after change of variables of integrition. Here P(v)
is the probability distribution for v for fragments of
the infinite cluster and for finite clusters. We assume
that P(v) has the same form as that given by per-
colation theory' ' for finite clusters alone
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Percolation theory also yields stringent limits on y,

—&y ~12

3 (18)

In the asymptotic limit of very large clusters, Kunz
and Souillard'7 have shown that

t

y=' 2
p &pcs

. (19)

in three dimensions. Here p, is the percolation
threshold. However, in two dimensions for p & p„
Leath and Reich" have shown that y =2qh =0.80 for
clusters of size v & 85 but crosses over to y = 1 for
larger values of v. Since 2qh increases with dimen-
sionality and is unity for dimensions of 6 or greater'
we expect a reasonable estimate of y might be 0.90.
We thus find the limits of z to be

&z (12 (20)

r=L. '/4D . (21)

Here L is the cluster dimension in the direction of
the field and will scale as J = a v" and D is the dif-
fusion constant. Consequently, we have that

with the value more likely to be in the range
0.70—0.85. This is in excellent agreement with the
values obtained from experiments on the isothermal
relaxation to a single-temperature step as well as re-
laxation during continuous heating and cooling.
Moynihan et al. found that for B20q z =0.83, for
As2Seq z =0.67, and for 5-phenyl-4-ether z =0.70.
The one known material which gives a value of z far
outside of our predicted range (z =0.50) is a poly-
mer material, ' for which we do not expect the free-
volume theory to be appropriate. It is important to
note that the exponent x is not a critical exponent
and is therefore not universal, thus explaining the
observed variability in z.

In addition to the response of the system to a step-
wise or continuous change in temperature, stress re-
laxation and dielectric relaxation have also been stud-
ied in many glass formers. From these measure-
ments, the value of z is often found to be lower than
observed in relaxation after a temperature step. For
dielectric relaxation in ionic glasses, the proper
mechanism for the response is conduction across the
liquid cluster, for which

z is most likely to be in the range 0.50—0.60 for com-
pact clusters, x = —,. Typical values for z observed

from dielectric relaxation experiments are 0.74 for
3KNOq 2Ca(NOq) 2, 0.56 for polyvinyl acetate, 0.55
for anthrone, and 0,47 for HZnClq 4H20, which
agrees well with our estimates. Thus the value of z
depends on the specific relaxation process involved;
one must make a separate calculation of z for each
one.

The relaxation function R (t) given by Eq. (8) is
the correct form in the asymptotic, long-time limit,
when the dispersion of S/V values dominate. How-
ever, at very short times, R (t) should be a simple
exponential, i.e., z =1, with the average value of S/ V

determining the average value of the relaxation rate
as in Eq. (7) of our L 'as in Eq. (21). This can be
seen most easily from a semi-invariant expansion of
the exponent in the relaxation function. Only at
longer times does the dispersion in S/ V or f. ' begin
to play a role.

In summary, we have demonstrated that the free-
volume model "correctly predicts the size of the
preexponential factor vp and the asymptotic form for
the relaxation function R (t). These two predictions
should-be taken as strong evidence in favor of our
picture of dense liquids and glasses. One of the im-
portant predictions of this model is that the system
breaks up into solidlike and liquidlike regions. From
only this simple assumption and known results of
percolation theory, we can explain the observed form
for the relaxation function R (t). In a previous pa-

per, ' we correctly predicted the dependence of the
heat capacity on heating and cooling rates. However,
this cannot be taken as strong evidence for the free-
volume model. It only sho~ed that the relaxation
time r, Eq. (1), should have the same form as the
viscosity and should be smooth in the region of T~.
The prediction of the correct order of magnitude for
Tp, however, is significant, since it gives strong justi-
fication for the picture of diffusion between liquid
and solidlike cells,

We should emphasize that the above results do not
depend on the literal applicability of the free-volume
model. They require only that there be a local
configuration coordinate analogous to the cell volume
with respect to which the free energy is nearly flat in
certain localized regions of the corresponding config-
uration space. "

z= y
2x +y
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