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A theory of hydrogen absorption by meta1 hydrides is formulated in the mean-field ap-

proximation. The distinction between the true saturation and an incipient saturation is em-

phasized. It is shown that the incipient saturation is a manifestation of the effect of d-band

structure upon the absorption of hydrogen. Absorption isotherms for Pd-H and FeTi-H

systems are calculated and compared with the experimenta1 data.

I. INTRODUCTION

The mechanism of hydrogen absorption by transi-

tion metals and alloys has been a subject of intensive

investigations in recent years because of its prospec-
tive energy storage applications. ' The amount of hy-

drogen absorbed by all metals, at low pressures, is

proportional to the square root of the pressure of
the external hydrogen gas. This is interpreted as an

indication that the absorbed hydrogen is dissociated
into atoms. Fowler and Smithells classified all

metals into poor absorbers and good absorbers ac-
cording to the temperature dependence of the
amount of hydrogen absorbed by metals. Poor ab-

sorbers can absorb only a small amount of hydro-

gen and the concentration of absorbed hydrogen in-

creases only by increasing the temperature. Cu, Fe,
Ni, and Pt are examples of poor absorbers. Good
absorbers, on the other hand, can absorb a large
quantity of hydrogen at relatively low temperatures
and pressures. When the temperature is increased,
the hydrogen concentration decreases. Pd, Ti, La,
and Th are examples of good absorbers. The con-
centration of saturation absorption of hydrogen in

good absorbers goes as high as 100 or 200 at. %%uoof
metallic atoms, and the metals are regarded as

forming hydrides represented conveniently by chem
ical formulas such as PdH and TiH2. Mott and
Jones argued that the hydrogen atoms inside metals
are ionized into electrons and protons. These pro-
tons go into some interstitial positions in the matrix
of the host metal while electrons join the main body
of the d-band electrons. This is most remarkably
demonstrated by the paramagnetic susceptibility of
Pd. Pd is a strong paramagnetic metal due to elec-

tron holes in the 4d band. When Pd metal is load-
ed with hydrogen, the paramagnetism decreases
linearly with the concentration of hydrogen and this

metal hydride becomes diamagnetic at and above 60
at. % of hydrogen concentration.

The high concentrations of hydrogen in many
metal hydrides are interpreted as due to a coopera-
tive condensation of absorbed hydrogen from a gas-

like state to a liquidlike state. Lacher was the first

to formulate a statistical-mechanics theory of hydro-

gen absorption by palladium. The condensation of
hydrogen in metal hydrides is due to some kind of
attractive interaction between hydrogen atoms.
Lacher assumed this. interaction to be a nearest-

neighbor interaction, applied the Bragg-Williams
(the mean-field) approximation, and derived absorp-

tion isotherms. Lacher's theory predicted a critical
temperature below which there is a plateau (hor-

izontal) portion of the isotherm, indicating the con-

densation of protons from a gaslike phase to a
liquidlike phase. The theory explained qualitatively

the observed features of the absorption isotherms of
the Pd-H system.

One of the consequences of the mean-field ap-
proximation, as applied to hydrogen absorption, is

that the critical point of absorption occurs at 50
at. /o hydrogen concentration. Harasima et al.
pointed out that the observed critical concentration
of hydrogen is slightly lower than the 50 at. ~o

value, and furthermore that there is a marked iso-

tope effect in the shape of isotherms of heavy hydro-

gen by palladium. These features were theoretically

explained by taking into account the effects of
volume change of the metal matrix and the vibra-

tional degrees of freedom of the absorbed protons.
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FIG 1. Pressure-concentration diagrami ram for the Pd-H

system. Experimental data (Ref. 8).

Still more interesting features rp
'

of abso tion iso-

therms are found in the systems such as erbium-iron

hy ri eand 'd d iron-titanium hydride. These systems
us i.e.,show isotherms ah th t have two or more plateau,

the abso tion takes place in several steps. Kier-
stead formulated a multiplateau theory for the ab-

sorption isotherms in the ErFe2- . sys
mulation is based on the postulate that there are

1 es of absorption sites which have di erent
heats and entropies of absorption. e ac

ral t es of sites has been experimen-
tally confirmed also in iron-titanium hydride an
eveil in pal}adium.

man statisticalA type of error has been made in many s
e ori

'
al Lacher theory.formulations, including the origin

Thi
'

th problem of an incorrectt enumeration o
hhber of available sites for protons inthe num er o av

'

im ortantmetal. ince ital. S' it is a rather subtle yet an imp
takin thepro em, e ubl let us explain it clearly by taking e

exam le. All iso-pala ium- y1 d -h drogen system as an examp e.
e of res-therms w 'chi h have a plateau in the range o p

atomicsures shown in igF' 1 appear to approach the a
1concentration o a . o,f 60 at.go, after taking ofF sharp y

u wards. It is this concentration which, in mos
re arded as the satura-iheoretical formulations, is reg

tion concentration directly representing the total
b f absorption sites available for protons.num ero a

sake of definiteness let this concentrration be
called the incipient saturation concentra ion,
should be distinguished from the true saturation

the number of absorption sites is assumed to e

times the num er ob f Pd atoms in the metal. If one
looks at t e gener ph al rofile of absorption isotherms

1 sel however, one notices that all of themore c ose y,
isotherms converge to the 100-at. % concen r
1' 't t high pressures. This 100-at. % concentra-

be the true saturation concentratio .
therefore, more reasonable to assume t at e o

f h dro en sites is equal to the number of
Pd t s which is consistent with a crysta ograp-P atoms, w

'

ic consideration. The incipient saturation can e
garded as arising from the nonavailability of e ec-

1
'

th d band. The energy of antron energy leve s in e
extra e ectron inc1 t increases almost discontinuously as
soon as t e concenh entration exceeds the 60-at. %

um er oflue. A correct enumeration of the num er ova Uc. co
available sites for protons should be direc yctl reflect-

and similarly,ed in the calculation of the entropy, an
the know e ge o1 d f the band structure is reflected in

illthe incipient satura ion.t t on. Both of those features wi

be fully taken into account in this formulation.

II. THEORY OFF MULTIPLATEAU ISOTHERMS

For the sake of simplicity, let us work with the

case of a hydride showing only two plateau iso-

and E be the numbers of available

sites o pe af y e a and type b, respectively, an e
and Eb be their respective heats of absorp ion.
order to be able to deal with a cooperative absorp-
tion, we assume ae that protons interact with energies

d de ending upon the two protons
occupying the nearest-nei i bor a-a, b-, an a-

airs o sites wir
' 'th coordination numbers z„,zbb,

1 z is the number of b sitesaild z b, respective y. z,b

which are the nearest neighbors o an
ah~

a site. imi-

larly, zb, is de ine asf d the number of a sites which

are nearest neig ors o
'

hb f a b site. These numbers

satisfy an obvious relation

E~z,b
——Ebzb

Let us wor wi ek 'th th canonical-ensemble formu-
lation in whic t e oh h t tal number of absorbed hydro-
gen atoms is ixe an caf d d alculate the Helmholtz free

f th ntire lattice. Also, for simplicity, we
shall work with the mean-field approximation. n
this approximation, the entr pyo of the entire system
is expressed in terms od

'
t of occupation probabilities of

d' d 1 absorption sites, and statistics is app ieindivi ua a
dh dro ento absorption si esb t sites rather than to absorbe y r g

atoms. Each absorption site of type a has two
with robabilitiesstates, occupied and unoccupie, wi pr

g, and 1 —,. Similarly, the probabilities of the
two states of each of absorption sites of type b are
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where

Ea + Eb + Nabab~ah Qa Qb ~ (2.2a)

1 1 2
Ea = —NaEaqa + —,Napa' + —,Nazaau aaga

+ N, kT[r), lnrl, + (1 —i), )ln(1 —q, )]

(2.2b)

and

1 1 2
NbEb9b + 2Nb9bp+ 2NbZbbNbb9b

+ NbkT[gblni)b + (1 —i)b )ln(1 —ih )],

given by gb and 1 —gb. The total free energy of
the absorbed phase is given by

feet of the band structure will be discussed in Sec.
III. Equation (2.3) indicates that only the total
number of hydrogen atoms N is fixed, and protons
can occupy either type-a sites or type-b sites freely.

In order to find equilibrium distributions of pro-
tons over two sublattices, the free energy is minim-
ized with respect to the difference y = g, —gb for
a given value of N. By noting the relations

i), = N/(N, + Nb) + (i)o —gb)nb

(2.4)

gb ——N/(N, + Nb) —(il, —gb)n, ,

where

(2.2c)

and where 7 is the dissociation energy of hydrogen
molecule and T is the temperature. Occupation
probabilities g, and gb satisfy the following relation:

n, = N, /(N, + Nb),

nb
——Nb/(N, + Nb),

naNb nbNa ~

one finds

(2.5)

gaNa + gbNb ——N, (2.3)

i.e., the total number of hydrogen atoms is fixed to
be N. E, and Eb are the heats of absorption —at in-
finite dilution —of type-a site and type-b site, respec-
tively. E, and Eb are assumed to be constants as
long as the band-structure effect is ignored. The ef-

I

(2.6)

Minimization of the free energy with respect to y
yields the condition which determines the equilibri-
um value of y:

r)a(1 —ih)—Eg + Eb + (zggl8gg7)g —zbblDbb gy + web(z'gb'gb —zbg'gg ) + kT lil = 0 .
gb(1 —il, )

(2.7)

It is interesting to note that any one of the following three conditions would cause two plateaus to occur:

Ea W Eb zaawaa A zbbwbb~ zab +z~ (2.8)

The equilibrium condition of hydrogen inside the metal with the external gas is obtained by equating the
chemical potentials of hydrogen in the two phases. The chemical potential in the metal phase is

BE 1

aEa nbEb + 27 + naZaaaa9a + nbZbbNbb Qb + naZabNab Qb + nbZba Nab 9a'".T,y

+ Nn, kT ln + nbkT ln
Qa jb

ga 9b
(2.9)

The chemical potential in the gas phase (per hydrogen atom) is

p = —,[f( T) + kT inp], (2.10)

where the hydrogen gas is assumed to be an ideal gas and the function f(T) represents the contribution from
the rotational vibrational degrees of freedom and is a slowly varying function of the temperature.

Equating the two chemical potentials, one finds the equation for the isotherms:
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uz f(&
lry

rial + iibEb —g/2 lia~aaWaafja + rlbZbbMbb r)b (naZabr)b + iibZbarla )~ab

kT kT kT

98 9b+ n ln + nbln
1 —q, Ib

(2. 1 1)

As can be seen from Eq. (2.4), ga and rib are functions only of y for a given value of N. The y is found from

Eq. (2.7) by means of a commonly known library subroutine for the solution of a nonlinear equation. The y
found in this way is now introduced into Eq. (2.11) and the equilibrium pressure will be found.

If one makes simplifying assumptions

+a +b ~ aa bb ~ ~ ab ~ ~aa ~bb

Eqs. (2.7) and (2.11) reduce to

(2.12)

(8 + —,y)(1 —8 + —y)
+a + Eb zNQ + kTln

1(8 ——,y)(1 —8 ——,y)
(2.13a)

1„ in f(7')
1 p

where

2kT

(8 + , y)(8———,y)8+ —,ln, (1 —8 ——,y),kT (1 8+ —y)
(2.13b)

8 = N/(N, +Nb) . (2.13c)

If one makes a further simplifying assumption, E, = Eb ——E, one finds y = 0, and absorption isotherm is re-
duced to the Lacher equation:

in f(&
2kT

& —(X/2)
kT

ZN Q~—--8+in (2.14)

III. BAND-STRUCTURE EFFECT

As was mentioned in Sec. I, the incipient satura-
tion concentration is not directly proportional to the
number of available sites for protons in the host
metal. The incipient saturation can result from the
nonavailability of electronic energy levels in the d
band. The extra electrons beyond the incipient sa-

turation concentration must go into the higher s
band as indicated by the diamagnetism of palladium
containing more than 60 at. % hydrogen. Since the
level density of states in the s band is much smaller
than that inthe d band, the energy of the extra elec-
trons increases rapidly as the concentration of hy-
drogen increases beyond 60 at. %%uo, resultin g in a
larger chemical potential and hence higher external
pressure. This effect may be called the band-
structure effect, and it must be taken into account in
the formulation of hydrogen absorption. In the ori-
ginal Lacher theory, the incipient concentration is
interpreted as the true saturation concentration, i.e.,

I

the total number of absorption sites is assumed to be
60 at. %%uoof palladiu matoms . Fromcrystallograph-
ic structure considerations, it is more natural to as-
sume that the number of absorption sites is equal to
the number of metal atoms and consequently that
the number of absorption sites is equal to the
number of metal atoms and consequently that the
calculation of the entropy should be modified. Even
at the incipient saturation concentration of 60 at. %
protons still have a large configurational entropy.

Indeed, from the general profile of absorption iso-
therms of Pd, shown in Fig. 1, all of the isotherms
seem to approach the saturation concentration of
100 at. % at higher pressures, and hence it is more
reasonable to assume the number of available sites
for protons to be equal to the number of Pd atoms.
As a demonstration of the pertinence of the band-
structure eA'ect, a simple-minded formulation will be
presented as follows.

One may assume that the heat of absorption E
does not change appreciably until 60 at. % H on
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Pd is approached, and then it changes more rap-
1idly as the extra electrons climb up the energy-leve

ladder in the Ss band. This may be represented by
the following dependence of the heat of absorption
upon the absorption concentration:

1

exp[a(8 —A)]+ 1

—bE exp[P(O —8)], (3.1)

O.

Q)
0

where 8 is the absorption concentration and a, 3,
b,E, P and 8 are some parameters. A is the concen-
tration below which the heat of absorption does not
change appreciably, which one may choose to be
0.6. B is the concentration above which E changes
more rapidly. In Fig. 2, the following values of the
parameters are used in the otherwise simple Lacher
equation (2.14):

O
0

O

0

n = 20.0, AE = 0.10, (3.2)

P = 10.0, A = 8 = 0.6,

An overall agreement of the theoretical prediction
with the experimental data is remarkable in spite of
the crudeness of the underlying mean-field approxi-
mation. The preceding formulation strongly sug-
gests that the knowledge of the combined s-d
band structure is essential for the understanding of
hydrogen-absorption characteristics.

IV. DOUBLE-PLATEAU ISOTHERMS ARISING
FROM THE BAND-STRUCTURE EFFECT

002 0-4 0.6
[H]/[Pd]

08 1.0

FIG 2. Pressure-concentration diagram for the Pd-H
system. Theoretical curves with Eqs. (2.14), (3.1), and
(3.2).

in Fig. 3, which are reminiscent of the FeTi-H sys-
tem, shown in Fig. 4. ' Since none of the experi-
mental isotherms of the FeTi-H system has a second

In view of a rather remarkable consequence of
the band-structure effect upon the topology of the
absorption isotherms in the Pd-H system, one is en-
couraged to investigate a further implication of the
same effect upon a double-plateau isotherm. Since
the structure of the d band of transition metals is
very complicated, especially when two transition
metals are alloyed, as in Fe-Ti, the d band may
have two or more humps. In order to demonstrate
the consequencs of the d-band structure having two
humps, let us consider a system characterized by
the same set of parameters as (3.2) except that

3 = 0.6, B = 0.9 . (4.1)

This is the case of a d band which has two humps,
the first hump ending at the electron concentration
of 0.6,and the second hump extending up to about
0.9, and then the energy increasing rapidly as elec-
trons start filling the s band. The absorption iso-
therms for this system show two plateaus as shown

Oi2 liO

I

O4 08 Oi8 i&2

[H] /([Fe]+[Ti]}
FIG 3. Pressure-concentration diagram for the FeTi-

H system. Theoretical curves with Eqs. (2.14), (3.1), aud
(4.1).
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I I I ties of experimental isotherms are reasonably well

reproduced by the theoretical formula.

V. CONCLUSION
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plateau, all the temperatures of those isotherms
seem to be higher than the critical 'temperature for
the second plateau, but the topological characteris-
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FIG 4. Pressure-concentration diagram for the FeTi-
H system. Experimental data (Ref. 1).

A mean-field-approximation theory of hydrogen-

absorption isotherms in metal hydrides is presented.
The theory is first applied to multiplateau isotherms,
arising from the multiple sublattice structure of the

proton absorption sites, and a correct statistical for-

mulation of equilibrium isotherms is developed. It
is seen that the d-band structure of the host metal is

reflected, in a rather crucial way, in the profile of
hydrogen isotherms in Pd. This is demonstrated by
means of a simple model of the d-band structure.
An overall agreement of the theoretical prediction
with the experimental data for the Pd-H system is

rather remarkable. A possible explanation of
double-plateau isotherms of FeTi-H systems is sug-

gested. In view of the crudeness of the underlying
mean-field approximation employed in this formula-

tion, no serious attempt is made in determining the

material constants of the host metal. Delineation of
the d-band structure of transition-metal alloys, such
as Fe-Ti, by means of a careful analysis of hydrogen
absorption isotherms would be an interesting subject
for further investigations.
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