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We have used an importance-sampling Monte Carlo technique to study the Baxter-Wu model
with various fractions of the lattice sites occupied by random, quenched, nonmagnetic, site im-

purities. We found the system had long-time fluctuations which were caused by the creation
and motion of domain boundaries. For this reason our study required the use of a large

number of Monte Carlo steps per spin. The data were analyzed using finite-size scaling to ex-
tract the infinite-lattice critical exponents and critical amplitudes from the Monte Carlo simula-

tion of finite lattices. This analysis of the data for the pure Baxter-Wu model yielded results
which agreed well with exact results and series-expansion predictions. The addition of quenched
site impurities caused a dramatic change in the critical behavior. The pure-lattice critical ex-

2 2
ponents (v =- 3, 0 = —,y =1.17) change upon the addition of only a few percent impurities to

v =1.00+ 0.07, n (0.0„and y~ =1.95+ 0.08. The phase diagram as a function of impurity con-

centration and an estimate for the infinite-lattice percolation limit are also given.

I. INTRODUCTION

The effects of impurities on the critical behavior of
simple magnetic models are not only of great intrinsic
interest but also provide a bridge which spans the gap
between theoretical and physical systems. We now
know that the modification of the critical behavior
owing to the addition of impurities depends on the
type of impurity. The critical behavior of systems
with annealed (mobile) impurities is related to the
corresponding pure-lattice properties through a set of
renormalized critical exponents. " The more in-

teresting and more difficult question of the effects
which quenched (fixed) impurities have on the criti-
cal behavior of systems has been studied by various
methods on several types of models. Exact work' on
a rectangular Ising model with various types of
quenched, periodic point defects proved that the criti-
cal temperature, but not the critical exponents,
depended on the impurity concentration. McCoy and
Wu showed4 that, for an Ising square lattice with uni-
form bonds in one direction and quenched, random
bonds in the remaining direction, the transition is
smeared out. Series-expansion studies on systems
with random, quenched impurities gave estimates'
for the dependence of T, on the impurity concentra-
tion but were not able to estimate the critical ex-
ponents accurately enough to determine if they
depend upon the impurity concentration. Using gen-
eral arguments, Harris suggested' that when random,
quenched impurities are added to a system with a

negative specific heat exponent o., the critical tem-
perature but not the critical behavior will change. If
n is positive, however, Harris predicted new critical
behavior might occur but only within a critical region

of temperature about T, (x) on the order of x'~

where x is the fraction of quenched nonmagnetic im-

purities present. Renormalization-group theory has
been used to study an m-component continuous-spin
model with random, quenched impurities' ' and has
shown that if the original system has a positive o. a
new "random" fixed point is stable. The critical ex-
ponents may then change, but, since e-expansion
results are available only to O(e), it is unclear how
reliable the exponent estimates are. A real-space
renormalization-group method using a Migdal-
Kadanoff approximate recursion relation has been
used" to study the bond-dilute two-dimensional (2D)
Ising model and gives a phase diagram in quantitative
agreement with known results. However, when ap-
plied to the pure Ising model, the critical exponents
obtained by this method vary substantially from the
exact exponents. Monte Carlo simulations for two-
dimensional Ising models'6 "with quenched site im-

purities have found no evidence for changes in criti-
cal behavior. However, since 0. =0 for these models,
it is unclear if any change should be expected.
Monte Carlo studies of the simple cubic Ising model'
(u =0.12) have also not observed any change in the
critical exponents with the addition of quenched site
impurities. However for this model the predicted
width of the "impure critical region" is probably too
small to be observable for lattice sizes amenable to
study by Monte Carlo techniques. For example, if
x =0.2 then x' —10 . We have chosen to study
the effects of quenched impurities on the Baxter-
Wu' model for which o. = —, since the "impure criti-

cal region" should be. observable using Monte Carlo
methods; if x =0.2 then x' —0.1.

We have previously described preliminary results
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for the site-impure Baxter-Wu model. " In Sec. II we
will describe the details of our simulations and shall
present the results in Sec. III. In Sec. IV we shall
analyze the critical behavior obtained for a wide
range of temperatures and impurity concentrations.
Section V will summarize our conclusions.

II. MODEL AND METHOD

A. Baxter-Wu model

The Baxter-Wu model is a simple Ising model
with three-body interactions. It is defined on a tri-
angular lattice with the Hamiltonian given by

X = J x (T(O Jok'

where cr; = +I and the sum is over all triangles made
up of nearest-neighbor spins on the lattice. In the
absence of an external field the ground state of this
model is fourfold degenerate. The triangular lattice
can be broken into three interpenetrating sublattices,
and the single ferromagnetic ground state has all

spins up while the three ferrimagnetic ground states
have the spins on one sublattice up and the spins on
the other two sublattices down (see Fig. 1). An exact
solution by Baxter and Wu' for the pure system
(where the fraction of lattice sites occupied by non-
magnetic impurities is x =0) gives the critical tem-
perature kT, (0)/J =2/ln(%2+1) =2.2692 and the
critical exponents n = o.'= v = v'= —'. Series-3'
expansion results give the magnetic susceptibility

FIG. 1. (a) Shows one of the ferrimagnetic ground states
of the Baxter-Wu model. The light dotted line indicates one
of the three triangular sublattices of the original triangular
lattice. (b) Shows the spin arrangements on a given
nearest-neighbor triangle for the ferromagnetic ground state
and the three different ferrimagnetic ground states of the
Baxter-Wu model.

yM =1.17, ' and a conjecture for the spontaneous
magnetization M gives ISM = —„.

The Baxter-Wu model has two order parameters.
The magnetic order parameter m is related to the
spontaneous magnetization M of the infinite system
at temperatures below T,. A second order parameter
p is related to the spontaneous polarization' P of the
infinite lattice Baxter-Wu model. The polarization
can be regarded as the response of dipoles formed by
adjacent pairs of spins to an applied electric field. A
study of the low-temperature series expansion has led
to a conjecture" for P that gives the critical exponent
for the polarization Pp= —„.The conjectures for the

two order parameters predict" that the critical ampli-
tudes should have the ratio BM/Bp =3/2 J2 = 1.06.
We shall be interested in determining if our Monte
Carlo studies of the pure Baxter-Wu model are in
agreement with the series-expansion conjectures, as
well as determining the effects of the quenched, ran-
dom site impurities on the critical exponents and crit-
ical amplitudes.

Real-space renormalization-group methods
have2" ' also been used to study the pure Baxter-Wu
model, and the critical eigenvalues obtained give crit-
ical exponents consistent with series-expansion and
exact results. These studies also give evidence for a
third relevant eigenvalue which Barber has shown' is

required from corrections to the asymptotic power-
law behavior. The Baxter-Wu model is expected to
be in the same universality class as the four-state
Potts model. Ho~ever a Monte Carlo renormaliza-
tion-group study of the four-state Potts model exhi-
bited slow convergence to the fixed point, which
was interpreted as evidence for a logarithmic correc-
tion to scaling, while a similar study of the pure
Baxter-W'u model displayed" no evidence of loga-
rithmic corrections, in agreement with the exact
results.

We used an importance-sampling Monte Carlo
method which has been described elsewhere " to
study the Baxter-Wu model on L x L triangular lat-
tices with periodic boundary conditions. The lattices
used ranged from L =6 to 66 and were chosen so all
four ground states of the infinite lattice would fit on
the finite lattice without the presence of a misfit
seam when periodic boundary conditions were ap-
plied. Both a magnetic and a polarization order
parameter were included in our study. We defined
the magnetic order parameter m as the rms average
of the magnetization on the three sublattices. The
polarization order parameter p was defined as the rms
average of the two-spin correlation functions for
nearest-neighbor spins between different sublattices.
The rms average rather than the average of the abso-
lute values of the sublattice magnetizations was used
because the susceptibilities calculated using the rms
average gave results that were in closer agreement
with high- and low-temperature series-expansion
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results. This was attributed to the lack of cross terms
caused by the averaging procedure when the expecta-
tion value of the square of the order parameter
(which is required for the susceptibility) is calculated.
These cross terms decrease in importance as L and T
increase. The critical exponents calculated using
finite-size scaling for either definition are compatible;
however, for a given lattice size finite-size scaling is
satisfied further from T, for susceptibilities calculated
from rms averages than those from the average of
the absolute values of the sublattice magnetization.

Since o. is large for the Baxter-Wu model, the
fluctuation-dissipation relations require the thermal
fluctuations near T, to be large. Since these fluctua-
tions were found to have a very low frequency, the
thermal average of the square of the total internal en-
ergy (E') had to be averaged over a number of ini-

tial spin configurations for each distribution of
quenched impurities. This average for different start-
ing spin configurations had to be performed before
the specific heat C/R = ( (E') —(E)')/T' was calcu-
lated in order to obtain an adequate sample of phase
space. Our calculations included at least 8000 MCS
(Monte Carlo spin-flip trials per spin) for at least
four different starting spin configurations.

The fraction of random, quenched, nonmagnetic
site impurities ranged from x =0.0 to 0.444 and was
chosen to give an integral number of impurities on all
lattice sizes studied. For the impure systems the
thermal quantities of interest were calculated for each
distribution of quenched site impurities and then
averaged over at least four different distributions.
Near T,(x) the values of some thermal quantities
varied substantially for each quenched distribution,
so we included up to ten different impurity distribu-
tions in the configurational averages.

tems with periodic boundary conditions

m =L ~ "Xo(y (3a)

P =L v Xvo(y)

x T = L 't" Yo( y)

C —b =L t" Z (y)

(3b)

(3c)

(3d)

Here y = L' " t and b is the nonsingular term of the
specific heat. For large y with L ~ and t ((1
Eqs. (4a) —(4d) must asymptotically reproduce the
infinite-lattice critical behavior. Hence in this limit

Xo(y) =B y

X~o(y) =Bvy vPp

Y'(y) =C~y ',
Zo(y) A ~y —a

(4a)

(4b)

(4c)

(4d)

X'(y) =B'y

Xvo ( y) = B~' y v (Sb)

Finite-size scaling can also give the exponent o. by

using the relation that the maximum specific heat as
L ~ must scale as

C,„/R —L t" + b (6)

where b is the nonsingular term in the specific heat.
If o, ~0 then b should be important only for small L.

where B, B~, C —,and 3 —are the critical ampli-
tudes. Also for T ) T,(~) the finite-size tails of the
order parameters must scale as

B. Finite-size scaling theory

In order to extract the critical exponents and ampli-

tudes from the data, we have used finite-size scaling

theory. ' " According to this theory the free ener-

gy of an L & L lattice is given by the scaling ansatz

F (L, T) = L ~r'(L't )

where P = (2 —a)/v, t = ~1
—T/T, (~) ~, T,(~) is

the infinite-lattice transition temperature, and 5 is a

scaling function involving the scaled variable y = L~t.

The scaling of the correlation length g = (ot " sug-

gests 9=1/v. The scaling of the free energy leads to
similar relations for the order parameters m and p,
their susceptibilities X, and the specific heat C of sys-

C. Percolation

For the Baxter-Wu model with random, quenched
site impurities we have also determined the impurity
concentration x, above which the infinite lattice has
no infinite cluster (and hence cannot possess long-

range order for any infinite temperature). This per-
colation limit was found by randomly distributing a

certain fraction of spins on various lattice sizes rang-

ing from L =30 to 180 for 40 different distributions.
For a model with two-body interactions (e.g. , the Is-

ing model) a cluster is composed of those spins that
are connected by a sequence of bonds (lines) that
join two nearest-neighbor (NN) spins. For the
Baxter-Wu model a cluster consists of those spins
that are connected by a sequence of three-body bonds
(triangles) that join three spins which are all NN.
Hence if two NN spins have no spins which are NN

to both they must belong to the same cluster in an

Ising model but may not belong to the same cluster
in the Baxter-Wu model. The largest cluster for each
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FIG. 2, Sample lattices used in the determination of the percolation limit with L =42 and x =0,315. The spins belonging to
the largest cluster (~) and to other clusters (+) are displayed while impurities are left blank. The lattices have the largest clus-
ter: (a) not close to spanning the lattice; (b) close but not quite spanning the lattice in any direction; (c) spanning in one direc-
tion only; and (d) spanning in two directions. The disjoint border sections indicate the periodic boundary conditions by showing
the next three rows of spins to the left and at the bottom of the lattice. These rows are copied from the right and top of the lat-

tice, respectively,

distribution was then found using a cluster multiple
labeling technique, "and the entire lattice was plot-
ted. By examining the largest cluster of the lattices,
we determined whether the largest cluster spanned
the lattice in zero, one, or two directions (see Fig. 2).
(That is, we determined whether the largest cluster
was topologically similar to a point, a circle, or a
torus. ) The infinite-lattice percolation limit

p, =1 —x, was then determined by extrapolating the
concentration of impurities needed to provide a "crit-
ical cluster" (one that spanned the lattice) half the

-1/v
time as a function of L ~ where v~ is the critical
exponent in percolation that describes the divergence

of the connectivity length g(x) ~ ~x —x,
~

~. In two

dimensions vp 1 ~ 35 ~ The extrapolations were per-
formed both with and without the clusters that
spanned the lattice in only one direction being en-
cornpassed by the definition of a "critical cluster. "
The percolation limit could be more accurately deter-
mined using finite-size scaling for various cluster
sizes, but this would require the use of lattices hav-

ing about two orders of magnitude more lattice sites"
than used in our study.

III. RESULTS

A. Thermal properties

In order to obtain good quality data, it was neces-
sary to use a large number of MCS for a number of

different starting configurations for each temperature,
lattice size, and impurity distribution. This was not
only because the thermal fluctuations were large (n is

large) but also because the time scale for such fluc-
tuations was long. These low-frequency fluctuations
are evident in Fig. 3 which shows the internal energy
as a function of time for a single starting configura-
tion. From a comparison of the upper and lower por-
tions of Fig. 3 we see that the low-frequency fluctua-
tions are due to the motion and growth of domain
boundaries. Similar low-frequency fluctuations were
also observed in the simulation when random,
quenched, site impurities were added to the system.
In fact, the impurities tended to "pin" the boundary
between various domains making the fluctuations
due to the movement of domains extremely long. If
we looked at only the first 2000 MCS in Fig. 3 it ap-

peared that the system was in a metastable state.
(2500 MCS were thrown away in order for the sys-
tem to reach thermal equilibrium from a ferromag-
netic ground state before the start of the internal en-
ergy plot in Fig. 3.) This would normally indicate a
first-order transition. However, looking at the entire
number of MCS it is apparent that the system has
very large fluctuations at both high and low frequen-
cies and hence the behavior is indeed characteristic
of a second-order transition. (For the pure lattice it
is known exactly that the transition is second or-
der. )

The internal energy as a function of temperature is
shown in Fig. 4 for various lattice sizes and. impurity
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FIG. 3. Internal energy as a function of MCS is shown for a single starting configuration on a pure (x =0) 48 x 48 lattice at
kT/J =2.2775. The arrows indicate the points where the spin configuration is shown. Up spins are indicated by ~ and down
spins by blanks. The disjoint border sections indicate the periodic boundary conditions by showing the next three rows of spins
to the right and at the bottom of the lattice. These rows are copied from the top and right of the lattice, respectively.
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FIG. 4. The internal energy is plotted as a function of temperature for various impurity concentrations and lattice sizes. The
arrow indicates the pure lattice critical temperature while the solid line is the exact internal energy for the pure lattice from Ref.
20.
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concentrations. Note that these data as well as those
in the following figures are plotted per lattice site and
not per magnetic site. As the impurity concentration
increases the inflection points (which correspond to
the maximum in the specific heat) shift to lower tem-
peratures and the ground-state internal energy ap-
proaches zero. The finite-size effects are important
only near T,(x) and are clearly much more pro-
nounced near x =0 than for the impure systems.
Note that x =0.444 is below the percolation limit and
hence no transition can occur.

Figure 5 shows the specific heat as a function of
temperature for various lattice sizes and impurity
concentrations. For the pure lattice the specific heat
maximum increases with the lattice size. Also as L
increases the width of the specific heat decreases and
its position shifts down toward the L = ~ transition
temperature. The effects of the addition of random,
quenched, site impurities are very striking. The
height of the specific heat peak is now virtually in-

dependent of L for the larger lattice sizes. Also the
width and position of the specific heat maximum for
a given impurity concentration is independent of L
within the errors of the data. Note that as the impur-
ity concentration increases the height of the specific
heat peak decreases, its width increases, and the tem-
perature at which the specific heat peak has its max-
imum decreases.

The phase diagram for the impure Baxter-%u
model, found assuming the specific heat maxima in-

dicate the critical temperatures, is shown in Fig. 6.
Note that T, (x)/T, (x =0) decreases more rapidly as
x increases for the Baxter-Wu model than for the
standard two-dimensional Ising model. Whether the
specific heat maxima give the true critical tempera-
ture will be discussed in Sec. IV B.

B. Order-parameter properties

The behavior of both the magnetic and polarization
order parameters are shown in Fig. 7 for several im-

purity concentrations. Both order parameters in all

cases show a rapid decrease near the maxima of the
specific heat peak, and finite-size "tails" at higher
temperatures. Owing to our normalization, at low
temperatures the magnetic order parameter m tends
to 1 —x rather than to unity. The value to which the
polarization order parameter p tends as T 0
depends on the particular quenched distribution since
the number of nearest-neighbor spins varies for dif-
ferent distributions. For large L (or averaging over
enough distributions) as T 0 p tends toward
(1 —x)' since the probability that both spins of a
nearest-neighbor pair are present is the square of the
probability that a given spin is present. The data in-

20.0— L

12 ~
18
48 0
66

x=0,0

C/R

10.0—
x= 0.028

0.0
1.5 2.0

kT/ J

2.5

FIG 5 The specific heat is plotted as a function of temperature for various lattice sizes and impurity concentrations. The ar-

row indicates the pure lattice critical temperature and the heavy line the exact specific heat for the pure lattice from Ref. 20.
The light lines are to be used as guides for the eye.
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Figure 8 shows the zero-field susceptibilities for
the two order parameters for various lattice sizes and
impurity concentrations. The susceptibilities obtained
for the pure model compare favorably for tempera-.
tures far from T,(~) with low-temperature" "and
high-temperature ' series expansions. For x =0 the
maximum value of the susceptibility increases
markedly as L increases, while the width of the max-
imum decreases and the temperature at which the
maximum occurs shifts down toward the infinite-
lattice transition temperature. The effect of the
quenched impurities for a given lattice size is to de-
crease the maximum height, increase the width, and
lower the temperature at which the maximum occurs,

FIG. 6, Dependence of T, on the purity concentration

p = I —x. The open circles are Monte Carlo results and the
closed circle is our percolation estimate. The solid curve is

for the triangular Ising model (Refs. 16—18) for which

p, =O.S exac~~y (Rer. 36).

dicate that for all values of x (if the same normaliza-
tion for m and p were used) near T,(x) the magnetic
order parameter m is slightly larger than the polariza-
tion order parameter. If P„=P~ this suggests that
the critical amplitudes satisfy B & B~. Our data for
x =0 follow the conjectured" "exact results" ob-
tained from the study of low-temperature series
which give B /B~ =3j242.

IV. ANALYSIS AND DISCUSSION

A. Pure-model critical behavior

Figure 9 shows a finite-size scaling plot for the
pure lattice specific heat using the exact values' of
T„n, v, and b with no adjustable parameters. This
graph shows that finite-size scaling is applicable to
the Baxter-Wu model and gives the form of Z'(y) in
Eq. (3d). Note that Zo(y) is not a symmetric func-
tion of y and for T ) T, approaches the asymptotic
region only for very large values of y. Figure 10
shows the finite-size scaling plots for the two order
parameters using the exact values for v and T, and

P =P~= —, . The critical amplitudes for the order

parameters from the finite-size scaling plots are
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values of T„n, v, and b. The heavy line is the exact asymptotic form from Ref. 20. The light lines are to be used as guides

for the eye.

B =B~ =1.2 +0.1. Figure 11 shows the finite size
scaling plots for the reduced zero field susceptibility
for both order parameters when T ) T„ the plot uses
the exact values of T, and v together with the low-

temperature series estimate (with y = y') of
yp 1 ~ 17. The scaling parameter used is L '~"&'

where t'=1 —T,/T. A similar plot for data with

T & T, was consistent with the low-temperature
series" estimates of y

' = y~ = 1.17. Since p = p~
one expects from scaling relations that y

' = y~, and
the data confirm this. Because the scaling function
Yo(y) approaches the asymptotic limit only for large y
(and large L) the critical amplitudes could not be

determined very precisely: C =0.01+0.005,
C+=0.03+0.02 and C~ =0.04+0.02, C~+ =0.06
+ 0.03. Note the asymptotic form for all scaling
functions was reached only for y & 10 in contrast to
the 2D and 30 Ising model studies where the asymp-
totic limits were reached for y & 2.

B. Percolation limit

The extrapolation of the percolation data to obtain
the infinite-lattice percolation limit is shown in Fig.
12. The value obtained for the percolation limit is

p, = 1 —x, =0.71(+0.02, —0.01) and is independent
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FIG. 10. Finite-size scaling plots for the two order parameters of the pure lattice using the exact values of v and T, and

~m Pp
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of whether or not clusters that spanned the lattice in

only one direction were counted as "critical clusters, "
The upper bound on our percolation estimate as-
sumes that the lattices studied were of sufficient size
that a straight line fit through the data would extra-
polate to the infinite-lattice percolation limit. A re-
cent study' has been done of the Baxter-Wu model
with annealed bond impurities by mapping it onto the
pure Baxter-Wu model. This study assumed that the
ratio of p, for annealed bond impurities and p, for
quenched site impurities is a function only of the lat-
tice not of the spin Hamiltonian. Using this to com-
pare the Baxter-Wu model and the triangular Ising
model they predicted p, —0,71 for the Baxter-Wu
model with quenched site impurities.

heat it must be located within our error estimates for
the specific heat maxima. This provides the justifica-
tion for using the specific heat maxima to locate the
critical temperature as a function of impurity concen-
tration as was done in the phase diagram shown in
Fig. 6.

The dramatic change in the specific heat with the
addition of quenched site impurities is demonstrated
in the finite-size scaling plot for the maximum specif-
ic heat in Fig. 13. For the pure Baxter-%u model
(x =0) all points with L ~18 fall on a line with
slope a/v =1.0; if the exact'0 nondivergent part of
the specific heat b = 2( J/k—T,)' =0.388 had been
subtracted from the specific heat maximum the
points for L =6 and 12 of the pure lattice would also
lie on the line in the figure. Figure 13 indicates that
the addition of impurities changes the ratio of n/v
from unity to close to zero! Hence o. &0 for all im-
purity concentrations studies from x =0.027 to the
percolation limit. Note the smaller the impurity con-
centration x the larger the lattice one must simulate
to find the "impure" ratio n/v =0. This indicates
that for a finite lattice the true asymptotic behavior is
observed only when its specific heat maximum is
within some "impure critical region" around the
infinite-lattice transition temperature. This is con-
sistent with the prediction' that the width of the "im-
pure critical region" increases with the impurity con-
centration. Very detailed data were obtained for
x =0.111 for which the modified behavior occurs
over a wide range of lattice sizes. The crossover in
critical exponents with the addition of quenched im-
purities is also clearly observed in other exponents as
shown in Fig. 14. The figure shows two finite-size

C. Impure-model critical behavior

Determining the critical temperature T, (x) for an
impure system is nontrivial. Real-space renormaliza-
tion-group studies'5 of bond-impure models as well q
experimental results on physical systems" suggest
that the specific heat anomaly associated with long-
range order may become a very narrow cusp superim-
posed on the low-temperature shoulder of a broad
peak produced by short-range order. Figure 7 shows
that both order parameters exhibit a rapid decrease in
magnitude near where the specific heat peak maxima
occur. Figure 8 demonstrates that both susceptibili-
ties have a maximum where the corresponding max-
imum of the specific heat peak occur. In addition
finite-size scaling plots using the critical temperature
given by the specific heat maximum show the data
for the two order parameters and their corresponding
susceptibilities scale very well. This evidence implies
that if there is a cusp in the infinite-lattice specific

IO—

Cmax
Nk

3
I

6 IO 30 60

FIG. 13. Maximum specific heat as a function of lattice
size is plotted for x =0.0 (0), x =0.028(A), x =0.056(x),
and x =0.111(o). The line drawn through the pure model
data has a slope equal to 0./p =1.0.
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scaling plots for the zero-field magnetic susceptibility
using kT, /J =1.6 (obtained from the specific heat
maximum). Using the pure lattice critical exponents
(v= —, , y =1.17) we found that the data did not

scale as Fig. 14(a) demonstrates. Figure 14(b) shows
that the data scale well using v =1.0 and y =1.95.
Thus a dramatic change in y is caused by the addi-
tion of the quenched impurities. Using v =1.0 and

y~ =1.95 gives a good scaling plot for the zero-field
polarization susceptibility. Scaling plots for the data
with T ( T, gave critical exponents consistent with
the values obtained for the data with T & T, .

For the magnetic and polarization order parameters
the data for x =0.111 scaled well using kT, /J =1.6
with v=1.0 and P =P~=0.12. However because of
the small vaiues of p the error estimates for p and

Pv for x =0.111 were large and encompass the pure
model values. To be able to clearly show any cross-
over in the order-parameter critical exponents one

would have to study very large lattices near T, and an
extremely large number of MCS would be needed.

V. SUMMARY AND CONCLUSIONS

The results of our Monte Carlo study describe the
behavior of the pure Baxter-u model and the
Baxter-Wu model with random, quenched, nonmag-
netic, site impurities. The alteration of the critical
exponents with the addition of quenched site impuri-
ties is very pronounced. This modified critical
behavior with the addition of quenched impurities
could only be seen within some "impure critical re-
gion" around the critical temperature. This region
increases in size as the impurity concentration is in-
creased in a manner consistent with the prediction by
Harris. ' Upon the addition of the quenched impuri-
ties n changes from the pure lattice value of —, to
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0.0+0.2 while v changes from —, to 1.00+0.07. The

susceptibility exponents for the spontaneous magneti-
zation and spontaneous polarization change from the
pure value of y =y~=1.17 to y =y~=1.95
+ 0.08. No change in the critical exponents P and

P~ could be detected for the lattice sizes studied. The
observed crossover in the critical exponents substan-
tiates the conjecture by Harris' of the effect random,
quenched impurities have on a system with o. & 0.
The inability to observe such crossover of the critical
exponents in previous Monte Carlo studies' for the
simple cubic Ising model (n = —) can be attributed

to the required use of extremely large lattices in or-
der to penetrate the "impure critical region. " The
maximum specific heat as a function of impurity con-
centration is shown in Fig. 15. Harris has predicted
that C,„/R —I/x for small x, and the data are con-
sistent with this hypothesis.

The exponents for both the pure and the impure
Baxter-%u model obey scaling, hyperscaling, 40 and
Suzuki weak universality ' within the error estimates.
The impure critical exponents appear to have the
same value for all impurity concentrations studied
from x =0.028 to 0.222. This suggests that the addi-
tion of quenched impurities causes the Baxter-%u
fixed point to become unstable and another fixed
point to become stable. From this study we cannot
determine whether the new stable fixed point is the
fixed point associated with the pure 2D Ising model
or an "impure fixed point. " Renormalization-group
work using e expansions ' suggest that the stable
fixed point is an "impure fixed point. " A recent
Monte Carlo renormalization-group study" of the
Baxter-%u "impure fixed point" has suggested that
Suzuki weak universality may not hold for the critical
exponent 8 of the impure system. It is not obvious
that Suzuki weak universality should be rigorously sa-

10.0—

I.O-

C max
Nk

O. I-

0.0 I

0.01 O. I I.Q

tisfied for all models since Baxter ' has recently ob-
tained an exact solution to a two-dimensional model
that violates Suzuki weak universality. If Suzuki
weak universality does not hold for the impure
Baxter-Wu model then the new stable fixed point
must be an "impure fixed point. "
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FIG. 15. The maximum specific heat as a function of im-
purity concentration is plotted. The arrow shows the per-
colation limit. The line has a slope equal to —1 ~
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