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Electron drift velocity and diffusivity in germanium
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Experimental results for electron drift velocity and diffusivity in germanium, obtained with

the time-of-flight technique in hyperpure material, are presented for temperatures between 8

and 240 K and fields between 1 and 10 'V/cm oriented along (111) and (100) directions. An

anisotropy of the drift velocity and of the diffusion coefficient is found with the electric field ap-

plied along (111) and (100) directions, the latter due to the intervalley diffusion. The effect of
the electron-electron interaction in the anisotropy properties has also been investigated.
Theoretical Monte Carlo calculations have been performed with a model which includes lower,

(111),nonparabolic bands as well as upper bands at the center of' the Brittouin zone and along
the (100) directions. Acoustic scattering with proper energy relaxation, optical scattering, and

intervalley scattering between equivalent and nonequivalent valleys has been taken into ac-

count. Besides drift velocities and diffusion coefficients, other quantities such as mean electron
energy, electron distribution function, and valley repopulation have been obtained from the
Monte Carlo simulation.

I. INTRODUCTION

This is the fourth paper of a series of four which

present experimental and theoretical investigations on
transport properties of charge carriers in silicon and
germanium. ' ' The purpose of this paper is to
describe a detailed analysis of drift velocity and dif-
fusivity of electrons in germanium. Like the three
previous papers, this investigation is intended to be
as extensive and detailed as is possible at the present
time.

On the experimental side, we have used the purest
available crystals and the time-of-flight technique,
which is one of the most reliable experimental tech-
niques for high-resistivity materials. %e tried to ex-
tend as much as possible the range of temperatures
and field strength investigated.

On the theoretical side, we have used the Monte
Carlo technique with a physical model which includes
most of the known features of the band structure and
the scattering mechanisms of electrons in germani-
um. In particular, besides the lowest (111) valleys,
the upper valleys, at the I' point and along the (100)
directions have been included, as well as nonparaboli-
city of the lowest valleys. It was thus possible to esti-
mate how much nonparabolicity and upper valleys
contribute, in the present model, to the negative dif-
ferential mobility (NDM) of electrons at low tem-
peratures and high fields. The relative importance- of
these two causes is one of the points which have
aroused most interest in the literature. 4' The effect
of electron-electron interaction on the valley repopu-
lation is also analyzed.

Finally, the diffusion of electrons along the direc-

tion of the field is investigated both experimentally
and theoretically. An anisotropy of the diffusion
coefficient is found with the electric field, E, applied
along (111) and (100) directions which is due to in-

tervalley diffusion.
Section II contains a description of' the experimen-

tal results with only a few comments on the experi-
mental technique, already described in previous pa-
pers, ' "' and on the samples used. In Sec. III the
theoretical model and the Monte Carlo technique are
described. Section IV contains a comparison and a

discussion of experimental and theoretical results; in

this section all ancillary results obtained by Monte
Carlo simulation (as mean energies, energy relaxation
times, valley repopulations, electron distribution
functions, and relative efficiencies of the different
scattering mechanisms) are shown to give a complete
picture of the transport process, Some conclusive re-
marks are presented in Sec. V. The Appendix con-
tains mathematical details of the treatment of acous-
tic scattering in nonparabolic bands used in the
Monte Carlo program.

In order to give a unitary and compaete picture of
electron transport properties in germanium, some
results previously disclosed in short publications, 8

have been included in the present paper.

II. EXPERIMENTAL TECHNIQUE AND RESULTS

A. Time-of-flight technique and samples

The time-of-flight technique' ' ' is based on the
analysis of the current pulse due to charge carriers
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created by a suitable ionizing radiation and traveling,
under the influence of an applied electric field, across
a sample of known thickness K Since this topic has
been treated in several papers, we recall here only its
principal features.

In the experiment a sheet of electron-hole pairs is
created near the negative contact of the sample by a
short burst (=70—100 ps) of 25-keV electrons
whose range R is much shorter (~2.5 pm) than the
sample thickness. The pair density can be changed
by changing the current of the primary electrons.
Electrons and holes are separated by the applied elec-
tric field, and the electrons drift across the sample to-
ward the opposite contact. This propagation of the
electron charge layer gives rise to a transient current
which is used to measure the transit time TR and to
obtain the drift velocity u,r

= 8'/TR. The broadening
of the electron layer crossing. the sample due to the
longitudinal diffusion, produces a fall time ~~ of the
current pulse longer than the rise time ~~. The lon-
gitudinal diffusion coefficient can be obtained by
means of the equation'

(TF TR)ural

21.6 W

where vF and ~~ are defined between 0.05 and 0.95
of the pulse height. The advantages of the time-of-
flight technique for measuring vd and DI for high-
resistivity high-purity semiconductors in wide ranges
of electric fields and temperatures, and the validity of
Eq. (1) have been discussed in several papers. 7 s 'a t~

The samples used in these experiments were
n+-i -p+ diodes made of high-purity germanium
supplied by General Electric and Lawrence Berkeley
Laboratory. The n+ and p+ contacts were formed by
solid-phase epitaxy at 350'C, using Al and Sb,

respectively. " The low temperature involved in such
a process prevents contamination of the material.
Several samples were obtained from the same ingot,
cut perpendicular to the crystallographic axes (111)
and (100) with an accuracy of +1'. The sample
thicknesses varied from 220 to 790 p, m and had a
useful area of about 10 mm' approximately at the
ceriter of 1-cm' disks. Their characteristics are re-
ported in Table I of Ref. 3.

A detailed analysis of the experimental errors has
been reported in Refs, 1 —3, 8, 11, and 12. In the
present measurements the total experimental error is
estimated to be around +50/o for vd and +20% for DI.
The error in evaluating the temperature, measured
with a germanium resistor in the range 8—77 K and
with a thermocouple in the range 77—220 K, was 0.3
K in the former case and 1 K in the latter. The same
drift velocities and diffusion coefficients have been
obtained, within the experimental errors, in samples
of different thicknesses over the whole range of tem-
peratures and fields examined, supporting the view
that the transit time is much longer than the time
necessary for the electrons to reach a steady-state
condition.

B. Drift velocity

In Figs. 1 —4 the electron drift velocity is reported
as a function of temperature ranging from 8 to 240 K
and of electric field ranging from 2 to 10000 V/cm
and applied parallel to the (111)and (100) crystallo-
graphic axes. The investigation was not extended to
higher temperatures because of problems related to
the signal-to-noise ratio. For comparison the experi-
mental results of Smith' at 300 K are also reported
in Fig. 4. Closed and open symbols refer to experi-
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FIG. I. Electron drift velocity as a function of electric field applied parallel to (100) and (111) crystallographic directions at g

and 77 K. Closed and open circles refer to experimental data and continuous and broken lines indicate the theoretical results.
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F1G. 2. Electron drift velocity as a function of electric field applied parallel to (100) and (111) crystallographic directions at
20 and 130 K. Closed and open circles refer to experimental data and continuous and broken lines indicate the theoretical
results.

mental data obtained with the field parallel to (100)
and (111) directions, respectively.

The main features of the experimental results are:
(i) The anisotropy effect increases on decreasing

temperatures. The curves of the drift velocities along
the two directions (111) and (100) tend to join to-
gether at the highest electric field even though such a

rejoining was not achieved at all temperatures con-
sidered.

(ii) An NDM region was found with E ll (100) for
temperatures below 130 K at high electric fields. The
effect is enhanced by decreasing the temperature.

The threshold field, defined as the field at which the
drift velocity has the maximum value before the re-
gion of NDM, decreases on decreasing temperatures.

(iii) At the highest electric fields applied parallel to
a (111) direction a region of drift velocity nearly in-
dependent of the electric field is obtained.

(iv) For T & 45 K the Ohmic region is reached
and, as we shall see below, the results are in good
agreement with values for the mobility given in the
literature. For T & 45 K, even at the lowest electric
field applied, the drift velocity is not proportional to
the electric field indicating that Ohmic condition is
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F16. 3. Electron drift velocity as function of electric field applied parallel to (100) and (111) crystallographic directions at 45
and 190 K. Closed and open circles refer to experimental data and continuous and broken lines indicate theoretical results.



24 ELECTRON DRIFT VELOCITY AND DIFFUSIVITY IN. . .

O'
0
E
0

7
Ge electrons 10

~ a% eo

7 t i& ' ~ 1 &
I

T 1 trr
I

0
S

E
O

3
10

10

o ooo

t I
I

I I I t

Ge electrons
77 K

I-
0 106

O
yV)

106
OO&

107

106

O
EO

LL
LL

O

C5

0

2
10

----1111&j present
& 1pp & j' theo. r. model

190 K

I

1O

I . . . , I

10

cI
10

t' I I I I III
10

. . . I

10

El-ECTRIC FIELD (V/cm)
ELECTRlC FIELD (V/cm)
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refer to theoretical calculations; closed circles report present
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FIG. 5. Longitudinal diffusion coefficients of electrons in

germanium as a function of electric field applied parallel to
(111) and (100) crystallographic directions at 77 and 190 K.
Closed and open circles indicate present experimental data;
continuous and broken lines refer to present theoretical
results; open and closed triangles report theoretical data ob-
tained with the parameters used by Fawcett and Paige in Ref. 4.

not attained.
(v) For temperatures lower than 77 K and fields

parallel to (111) directions, the experimental drift
velocities were found to depend on the intensity of
the ionizing radiation, that is on the carrier concen-
tration in the electron layer crossing the sample. This
effect, due to electron-electron, (e-e), interaction,
will be discussed below. For this reason, only the ex-
perimental data obtained with the lowest possible car-
rier concentration have been reported in Figs. 1 —4
for (111) directions. In these conditions, however, a

severe signal-to-noise problem is encountered, espe-
cially at low fields, so that experimental results are
interrupted toward lower field strengths.

C. Diffusion coefficients

Figure 5 shows the experimental results for the
longitudinal diffusion coefficient of electrons as a
function of electric field oriented along (111) and
(100) direction at two temperatures. We may note
that D, (E) decreases with increasing field strength
and tends to saturate at fields higher than about 6
kV/cm. This result is similar to that found in Si at
300 K." Furthermore, a very strong anisotropy ef-
fect is seen in the longitudinal diffusion with

Di(~~~~ ~ Dl&~pp~. This anisotropy is opposite to the
anisotropy of the electron drift velocity, vd(~pp)

~ v,I(~~~~. At the highest applied electric fields the
experimental results of the diffusion coefficient along
the two directions tend to coincide. At the lowest ap-
plied field both DI's tend to the Ohmic value Dp
given by Einstein relation.

D. Electron-electron interaction

In many-valley semiconductors the valley repopula-
tion depends on carrier concentration because e-e in-
teraction tends to equalize the mean energy of elec-
trons in hot and cold valleys. Then the difference of
the drift velocity vd at different field orientations,
due to valley repopulation, tends to decrease as e-e
becomes more effective. This effect has been ob-
served in Si. ' " In standard current-measuring
techniques, the carrier concentration is changed by
changing the doping, and therefore the impurity con-
centration also changes; this fact may complicate the
interpretation of the phenomenon. With the time-
of-flight technique, on the other hand, the concentra-
tions of electrons traveling across the sample can be
changed, without changing the impurity content, by
changing the intensity of the ionizing beam. In doing
so, on increasing electron concentration we saw a de-
crease of the drift-velocity anisotropy due to an in-
crease of vd

& ~ ~ ~ ~
for temperatures below 77 K, while

the v,I(&pp) values remained practically the same at all
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electron densities. In Fig. 6 experimental results of
+ f (]] ] ) as a function of E at three temperatures are
shown. Circles refer to a concentration of created
carriers equal to 2 x 10' cm, triangles to a concen-
tration of 3 x 10' cm

III. THEORY —MONTE CARLO CALCULATIONS

In what follows we shall describe the theoretical
model and the Monte Carlo program used to inter-
pret the experimental results. They are essentia11y of
the type described by Fawcett and Paige with the ad-
dition of nonparabolicity of the lower valleys, energy
dissipation through acoustic scattering, and the
correct acoustic-phonon population.

A. Band structure

The absolute minima of the conduction band in

germanium lie along the (111) directions at the edge
of the Brillouin zone (i. points). There are therefore
four equivalent such valleys. Taking into account
nonparabolicity, the energy e" of an electron in the

ith valley is related to k by
1

(k koi )I {k kol I )&~

2 mi m,

= e ' ( k ) [1 + ne"'( k ) j

(i) .
where ko indicates the position in the Brillouin zone
of the center of the ith valley; o. is the nonparabolici-
ty parameters; the subscripts I and t indicate longitu-
dinal and transverse components with respect to the
symmetry axis of the valleys; m& and m, are the effec-
tive masses; the origin of energy has been taken at
the minimum of the conduction band.

Upper minima at the center of the Brillouin zone
and along the (100) directions have been included in

the present model since at high fields electrons popu-
late these valleys also. The central valley has been
assumed to be spherical and parabolic; the valleys
along the (100) directions have been taken to be
parabolic with ellipsoidal shapes. The Herring and
Vogt transformation" has been applied to the lower
(111) and to the upper (100) valleys, to reduce the
problem to spherical symmetry.
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TABLE I. Set of the physical parameters used in the present calculations to fit experimental results. Phonon symbols in

parentheses are used for identification in Fig. 15.

Valleys

Effective
mass ratio

Phonon mode or
equivalent temperature

Coupling
constant

111 (Ac)

100

000

111 (Op)
111—111 (lE1)
111—111 (IE2)

111—100 (I15}
111—000 (11G)

100 —100
100 —100
100 -000

mI =1.588

m, =0.081 52

mI =1.353
mr =
m =0.037

Acoustic

Acoustic

Acoustic

430 K
320 K

120 K

320 K
320 K

100 K
430 K
320 K

11 eV

9eV

5 eV

5.5 x 108 eV cm
3 0 x108 eVcm
2.0 x 107 eV crn

4.06 x 108 eV cm
20 x 108 eVcm

7.89 x10 eVcm
9.46 x108 eVcm
1.00 x 10 eV cm

p =5.32 gcm ', u, =5,4 x 10 cm s ', o. =0.3 eV ', ~)00=0.18 eV; ~000=0.14 eV.

B. Scattering mechanisms

The electron-phonon scattering mechanisms which
have been included in Monte Carlo program are4

(i) —(iii) acoustic intravalley in all valleys, (iv) optical
intravalley in (111) valleys, (v) —(vi) two intervalley
between (111) valleys, (vii) one intervalley between
(111)and (100) valleys, (viii) one intervalley
between (111) and (000) valleys, (ix) one interval-
ley between (100) valleys, (x)—(xi) two g intervalley
between (100) valleys, and (xii) one intervalley
between (100) and (000) valleys.

Optical and intervalley phonon scattering have
been treated with standard procedures. ' The de-
tails of the procedure used for acoustic scattering in

the nonparabolic valleys including energy relaxation
are given in the Appendix.

Scattering from impurities has been neglected ow-

ing to the high purity of the material used in the ex-
periments. Electron-electron scattering has been con-
sidered in a special Monte Carlo program which will

be briefly discussed in a following section.

C. Monte Carlo program and

physical parameters

The Monte Carlo program, of the type described in

several papers, includes all 11 valleys explicitly.
The equivalence of the valleys equally oriented with

respect to the applied electric field has been checked
a posteriori in the results. Rees self-scattering has
been used with a step-shaped total scattering rite' in

the lowest valleys and a constant total scattering rate
in the upper valleys. Four electrons have been simu-

lated at the same time, with their initial k situated in

the four lowest valleys in order to cover the low-field
region at low temperatures when intervalley scatter-
ing is essentially absent. ' The simulation of each
electron has been split into many parts of equal time
duration to obtain the diffusion coefficient and the
statistical uncertainty in the drift velocity as described
in Refs. 21 and 23.

In Table I the physical parameters used in the cal-

culations are listed. As can be seen, most of the
parameters coincide with the values of set b of
Fawcett and Paige. 4 Some of them have been slightly

changed in order to obtain a better fit of the overall
experimental data. In particular the warm electron
region at low temperatures and the diffusion coeffi-
cients are much better interpreted with the set of
constants given here, as will be discussed in the next
section. The nonparabolicity parameter for the
transverse mass is approximately given by (2b, )
where 2A is the energy difference between e(L~, )
and e(L3„). Values for 2b in the literature'
range from 2.0 to 2.5 eV. Since however the longitu-
dinal direction is much more parabolic, an average
value of o. =0.3 eV ' has been assumed in the present
work.

IV. DISCUSSION OF RESULTS

In Figs. 1 —7 a comparison is given between experi-
mental and theoretical results.



1020 C. JACOBONI, F. NAVA, C. CANALI, AND G. OTTAVIANI

I
f

I I I I

j

I I t
)

I I I

10

O
tD

E
O

10

10—
Ge

I

10 100

TEMPERATURE (K)

A. Ohmic mobility

Figure 7 represents the electron mobility as a func-
tion of temperature. The present experimental
values of u, l/F. obtained for each temperature at the
lowest applied field are reported together with mobili-

ty results available in the literature. ' From the
analysis of our vd vs E curves we may conclude that
at temperatures above about 45 K the Ohmic region
is attained. The continuous line indicates the results
of the Monte Carlo simulation. Taking into account
the experimental uncertainty and some possible influ-
ence of impurity scattering, the agreement between
the different sets of experimental data and the
theoretical curve is good.

8. Drift velocity

Figures 1 —4 show a comparison between experi-
mental and theoretical drift velocities as a function of
temperature and electric field. Closed and open sym-
bols represent the experimental data for applied fields
oriented along (100) and (111)direction, respec-

FKJ. 7. Ohmic mobility of electrons in germanium as a

function of temperature. Open circles indicate our experi-
mental mobilities at the lowest applied fields, which are
perfectly Ohmic only for T ~45 K. The other experimental
points refer to data from the literature: closed triangles
from Ref. 31, open triangles from Ref. 27, crosses from Ref.
28, closed circles from Ref. 29, and open squares from Ref.
30. The continuous line indicates present theoretical results.

tively. Continuous and dashed lines indicate the
theoretical results for the same directions. The
overall agreement between theory and experiments is
satisfactory.

At lower temperatures ( T & 130 K) and high
fields a negative differential mobility (NDM) is
present for E applied along a (100) direction. This
effect has been found in the past" "and different
theoretical interpretations have been published in the
literature. Dumke' showed that the effect could be
due to the presence of band nonparabolicity without
invoking upper valleys, while the Monte Carlo calcu-
lation of Fawcett and Paige, ' which used parabolic
valleys, attributed the effect purely to the presence of
the upper valleys. In their model the NDM
phenomenon is attributed to a transfer electron
mechanism as for compound semiconductors. In the
present calculation the experimental NDM is reason-
ably well reproduced. Both upper valleys and non-
parabolicity of the lower valleys are included in the
model and the contributions of these two features
can be separately evaluated. Figure 8 shows theoreti-
cal results for the drift-velocity at 77 K obtained with
different models. It can be seen from there that in
our model both nonparabolicity and electron transfer
to upper valleys give an effective contribution to the
NDM phenomenon.

Anisotropy of the drift velocity with respect to the
direction of the applied field is present both in exper-
imental and theoretical results. As is well known '
this effect is due to a valley repopulation which is
present when E is parallel to a (111) direction. The
anisotropy decreases as T increases since intervalley
scattering tends to equalize the mean energies of the
electrons in cold and hot valleys. For T =240 K, in
fact, the anisotropy in our experimental results is of
the same order as the experimental uncertainty of the
data (+5%) and it has not been reported. At lower
temperatures the theoretical anisotropy appears to be
too small at very high fields.

With further research on the best fitting parame-
ters in the theoretical model the overall agreement
can be probably improved.

At the lowest temperatures ( T ~ 20 K) the
theoretical curve for E II (111) is interrupted toward
the low fields. This is due to the difficulty of simu-
lating the correct valley repopulation when intervalley
scattering is very rare, as is reported for silicon in
Ref. 1.

Section II D reports that the experimental electron
drift velocity at these values of field and temperature
is also strongly influenced by electron-electron in-
teraction. This mechanism, in fact, tends to transfer
energy from hot to cold valleys through e-e colli-
sions, thus reducing the valley repopulation and
therefore the drift velocity anisotropy.

Theoretical calculations have been performed'
which include e-e interaction. A change in the aniso-
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of the applied field are shown, in Fig. 5, for two tern-
peratures; theoretical Monte Carlo results are here
compared with experimental data. A very strong an-
isotropy of DI can be seen, due to intervalley diffu-
sion' when E is applied along a (111) direction. In
this case, in fact, the different drift velocities of elec-
trons in different valleys give rise to an additional
spreading of the carriers besides the normal "ther-
rnal" diffusion.

For comparison some theoretical results obtained
with the germanium model proposed in Ref. 4 are
also shown in Fig. 5, which feature a too large inter-
valley diffusion. This comparison suggested a change
in the intervalley coupling constant with respect to
that model.

D, Valley repopulation

77
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tropy of the drift velocity has been seen in the right
direction in these cases, but is not sufficient to ac-
count for the experimental findings. The theoretical
treatments, however, are not immune from possible
criticisms, and the statistical uncertainty on the data
given in Ref. 18 is rather high; before invoking other
physical phenomena a better theoretical analysis of
the e-e effect should be done.

Let us recall that with respect to other experimen-
tal results on this phenomena, the present data have
the advantage of being obtained by varying the elec-
tron concentration in single samples without chang-
ing, therefore, the impurity concentration.

C. Diffusion

The diffusion properties of electrons in germanium
along the electric field have been discussed in a pre-
vious publication; for completeness we report here
only the major conclusions.

The longitudinal diffusion coefficients as functions

I I I I I I I I I

5 10

ELECTRIC FIELD (kV/cm)

FIG. 8. Theoretical results for the electron drift velocity

at 77 K for the electric field applied parallel to (111) and

(100) crystallographic directions. The data are obtained
with different models: parabolic valleys without upper

valleys; --- nonparabolic valleys without upper valleys;
——————parabolic valleys with upper valleys; and —-—-
nonparabolic valleys with upper valleys.

Figure 9 shows the populations of the different val-
leys as functions of the electric field applied along a
(111) direction at three different temperatures. It
can be seen that the population Ai, of the hot valleys
first decreases and then, after a minimum (which is
about zero at 8 K), increases again toward its equili-
brium value 0.75, since intervalley scattering tends to
equalize the mean energy in all valleys. However,
when electrons begin to populate the upper valleys
%~ decreases again so that a wavy behavior is ob-
tained. Similar and opposite considerations hold for
the population N, of the cold valleys.

The total effect is reduced as the temperature in-
creases for the well-known reasons recalled in dis-
cussing the anisotropy of the drift velocity.

In Fig. 9 together with theoretical results, experi-
mental results are shown obtained with the scaling
technique " from the experimental drift velocity
results shown in Figs. 1 —3. This technique allows
the determination of Nj, and N, , only in the region of
fields in which the upper valleys are not populated.

The agreement between experimental and theoreti-
cal results is very good at 8 and 20 K; however the
range of the experimental data does not cover the
field of maximum repopulation at these lower tem-
peratures. At 45 K the discrepancy in the position of
the maximum anisotropy of the drift velocity (see
Fig. 3) shows up clearly in the repopulation curves.

E. Electron distribution function

Figure 10 shows the distribution of electrons in the
lower valleys as obtained from the Monte Carlo cal-
culations as a function of energy at 77.K for different
values of the electric field applied along a (100)
direction. The main features are the same as shown
in Ref. 4 and for. this reason we do not report these
distributions for other field directions or other val-
leys. At intermediate fields the distribution shows
the kinks around the energy of intervalley and optical
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tained from the Monte Carlo calculations as a function of
energy at 77 K for different values of the electric fields ap-

plied along a (100) crystallographic direction.

phonons and at the energy of the bottom of the
upper valleys while at the highest field strengths only
the latter remain.

F. Electron mean energy
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ELECTRIC FIELD (V/cm)
10

FIG. 9. Electron populations of the different valleys as
functions of electric field applied along a (111) direction at

three different temperatures. Continuous lines indicate the

theoretical results obtained with the Monte Carlo simulation.
Closed and open circles indicate experimental results for the
hot- and cold-valley populations, respectively, obtained with

the scaling technique from the experimental drift velocity
data shown in Figs. 1 —3.

The electron mean energy in the lower valleys as a

function of the electric field applied along a (100)
direction is shown in Fig. 11 for different lattice tem-
peratures.

For fields oriented along a (111) direction, a

difference between hot and cold valleys is obviously
found. The effect is similar to that reported for elec-
trons in Si' and will not be reported here.

More interesting is the comparison of the electron
mean energy for E II (100) in the four models dis-
cussed in Sec. IV B above: (a) parabolic valleys
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FIG. 11. Electron mean energy in the lower valleys as a function of electric field applied along a (100) direction for three dif-

ferent lattice temperatures. Data have been obtained from Monte Carlo calculations.
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G. Energy relaxation time
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Z
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without upper valleys; (b) nonparabolic valleys
without upper valleys; (c) parabolic valleys with

upper valleys; and (d) nonparabolic valleys with

upper valleys.
This comparison is shown in Fig. 12 for T =77 K

and it may be seen that the effect of nonparabolicity
is strong if upper valleys are neglected, but when

they are considered nonparabolicity is much less ef-
fective. 4

ELECTRIC FIELD ( V/cm )
FIG. 12. Theoretical electron mean energy for E il (100)

at 77 K obtained with the four models discussed in Sec. IV B
of the text: parabolic valleys without upper valleys;

parabolic valleys with upper valleys; ———nonpar-
abolic valleys without upper valleys, and —-—- nonparabolic
valleys with upper valleys.

Figure 13 sho~s for several temperatures the
theoretical electron energy relaxation time, defined
b 40 41

(e(E) ) —
etI

eu,IE

where e is the electron charge, (E(E) ) the average
electron energy as a function of field strength applied
parallel to a (100) direction. In evaluating T, from
Ecl. (3), (E) and tIq have been taken from the Monte
Carlo calculations.

The theoretical curve for T =77 K is compared in

Fig. 14 with the experimental results of Dargys and
Banys42 who obtained 7, from second harmonic gen-
eration measurements. The agreement is very good
in this case. The sharp initial fall is due to the in-

creasing efficiency of optical and intervalley scattering
as the electrons are heated by the field. This in-

terpretation is confirmed by considering the energy
dissipation rates due to the different scattering
mechanisms which are discussed in the next section.

H. Energy and velocity dissipation rates

In Fig. 15 the energy and momentum dissipation
rates for all scattering mechanisms considered in the
lower valleys are shown as a function of field
strength applied parallel to a (100) direction at
T =77 K.

It may be seen that at this temperature acoustic
scattering is dominant at low fields for momentum
dissipation but negligible for energy dissipation. This
last is essentially due, at low field, to optical and
equivalent intervalley scattering. At highest fields
nonequivalent intervalley scattering is the most im-
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FIG. 13. Theoretical electron energy relaxation time (see
text) as a function of electric field applied parallel to a (100)
crystallographic direction at four temperatures.

FIG, 14. Comparsion between present theoretical electron
energy relaxation time and experimental results of Dargys
and Banys in Ref. 42 at 77 K and for electric fields applied
along a (100) crystallographic direction.
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Longitudinal diffusion measurements have also
been included in order to give a more complete pic-
ture of electron transport in Ge.

The theoretical interpretation of the experimental
results has been performed with the Monte Carlo
technique. The model includes lower, (111),non-
parabolic bands as well as upper bands at the center
of' the Brillouin zone along the (100) directions.
Acoustic scattering has been considered with proper
energy relaxation also in the nonparabolic valleys. In
addition, optical scattering has been taken into ac-
count in the lowest valleys together with intervalley
scattering between nonequivalent valleys.

The NDM effect at the lowest temperatures for
fields along (100) directions is f'ound to be due to
both upper valleys and to nonparabolicity of the
lower valleys with a larger contribution of the former
cause.

In certain cases the theoretical predictions have
been compared also with experiment data, other than
the present ones, available in the literature.

Besides the results to be compared with experimen-
tal data, other quantities such as the mean electron
energy, the dissipation rates of energy and velocity by
the various scattering mechanisms, the electron dis-
tribution function and the valley repopulation, have
been ~orked out from the Monte Carlo simulation,
in order to get a complete physical picture of the elec-
tron transport process in Ge.

ACKNOWLEDGMENTS
ELECTRIC FIELD (V/cmj

FIG. 15. Monte Carlo results for the energy (a} and

momentum (b} dissipation rates due to the various scatter-

ing mechanisms in the lower valleys as functions of field ap-

plied along a (100) direction at 77 K. The symbols are
those listed in Table I.

portant one in dissipating both energy and momen-
tum.

The dissipation rates refer to the total simulation
time, so that they already include the reduction of ef-
ficiency'due to valley depopulation at high fields.

V. CONCLUSIONS

In this paper an extensive investigation, both ex-
perimental and theoretical, on electron transport pro-
perties in Ge has been presented. In particular, the
drift velocity of electrons has been measured with the
time-of-flight technique in wide range of tempera-
tures and electric fields.

The technique, especially suitable for high-
resistivity material, enabled us to perform the mea-
surements on hyperpure samples.

APPENDIX

In this appendix we shall describe how intravalley
acoustic scattering has been treated in our Monte
Carlo calculation. In particular, the simultaneous
consideration of the nonparabolicity of the valleys
and of the correct a-oustic energy dissipation is the
novel element of the calculation.

A squared matrix element of the form

E2hq/e'f'=
2 yp„Nq+ I (Al)

has been assumed, where FI, is the deformation-
potential constant, Vand p are the volume and the
density of the crystal, u, is the velocity of sound, and

The authors wish to thank Dr. L. Reggiani for
valuable comments and suggestions and are grateful
to Professor A. Alberigi Quaranta for constant in-

terest and support. Computer facilities were kindly
provided by the Computer Center of Modena Univer-
sity. This work has been partially supported by Con-
siglio Nazionale delle Ricerche, Italy,
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q and N, are the phonon wave vector and distribu-
tion, respectively; N, or N, +1 must be taken for ab-
sorption or emission, respectively. By application of
the golden rule the matrix element in Eq. (Al) yields
the scattering rate

Absorption
x, =C'(u) [(e,")'~'(1+&«)—JV]
„2—C (n) [(e,")'~ (1 +2am) +Jy]

TABLE II. Limits of integration of the variable x =hq~, /
(/. T) for acoustic scattering.

3
E2q Nq

P dq
8 N+17rpvs

x 8(a(k + q )—a(k) + tq u, )d'q, (A2)

where the upper or lower sign must be taken for ab-

sorption or emission, respectively.
Trarfsforming to the starred space with the Herring

and Vogt transformation' we make the spherical ap-
proximation

y ~ y, No emission

Absorption

y ) ysEmlsslon

x, =O

x2=& l~)[~y+l~g'1' (1+2utl]
x, =O

x, = C"(u) [4y —(e,'1'i'(1+2am) ]

'Es

ys 1-4am,

' 1/2
mD

q =q — cos g + sin'g =q
mp mp mp

1/2

(A3)

for the dimensionalless variable
' 1/2

hqVs Aq V,.
'

mD
X =

kT kT mp
(A6)

where 8' is the angle between q
' and the principal

axis of the valley, mp the free-electron mass, and mD

the density-of-states effective mass (m, m, ')'~'.
Taking into account the energy —wave-vector rela-

tionship given in Eq. (2), the requirement for a van-

ishing argument of the 5 of energy conservation
yields

These limits are given in Table II under the condi-
tion, verified in our case, that 4am,

" & 1. The transi-
tion rate is then given by

N„(x)
P„dx =

N ( ) +1 (1+2ue +2akrx)x dxx +

1/2

cos8=+ „(1—4m~,') + ' (1+2~~), (A4)2k"
, y

where 8 is the angle between q and k' and

where

A, =—
E1mD

4h2

(kT')'
mpv, &

3/2

(A7)

(Ag)

e,'. = —mD v,2 (A5)

As in the standard procedure, ' the condition of
~cos8~ ~1 yields the limit of variability of q'. For our
purposes it is more convenient to express these limits

I

For N„(x) a very good approximation is necessary in

order to have a correct description of energy balance
at low temperatures. ' %e found it convenient to use
different approximations for N, (x) and for
Nq(x) +1:

1 1 + 1 x + x x + x
N (x) = x ~ " 720 30240 1 209600 47900160 '

e ', x)3.5 (A9)

x' x'
N (x) +1 = x " 720 30240 '

1, x~4 (A10)

The integration of the scattering rate in Eq. (A7) can then be performed very easily. To determine the
state of the scattering, the expression of P„dx in Eq. (A7) has been used to select with the aid of the rejection
technique. ' The state after scattering is then determined by simple geometrical considerations of energy and
momentum conservation. The angle of rotation around the initial state is random.
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