
PHYSICAL REVIEW B VOLUME 23, NUMBER 3 1 FEBRUARY 1981

First-order phase transitions of Ising models with multispin interactions
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Ising models on fcc lattices with pure three-spin or pure four-spin interactions are shown by

Monte Carlo calculations to exhibit only one phase transition which is of first order. The transi-
tion temperature of the model with pure four-spin interactions differs from the Onsager result.
This implies that the model is likely not to possess I self-dual property as claimed by Wood.

Much attention is currently devoted to phase tran-
sitions and critical phenomena of lattice models with
many-body interactions, e.g. , three-body and four-
body interactions. In particular, the question is raised
whether the critical properties of such models differ
from the critical properties of models with pure pair
interactions. In two dimensions, the exact solution
of the Baxter model' reveals nonuniversal critical
behavior, and the exact solution of the Ising model
on a triangular lattice with pure three-spin interac-
tions2 leads to a critical behavior different from that
of the Ising model with pure pair interactions.
Three-dimensional Ising models on cubic lattices with
three-spin (triplet) and four-spin (quartet) interac-
tions have been investigated by Griffiths and Wood
(GW)3 s using dual transformations and series
analysis. For models with pure triplet and pure quar-
tet interactions on fcc lattices GW ' find the critical
exponents to differ appreciably from the exponents
of the three-dimensional Ising model with pure pair
interactions. Furthermore, the series result for the
critical temperature of the quartet model on the fcc
lattice, which is believed to be self-dual with respect
to the chosen quartet interactions, 4 is at variance'
with the Onsager result. Provided that the self-dual
property holds, this has the important implication
that the uniqueness postulate should be invalid for
this model.

The series result of GW are based on the assump-
tion that the phase transition of the models is con-
tinuous. In this paper we shall demonstrate that the
phase transition of Ising models on fcc lattices with
pure triplet and pure quartet interactions is of first or-
der. The transition temperature of the quartet model
differs from the Onsager result. This, in conjunction
with the fact that we observe only one phase transi-
tion, implies that the model is likely not to be self-
dual, in contrast to Wood's conjecture. 4

Our results are derived from Monte Carlo calcula-

tions of the ferromagnetic order parameter (the mag-
netization per spin),

in=% '

and the internal energy per spin, F. = (H)/itj, of the
two Ising models defined by the Hamiltonians

and

H3 = J3 X rr; rri 0'k
((,g, k }

(2)

H4= —J4 X rr;o)rrkrrl
(r j,k, ll

(3)

The models are arrayed on fcc lattices consisting of N
sites subjected to toroidal periodic boundary condi-
tions. J3 & 0 and J4 & 0 are coupling parameters, and
0.; =+I is the spin variable at the ith lattice site. The
sums in Eqs. (2) and (3) comprise all elementary tri-
angles Ii,j,kI and tetrahedra (i,j,k, l)i, respectively,
formed by nearest-neighbor bonds of the fcc lattice.
The ground state of the triplet model is uniquely the
ferromagnetic state. The ground-state manifold of
the quartet model contains in the limit N ~ infin-
itely many states, one of which is the ferromagnetic
state.

We have applied a conventional Monte Carlo
importance-sampling technique to calculate for a
prescribed temperature a canonical ensemble corre-
sponding to the Hamiltonians in Eqs. (2) and (3).
The ensemble averages are calculated from coarse-
grained averages which are averages over a small
number of systems of the ensemble. In addition, we
have calculated the distribution functions of the
internal energy and the order parameter. The distri-
bution functions, which give the relative occurrence
of a given energy and order of the systems compris-
ing the ensemble, as well as the coarse-grained aver-
ages, are useful in detecting metastable states close to
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first-order transitions. ' " The calculations are car-
ried out on lattices consisting of N =2L3 spins with
L =4, 8, and 10. In order to estimate the numerical
uncertainties and to detect possible metastable states
we have performed the Monte Carlo calculations
several times for each temperature using different
chains of random numbers and starting from dif-
ferent initial spin configurations. Furthermore, we
have calculated increasing as well as decreasing tem-
perature series. The data in the transition region are
obtained using 5000 MCS/S (—Monte Carlo steps
per site), while 500 MCS/S are used outside the tran-
sition region.

We have calculated E(T) and m (T) over an ex-
tended range of temperatures. The temperature
dependence of these properties, as well as of the cor-
responding fluctuation quantities, clearly indicates
that each model exhibits only one phase transition.

In Fig. 1 we present the Monte Carlo data for
E ( T) and m ( T) in the transition region for the trip-
let model. Both properties exhibit rnetastabilities
demonstrating that the phase transition of the triplet
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FIG. 1. Temperature dependence of the normalized inter-
nal energy, E(T)/Eo, and the ferromagnetic order parame-

ter, m(T) Eq. (1), for the pure triplet model, Eq. (2). Eo is

the energy of the ground state. The results are obtained
from Monte Carlo calculations on fcc lattices with N spins.

N =128, 0: N =2000. T, is the transition tempera-
ture from the series analysis by Griffiths and Wood.

model is of first order Th. e metastabilities are ob-
served in the Monte Carlo experiments as (i) shifts
between the ordered and the disordered phase during
the evolution of the Monte Carlo experiment for
temperatures in the transition region, and as (ii) hys-
teresis in E(T) and m(T) when caiculated for in-
creasing and decreasing series of temperatures. The
effect of increasing the lattice size is to enhance the
gap in E and m in the transition region and to reduce
the frequency of shifts between the two coexisting
phases. In the transition region the shift frequency
for the N = 128 system is as high as 1 per 20 MCS/S,
which makes necessary the use of the distribution
functions when estimating the equilibrium values of
E and m. In the disordered phase m (T) possesses an
unphysical tail due to finite-size effects. From Fig. 1

we estimate the discontinuities of the internal energy
and the order parameter to be approximately
8E/ED=65% and Am =88%.

Figure 2 shows the Monte Carlo data for E(T) and
m (T) in the transition region for the quartet model.
Also for this model there is clear evidence of metas-
tabilities. Thus the transition of the quartet model is
of first order .The uppe. r branch of the m (T) curve is

calculated for increasing temperatures starting from a
ferromagnetic ordered state. Due to the high degen-
eracy of the ground state for this model it is impossi-
ble to determine the actual long-range order for de-
creasing temperatures starting from a disordered
state. Neither is it possible to determine the actual
long-range Order in the transition region if the system
during the course of the Monte Carlo experiment
shifts from the ferromagnetic state to the disordered
state or to any other ordered state. The lower branch
of the m ( T) curve in Fig. 2 derived from the fer-
romagnetic order parameter in Eq. (I) is therefore an
underestimate of the actual finite-size rounding.
However, a clear discontinuity in m ( T) is observed
for increasing temperatures, simultaneously with the
jump in the internal energy. The energy curve
remains the same as in Fig. 2 when one starts at low

temperatures from a ground state different from the
ferromagnetic state. Only for the smallest system,
N = 128, is it possible in decreasing temperature
series starting from a disordered state to make the
system enter the ordered phase within reasonable
computer time. For the larger systems the meta-
stable disordered states have lifetimes larger than 104

MCS/S for all temperatures investigated. We inter-
pret this as evidence of the lack of large fluctuations,
indicating that the model does not go critical for any
temperature. This accords with the first-order nature
of the transition. We estimate the discontinuities for
the quartet model to be LEE/Eo= 58'/0 and LLm

= 98'/0.
The terminals of the upper and lo~er branches of

the E( T) and m ( T) curves in Figs. I and 2 consti-
tute an upper and a lower limit, respectively, of the
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transition temperature. The upper limit decreases
with increasing lattice size. This leads us to estimate
from the figures the transition temperatures for the
triplet model and the quartet model to be
ksT, /J3= 11.33+0.05 and ksT, /J4=2. 66+0.01,
respectively. The corresponding values from the
series analysis by GW'6 are ks Tow/J3 ——11.54 and

ks Tow/J4=2. 79+0.01, respectively. For both
models the series estimate of "the critical tempera-
ture" lies above the true transition region. The tran-
sition temperature of the quartet model is markedly
different from the Onsager result, ks T,/J&
= —2/ln(J2 —1) =2.27. Recently Mitran"
has calculated. "the critical temperature" for the
quartet model to be ks T,/J4 ——2.795 by using a prod-
uct average decomposition approximation in conjunc-
tion with a generalized nonuniform magnetic field
method. This approach appears to be based on the

FIG. 2. Temperature dependence of the normalized inter-
nal energy, E(T)/Eo, and the ferromagnetic order parame-

ter, m(T) Eq. (1), for the pure quartet model, Eq. (3), Eo is

the energy of the ground state. The results are obtained
from Monte Carlo calculations on fcc lattices with N spins.
o: N=128, 5: N =1024, o: N =2000, T, is the transi-

tion temperature from the series analysis by Griffiths and

Wood. The lower branches of the curves for the larger sys-

tems are somewhat arbitrarily broken off around k& T/J4
—2.55.

assumption that the transition is continuous. It
should. be noted that due to the long lifetimes of the
metastable disordered states for the quartet model
the estimate of the lower limit of T, is based solely
on the Monte Carlo data for the small system. If the
finite-size dependence of this limit is qualitatively dif-
ferent from that of the triplet model (and various
well-known pair-interactions models where the lower
limit increases with N) it cannot be excluded that the
transition temperature may be lower than the value
quoted above.

For a further comparison of the Monte Carlo
results with the "critical properties" derived from the
series study of the two models, we have estimated
the "effective exponent" P, rr by fitting the function

m (T) —(Tow —T) '"" to the Monto Carlo data. The
asymptotic slopes of logm(T) vs log(Tow —T) plots
lead to P,rr=0045 +0.010 and P,rr=0.013 +0.002 for
the triplet and the quartet model, respectively. These
values are consistent with the respective series esti-
mates' 0.0538 and 0.0133. It thus appears that the
series analysis in terms of power-law singularities
may effectively describe properties in the vicinity of
the first-order transitions,

In summary, we have presented conclusive evi-
dence for the first-order nature of the phase transi-
tions of Ising models on fcc lattices with pure triplet
and pure quartet interactions. This makes irrelevant
the classification" of the models in universality
classes different from the universality class of the
three-dimensional Ising model with pure pair interac-
tions. Our finding of only one phase transition with
a transition temperature different from the Onsager
result implies that the quartet model is likely not to
possess a self-dual property as claimed by Wood. 4 To
resolve this apparent discrepancy between the Monte
Carlo result and Wood's duality conjecture we note
that Wood in establishing the self-dual property of
the quartet model explicitly assumes the ground state
to be ferromagnetic, 4 thereby making possible a
correspondence between the high-temperature and
low-temperature graphical expansions of the partition
function. However, as the ground state is highly de-
generate this assumption is not justified, and the
status of the self-dual relation therefore remains un-
clear.

We finally wish to comment on the expected influ-
ence on the critical properties of admixtures of
many-body potentials to ordinary pair potentials. The
models considered in this paper, when including pair
interactions, do not fulfill the Kadanoff-Wegner cri-
terion'4 for nonuniversality, and their critical
behavior is therefore expected to be determined sole-
ly by the pair-potentials. Renormalization-group
studies"' lend support to this expectation. In con-
trast, the series analysis by Griffiths and Wood leads
to critical exponents varying continuously with the in-
teraction parameters. " However, the results
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presented here, as well as mean-field" and
renormalization-group calculations, "' are consistent
with the hypothesis that the models possess a tricriti-
cal point, and that the phase transition changes from
a continuous transition to a first-order transition
when a many-body interaction parameter becomes
sufficiently large. It would be of importance to inves-

tigate the validity of this hypothesis in order to assess
whether these three-dimensional models violate the
universality postulate.
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