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Semiclassical approach to quantum-electromagnetic excitations in metals
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A semiclassical approach to quantum-electromagnetic excitations for metals in the collisionless-damping regime at
strong magnetic fields is carried out. The quantization of energy levels results in different values of the
electromagnetic wave vector, whose numbers are increased by an increase in the magnetic field. The theory,
specialized for bismuth, explains correctly most of the experimental results found in a previous paper.

I. INTRODUCTION

In a recent paper (in the following referred to
as I),! a set of experimental results of microwave
absorption as a function of an external magnetic
field has been presented. The existence of absorp-
tion resonances due to the Landau levels has been
found and, in particular, it has been shown that
these resonances are analogous to the giant quan-
tum oscillations of ultrasound. However, some
peculiar effects are present, the most important
of which is the disappearance of resonance above
a certain value of the magnetic field. To explain
such experimental results, in this paper we pre-
sent a theory of electromagnetic excitations in
metals at strong magnetic fields. We consider
a plane monochromatic electromagnetic wave
with frequency w propagating in an infinite metal
with wave vector kK forming an angle 9 to the
direction of the static magnetic field. To obtain
the spectrum and the damping of the electromag-
netic wave we assume “quantum” conditions, that
is to say, the conditions Q> w, wr>1, €,.>kT
(where € is the cyclotron frequency, T is the
relaxation time, € is the Fermi level, T is the
absolute temperature and 2 the Boltzmann con-
stant). ;

Because of the quantization of the energy levels
for the carriers in a magnetic field, different
values of the wave vector k are found, each of

them connected to a particular Landau level. When

the magnetic field is increased, the number of the
possible k values increases. On the basis of this
result, as will be seen, a possible explanation of
the disappearance of the quantum oscillations in
the microwave absorption is found.

The present theory, beginning with general con-
siderations, is able to point out the right approxi-
mations which allow us to obtain analytic results
suitable for explaining most of the measurements
reported in I for bismuth. In particular, the semi-
classic approach is used with 2R <1, where R
is the Larmor’s radius. The return to this

argument follows from the fact that the current
theories are not specific and are difficult to use
in looking into the actual physical situations.?*

In Sec. II we present the basic equations of the
theory, in Sec. III the kinetic equation solution,
in Sec. IV the conductivity tensor calculation,
and in Sec. V the dispersion law and absorption
coefficient for the electromagnetic field in bismuth
semimetal.

II. BASIC EQUATIONS

The spectrum of the electromagnetic excitations
in metals in a static magnetic field will be looked
for in the frame of the semiclassical quantum the-
ory under the anomalous skin-effect condition.
The solution will be found in working out, simul-
taneously, the Maxwell and the transport kinetic
equations according to Azbel’.>»® Two reference
systems will be used: the reference x,7, { with
x1 plane coinciding with the surface of the metal
which is thought to fill the semispace ¢ > 0, and
the reference xyz with z axis along the static
magnetic field H (Fig. 1). xn¢ is the natural frame
for the electromagnetic field propagation because

vacuum

FIG. 1. Sketch of the two reference frames used. k
is the electromagnetic wave vector, H is the magnetic
field rotating in n¢ plane. The plane x7 is the sample
surface.
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the z axis is directed along the wave vector Kk of
the electromagnetic field, while xyz is the natural
frame for the study of the energy levels of-
carriers. With reference to Fig. 1, 9 is the angle
between H and k with H rotating in the n¢ plane.
The kinetic problem will be solved in the xyz
frame. Once the conductivity tensor is found, we
shall go to the xn¢ frame and, by means of the
Maxwell equations, the spectrum and absorption
of the electromagnetic field will be calculated.

With regard to the kinetic equation for the col-
lision integral, the relaxation time approximation
will be used. This approximation is well stated
at the high-frequency regime, wt>1.°> The
Boltzmann equation, linearized in the wave elec-
tric field which is dependent on space and time
as Eexp(ik - T - iwt), is

[if T w) el + L GxT,N=B-7 L, )

where f=f(p,, p,, p,) is the Fourier component of
the nonequilibrium part of the distribution function,
f, is the Fermi distribution, v=1/7 is the collision
frequency for the carriers, and V=V,€(;,p,,,).

When the static magnetic field is present, it is
useful to specify the carrier state by means of the
motion constants €, p,, and the quantity ¢ =4,
instead of the momentum components p,, p,,p,.
The quantity ¢ is the angle that locates the point
P representative of the carrier state on the orbit
T given by the intersection of the energy constant
surface €(p,,p,,p,) =€ with the plane p,=const
orthogonal to the magnetic field H. Assuming
for the carriers an ellipsoidal dispersion law cen-
tered in the origin of the momentum space (Fig.
2),

_ 2 2 2
€= (allpx +0yp,+ A3 D,

1
+Zalszpy+2al3px‘pz+2a23pypa) 2m ’ (2)
]

FIG. 2. P is the representative point of the carrier
state for an ellipsoidal dispersion law, both in the ref-
erence p,,p ,, and p, and in the reference €, p,, and ¢.
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it is possible to write the second term on the left-
hand side of Eq. (1) as follows:

el el (aa )’z of

XY ) Xy
c @V, ) c m, £Y)

eH of o
cm, 8¢~ 3¢

’

where Q:eﬁ/(cmc) is the cyclotron frequency,
m,=m,y/(@,a,)'/? is the cyclotron mass, and the
coefficients @, 'oiy are given in (a) of the Appendix.
Then, Eq. (1) becomes

9 . - o Of,
2 o =eB .5 Lo,
(Q 50 +i(k -V w)+u)f(€,p,,<p) ek v 2e

whose formal solution is
dfs (°, ,eE Tl
1l by 0)= 52 [ apr S

-~

V=-1iw
X exp (——Q-—(cﬂ—w')

ko L
+ig fw de"v(e )) .
(3)
III. KINETIC EQUATION SOLUTION
To solve Eq. (3), the velocity components as
a function of €, p,, and ¢ are calculated taking

into account Eq. (2). After cumbersome calcula-
tions one obtains

v, =, COSQ COSY —u, sina siny ,
v,=u, Sina cos¢ +u, cosa sing , )
v, =U, U, COSY +u, U,Sing +u,,

where u,, uy, 1, U, u, =0, p,/m,, and the angle o
are dependent on effective mass coefficients and
the angle 9, as specified in (a) of the Appendix.
In Eq. (3), having the wave vector k components
k=0, k,=ksind, and k,=k cosd, the second term
of the exponential becomes

& oo . .
ig f do”V(¢”)=iA(sin@’ - sing)
4

+iB(cos® - cos’)

+i—-7§§—1>,,(¢'— ®), (5)

where v, =q,k,/m,,
A =k(u, sind sina +u, u, cosd)/Q,
and '

B=k(u,sind cosa +u,u,cosd)/Q.
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One can see that in the exponential of Eq. (3),
as given by Eq. (5), the terms expressing functions
of cos¢ and sing are present. That results in very
complicated formal equations where the exponen-
tials will be developed as a series of Bessel
functions. However, both cos¢ and sing terms
must be retained if the magnetic field direction
is left variable with respect to the sample sur-
face. So the following developments are used:

exp(iD sing) = Z J, (D) exp(is@),
5= (6)

exp(iD cosy) = Z i*J (D) explis@),
§==co
with J the integer-order Bessel function.

Putting in Eq. (3) the values v,, v,, and v, given
by Eq. (4) and the Bessel-function developments
(6), one obtains the expression of f(€,p,, ¢). Now,
to obtain the conductivity tensor o, (¢, % stand
for x,,z), the current density j must be cal-
culated. This, among other things, involves the
calculation of integrals similar to [2"d¢ v,(@)f(¢).
Then it is necessary to compute terms of the type

cosy
9= f2"d<p sing lexp(-By¢ +iB cosy — iA sing)
o X,
cos@’
xfwdcp' sing’ lexp (B¢’ +iA sing — iB cosp’),
o X,
(7

where B=[v - (iw-7v,p,)]/Q and K,, K, are quan-
tities independent of ¢. Equation (7) is a syn-
thetic form to represent nine integrals obtained
by combining the terms in the square brackets.
Cohen et al.,’ using the ultrasound-absorption
calculation, have found expressions (used also by
Platzman and Wolff in the microwave absorption®)
similar to Eq. (7) [see Eq. (3.8) of their paper].
However, unlike the previous authors who have
developed the calculation in the classic case (low

magnetic fields and wt « 1), in this paper we con-
§

o

§=8,48,= 2 (<10 (i@

W=y p, =~ (s+5)Q

sider the opposite limiting physical conditions:
high magnetic fields (2> w and kR <1), low tem-
perature, and high purity of samples (w7 > 1).
In these conditions, as will be shown in the fol-
lowing, each conductivity coefficient can be
divided into two terms. The first term gives the
contribution of the electrons which do not change
the Landau level and, in the absorption or emission
of the electromagnetic field, conserve the energy
and momentum as in the interaction of the electron-
photon quasiparticles. This term assumes an
essential rule in the diagonal elements of the
conductivity tensor. The second term gives the
contribution of all the Landau levels and furnishes
the Hall part in the nondiagonal elements of the
conductivity tensor.
In the calculations of Eq. (7), by means of Eq.
(6), we will stress, in the following, only the
essential points and the approximations used:
(i) Let us consider the combination cos¢ cos¢’;
then Eq. (7) becomes
gz Z Tr(_i)s’:fs"'(‘_l)s'm”
Sy 8! y87 5 =m0
o JsAW ¢ (B (AN (B) [
[B+i(s+s")]?+1

B+i(s+s")].

®)
Here, and throughout the following, the summation
indices s, s’, s”, and s fulfill the equation
s+8’+8”+8”=0. If, in the condition wr>1, the
factor

[B+ils +s)] /[ B+ils+s)]?+1}

is calculated by means of the identity

1 1
lim —=P <—~) +imblx),
o X =1V x

Eq. (8) becomes the sum of a quantum part g,
following from the delta function 6(x) and a classic
part g, following from the principal part P(1/x).
The word “quantum” is used because the 6 func-
tion, whose argument is (w-v,p,), gives the mo-
mentum and energy conservation laws in the photon
absorption by electrons when transitions between
Landau levels are forbidden (A#=0), as follows
from our physical condition 2> w. So, Eq. (8)
becomes

818" ,8", 8" =0

P wlw=y,p,- (s +s)8]

I (A, (B),. (A)J . (B)

. m
+<—i>z ﬂé(yw —pz> 2 @I, A),(B),(A),,(B). ©)
z z 8§, 8! 2= N
r
Using Eq. (2.27) of the book by Tranter,” the quan- .8 w 22 . RV
tum part is J,=m v 5< - *-Pg)Jl((A +B2)1/ 2y, (10)
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(ii) Equation (9) is also valid for the term
sing sing’.

(iii) The quantum part g, coming from the term
sing cos¢’ is zero, while the classic one §, is
still given by the first part of Eq. (9), provided
that the quantity [w —v,p, - (s +s")] in the num-
erator is substituted by €.

(iv) The integral § coming from the term
cos@ sing’ is the same as J coming from sing cosg’
with a negative sign, as is necessary because of
Onsager’s relations for the conductivity tensor.
In fact, these terms give the contributions versus
1/H of nondiagonal elements, and changing from
sing cos@’ to cos@ sing’ is equivalent to considering
0, and 0,;, respectively.

(v) The term K,K,, which contributes to the
element o0,,, gives for d the expression

®©

9= Z i2mQ (_1)3’ +s" (1)s' +8'"

5,87, 8", M =m0 W Yabo—~ (S +S’)Q

XJ(A)J g (B) I gu(A)J g (B)

+27

2z z

5(;" -pz>J§((Az+B2)”2). (11)
(vi) The terms K cos¢ and K sing in Eq. (7)
make §=0.

IV. CONDUCTIVITY TENSOR

Using the variables €, p,, and ¢, the current
density is given by

i= (211h‘)3 ffvam dedp,do, (12)

taking into account that the integral in the vari-
able ¢ has been carried out in the preceding sec-
tion. As is well known, the semiclassical method
considers the carrier energy-level function of
the Landau quantum number » and the quasi-
momentum p,. For an ellipsoidal dispersion law
for the carriers, as in Eq. (2), the energy is
€=m+nQ +pz/(2m ) (with m ,=m ,/a,) and the
integral in the variable € in Eq. (12) is replaced
by a summmation

f de€ «++ =782 Z .
o n=0 .

As we have said, we assume that the magnetic
field H is so large that kR <1. In these conditions
we shall maintain only terms up to (2/Q)%
particular, as the argument of the Bessel function,
in Eqs. (10) and (11), is (A%2+B2)Y 2=kyf(9)/9,
where f£(9) and 7 are given in (b) of the Appendix,
we can set
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Jg: - ZQ2 fz(s)

k2y?
J12. = 492f2(‘9) o
Starting from Eqs, (9), (10), and (11), one can
see that the conductivity-tensor elements are
linear combinations, with coefficients depending
on the angle 9 and effective masses of the fol-

lowing terms (for each of them the behavior versus
H is stressed):

T,-1/87)

dfo f m 2

(21rh’)d fde b\~ 2m Tm, ) 2o v, "
X 6 (L
Ve

O/ =~ g [ ae e [ap,(-i )

(13)

To(-1/H) =~ ¢ 28 fd o

x mo( bz
fdpz o \€ o, 2mm,,

(15)

2% f 1o
~ @) de

o

21°m m,
p,) Ve 6(7, "p)
(16)

T, is not dependent on H. In fact, coming from

Eq. (11), it gives the conductivity o,, along the

external magnetic field. T',, coming from the

term sing cos¢’ of Eq. (7), gives the Hall con-

tribution. T, and T'; come from the term cos¢ cos¢’.
In conclusion, the components o}, are
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= z m3?(@, cos®a + @, sin*a)(T, +T)),
7

0yy= z m*(@, sin®a + @, cosa)(T,+T),
1

Oee= 2 M@, 0+ Bud)(T + T+ Tyl = 30T,
i

i

Oyy= }; m3(@, @) 2T,
Oy == 9 Mm@, &) °T,, an
i
0= 9, 7ymeH(@, 3N/ 2T,
i
== zi: Yy maz(ax ay)”zro ’
= 2; 7,me2(@, a,)' °T,

zy=—zyx

where the 7 index varies with different carriers.
In the expressions of the nondiagonal elements
we have neglected the terms dependent on 1/H?
with respect to I'j. The same has been done for

Tppe

The explicit expression for the coefficient T,
is
2
[ __G_
Lo= (2 h‘)3 f € e f dp,(@

where

2(a a 1/21’!

3,)1/25(6’1.)‘7) ,

S(e,p,) =2mmy[e = pZ/@2m,)]|/(a, OAJ,)”2 .

Assuming (df,/de€)=-0(€ — €5) for kT <<€, one
obtains

2e mym_c
- o0
FO - (2Trh—)3 H V(eF) ’

where V(ey) is the volume inside the Fermi sur-
face. As N=2V(e;)/(2n7%)° is the carrier number,
we have the Hall term

T = = \1/2
ecN _ (@, a,) r,. (18)

H me

For the coefficients T'; and I' ) we have
T =iy =2 . (19)

kH fz(s) e3m3

a7 cosd @&, 16¢cmkT
1 w\*?
® EF—(n+%)i'Zﬂ-———-——( )
. 2m v
1y2 2 Z z.
X ":z; +3)%cosh ST
(20)

This equation is similar to Eq. (4.3) of the paper
by Kaner and Skobov®and other similar expressions
found for quantum ultrasound absorption® that show
the amplitude of absorption resonances increasing
with the magnetic field. However, in the argument
of cosh of Eq. (20) is present the term w/y, which,
as we shall show, is a very complicated function
of k and H. As a consequence the absorption will
be a function of T',.

Finally, T'; is given by

r.= w?H e*m,
37 kPcos®S 8nikTcQ,
1 w \?
- (n+3)2 - ( )
X Z cosh™ 2’3T2m s .

(21)

In the quantum terms I'  and I'; we have set

i, 1
o o - cosh[ (€ - ¢,,,)/ (k7).

V. DISPERSION LAW AND ABSORPTION
COEFFICIENT FOR THE ELECTROMAGNETIC FIELD
IN BISMUTH SEMIMETAL

To find the dispersion relation and absorption
of the electromagnetic field, it is suitable to pass
to the xn¢ frame with the x7n plane coinciding with
the surface of the sample and the ¢ axis along the
k vector. Following the works by Kaner and Sko-
bov,*® the Maxwell equations become

FE, - 4’”“’ (@, E, +5, E,)+2E(0)=0,
(22)
4
¥’E, - il;(oxEx+6,mEn)+2E,’,(O)=0,
with
O'E:U;E
auB=GaB— ’ (23)

where o,, are the conductivity tensor elements
in the xn¢ frame. The quantities E/(0) and E;(0)
are a consequence of the fact that the metal fills
a semispace.®

The dispersion w(k) and the absorption are ob-
tained by setting equal to zero the determinant of
Eq. (22). Changing o,, of Eq. (17) (determined in
xyz frame) into o, in the ¥n¢ frame, the calcula-
tion of 5,, and, subsequently, w(k) is extremely
complicated.

If we consider the bismuth semimetal, taking
into account that it has an equal number of holes
and electrons, from Eqs. (17) and (18) we have
0,,=0. As a first solution, because the meaning-
ful experimental results found in Bi (Ref. 1) are
present for angles 9 near 7/2, we will neglect
cos?9 with respect to cosd. In this case Tqp be-
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come

G:rx =0Xx b
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metal (5 is a function of the electron and hole
effective masses and the angle 9, see the Appendix).
Setting equal to zero the coefficient determinant

B,y =20, 5in%9, (24) in Eq. (22), we obtain for the quantities @ and S
0% o2 in the case a<1

o o, = X2 _ZY

Oy One Uﬁz . 1- (a2—ﬁ2)[1+0262(0t, B)]+C1BG(0‘,B)=O’ (25)
In addition, as in Bi for a large range of the angle 28[1+c,G*(a,B)] +¢,G(a,B)=0,
9 the resonances due to the term cosh occur at where
different ranges of the magnetic field H, we can
separate the quantum contribution of the electrons o = mY2SH: f *(9)(2a, sin® +a,) 26)
from the holes. 17 8¢%RTNY/? @,5%2¢cos9  ’

Let us introduce in Eq. (17) the complex vari-
able w/(kv,) = a +iB, where v, =[H?/(4n%m,5N]"/2 .= p2 20,0 sin?9+a @7
is the Alfvén velocity of the plasma of the semi- 277 (2a,sin®9+a,)?
]
N 2 2 2 2 2 $n2 3 2 2_ 2 2
Gla,p)= Z (04 1)2 cos?(2apBa) cosh’a(xZ - a®+B%) - sin®(2aBa) sinh’a(x2 - a®+ %)
n=0

4a,B N cos?d 7leH ,_ _
Xp= e <€F— (n +%)m—oc—(a,, oty)”z) ,
(29)
PO - (30)
2rTQ, cos?9

x, is the electron velocity at € =€, and »th Landau
level, measured in v, units: 3, a_, and a, are
given in (b) of the Appendix. ‘

Substituting the second of Eqs. (25) in the first,
one obtains an equation F(£) =0 of the variable
£=a®- g%, whose solutions give the permitted k
values. We shall find a graphic solution with this
procedure: For fixed values of H and 9, the func-
tion F(£) is tabulated and the values for which
F(£)=0 are found. Then the absorption B8, by means
of Eq. (25), can be calculated.

In Fig. 3 a set of F(¢) for a fixed value of 9 and
for different values of H are reported. The angle
9 is rotating in the trigonal-bisector plane for
Bi. The effective mass coefficients used are those
reported in literature.!® The ¢ range, for which
solutions F(£)=0 exist, is (0-1).

As a first result we can see that there is always
a solution at £=1 which represents the electro-
magnetic field propagating with velocity v, and
dispersion w(k)=+vk, i.e., the Alfvén waves.
This solution is obtained in the limit I' ~ 0 and
gives the classic field. The fact that this solution
is always present for every value of H and 9 is
a first check of the theory.

The Alfvén field is experimentally shown by
means of the Fabry-Perot—Alfvén-type oscil-
lations measured for small widths of the sam-
ples'™*® also in the quantum conditions for the

[cos?(2aBa) coshalx? — a®+ B2) + sin®(2afa) sinh’a (x? - a®+B%)]*

(28)

I

magnetic field H and temperature T. For larger
widths of samples the Fabry-Perot conditions are
no longer held, hence the Alfvén oscillations dis-
appear even if the Alfvén field is present. With
reference to our experimental results reported
in I[see case (vi) of Sec. II] we can see that the

F(§) .
H=2000 6

; \V\‘\Tr&

o

TV
B

8000 G

0 ¢=98° L

FIG. 3. Computer solution of equation F(£)=0 for
different values of the magnetic field H rotating in the
trigonal-bisector plane for bismuth in the case 9=98°
(this angle corresponds to the angle 9=86° in Fig. 4 of
paper I).
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Alfven oscillations exist for the sample widths
1<4.5 mm; for 4.5<1<5.0 the Alfvén oscillations
modulated by the quantum electromagnetic oscil-
lations (QEO) still exist (as already seen for elec-
trons by Dinger and Lawson®®); for [>5.0 mm
only QEO are present. As a conclusion, according
to the provision that the solution £=1 of Egs.

(25) is always present, we have measured both

the Alfvén field and QEO for the same value of

9 and the same range of H. The width  of the
sample is the physical parameter which controls
the presence either one or the other type of oscil-
lations. The theory of Kaner and Skobov'® did not
give the presence of both solutions for classic

and quantum fields.

Now let us consider in Fig. 3 F(£) for relatively
low magnetic fields. In addition to the solution
£=1 there is another solution connected to a par-
ticular Landau level » which, as H increases,
exists for values of £ closer and closer to zero.
The solution £=0 is obtained at a certain value
H, of the magnetic field when the nth Landau level
crosses the Fermi surface. For H>H, but closer
to it no quantum solution of F(£)=0 exists. With H
still increasing, the (z — 1)th level comes into the
solution range (0-1) for £, and so on. This pic-
ture clearly explains the microwave absorption as
the quantum ultrasound oscillations, in particular
the initial oscillating part of our measurements
(Fig. 1 of I).

For higher magnetic field more solutions for
F(£)=0 exist in the range (0-1); in other words,
different quantum electromagnetic fields are sim-
ultaneously present in the metal. As a model,
hence, one can think that from a certain value of
H the quantum oscillations become less and less
resonant (as opposed to the other quantum effects
that always increase with the magnétic field) be-
cause many levels take part in the absorption.

The absorption 8 obtained from Egs. (25) is

CIG(gy ﬁ)
T 2[1+¢,G3(E,B)] (31)

In Eq. (31), £ enters as a parameter whose values
are found by means of the graphic method above
described. Because the calculation of 8 is dif-
ficult, we assume that the linewidth of the spikes
related to Landau levels of Fig. 3 is small. The
values for F(£)=0 are then approximated to those
for which the function F(£) assumes a relative
minimum. The computer calculation of 8 as func-
tion of H for different values of 9 is shown in Fig.
4.

As a conclusion the experimental results that
are correctly explained by the theory are the fol-
lowing.

(i) In Fig. 4, as one can see, with increasing

B=

BH) §-75°
80°
82°
84°
86°
88°
il
90°
1 I

2 5 0 4 15

FIG. 4. Computer solution of microwave absorption
B(H) versus the magnetic field for different values of
the angle 3. '

H, oscillations disappear. We want to stress
that this is the goal of our theory because it is
able to explain the peculiar aspect of QEO we
observed in Bi. .

(ii) The reducing of the amplitude of oscillations
as a function of the angle a=7/2 - 9 between H
and the sample surface. The resonances in Fig.

4 reduce 90% for |a|>15° according to measures
reported at (iii) of Sec. III of I.

(iii) The linewidth of resonaces in Fig. 4 is
proportional to 1/a, where a is given by Eq. (30).
For 9—~7/2 we have 1/a—~0. The quantity 8, and
so the resonance amplitude, remains finite for
9-7/2, and, as a consequence, a resonance with
finite amplitude and a linewidth zero is not ob-
servable. This is in agreement with measure-
ments reported in (ii) of Sec. III of I.

VI. CONCLUSION

The theory presented for the quantum microwave
absorption, correctly taking into account that many
values of the wave vector k exist for the electro-
magnetic field in a metal in the presence of a
static magnetic field, is able to explain some ex-
perimental results previously found for bismuth.
However, there are some discrepancies between
theory and measurements. In particular, the
behavior of n,,, (that is, the last level for which
resonances are measured) as a function of the
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cross sectional area Sy of the Fermi surface is
not completely in agreement with the experimental
results of Fig. 11 of I. The increasing of 7.,
with S is not logarithmic but almost linear.
Further, when the magnetic field H is parallel

to the sample surface within +1° the value of n,,,
goes to zero. We think that these discrepancies
have to be ascribed to the drastic approximation
used to obtain Eq. (24).

APPENDIX

We discuss the following.

(a) To write Eq. (2) in the frame €, p,, and ¢
one must remember that ¢ is the angular variable
that locates the point representative, in momentum
space, of the carrier state on the orbit given by
- the intersection of the energy constant surface
E(E) =€ with the plane p, =const orthogonal to the
magnetic field H (Fig. 2). If one uses the trans-
lation

py=by—a, p,=p;-0,
and, subsequently, the rotation
pi=p,cosa-p sina, p;=p, sina+p,cosa,
Eq. (2) becomes
2my(e - &, )= 3, 52+ 3,2,
provided that

_2a4a0,,-a,0a,

a=
4a,, a5, - ayp

D:=V:Ds»

2a,,0,,~a,.a
b=— UL p =y, p
y&e

4a,, a5, - ay,

o =lay )£ (@ - a) +al ]!
ayp

tana ’

- 2 2
Qp=A33+ oYy + 1Y Yy 01 Ve = T3 Ve = A37y,

P~ 2 e .2 .
a,=a,, cos’a +a,,sin*a +a,,sina cosa,

@, =a,, sin®a +a, cos’a - a,, sina cosa.

To introduce the angular variable ¢ =Q¢, it is
sufficient to set

— v (4 .

D= [cARE cos@, py= (—a;)vz—sln%
where »?=2mJe€ - @,p%/(2m,)]. Then, the quan-
tities v,, v,, and v, are given by Eq. (4) with

_r@Mr (@)

me 7 Mo

’

Uy =Y, COSA+7Y, Sin®, wu,=y,cosa-vy,sina.
Further, it is easy to see that for the cyclotron
mass one obtains

__1 as(e,pz)= Mg
¢ 2m - 9¢ (&x &y)l/z ’
where S is the area of the ellipse I'" of Fig. 2.

(b) The expressions of f*(9), G, a,, and a, are
the following:

F20)=[(a,)*/?sina sin9
= 1/ 5 2
+(@,)" ?cos9(y, cosa +v, sina)]

+[(@,)!/? cosasing

+ ()2 cos3(y, cosa - v, sina)|? /m},

a,a,

— (2a,sin®d+a
6= (—r——rocr—t Foeeey,
electrons

where the ellipsis represents an analogous term
for holes,

o, cos’a+ o, sin’a
a,= = )
a0,
= ain2 - 2
a, sina +a, cos’a
ay= — .
a,a,
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