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High-field galvanomagnetic effects in compensated nonpolar semiconductors
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In the presence of shallow attractive traps, the galvanomagnetic effects of the nonequilibrium carriers are
investigated for compensated nonpolar semiconductors at low lattice temperatures when the free carrier loses
momentum and energy, respectively, by scattering from a system of randomly oriented dipoles and deformation
acoustic phonons. Numerical calculations are made for n-Ge at liquid-helium temperature. It is shown that the
results are useful for the determination of some capture parameters and for an estimation of the degree of
compensation in the material.

I. INTRODUCTION

The importance of the investigation of the gal-
vanomagnetic characteristics of hot carriers is
well known. ' They are very sensitive to the non-
equilibrium energy distribution function which
depends considerably upon the momentum and

energy relaxation processes for the hot carriers.
The critical electric field for the onset of the
hot cRx'1'lex' leg1on 1Q Ge 3Ild Sl lncx'eRses with
the lattice temperature. ' Fox lattice tempera-
tures around. 4.2 K, electrons may become hot
in relatively weak electric fields. For example
in n-Ge electrons become hot for a field of a
few volts per centimeter. ' ' In this region of
lattice temperatures, the thermal energy avail-
able to excite optical-mode lattice vibrations is
quite limited since the optical phonons have
characteristic tempexatures usually higher than
300 K.' In Si different characteristic temper-
atures of intervalley phonons are 190, 600, 630,
and 700 K.' So both the optical-phonon scattering
in Ge Rnd the intervalley scattering in Si play
an insignificant role for a lattice temperature
around 4.2 K. Moreover, for a sample with car-
rier concentration less than 6 &10"per cm', one
is also justified in neglecting carrier-carrier
scattering when the lattice is at liquid-helium
tempexature. ' For a covalent semiconductor
at such low temperatures and with cextain im-
purity concentrations, the energy of hot carriers
18 thus doxninRntly scattex'ed by acoustic-mode
lattice vibrations while their momentum relax-
ation is primarily due to the static impurities.

In calculating the momentum relaxation time
for collisions with the singly ionized Coulomb
centers, it is usually assumed that the neigh-
boring centers do not overlap, i.e., v o/d
«1; o' being the effective scattering cross sec-
tion and d (~N ' ') the average distance between
neighboring centers, where N is the concentration
of such centex8. '" However, this assumption
is not valid at. low temperatures when the concen-

tration of the scattering centers is of the order
of 10"/cm' or more. ' Hence since the standard
expressions for the scattering cross section of
these 1onlzed centex'8 Rx'e inapplicable R some-
what different approach is made.

Experimental observations made by Reiss,
Fuller, and Morin' reveal that in compensated
semiconductors, ionic pairs in the form of di-
poles are formed and as a result they are removed
as Coulomb scattering centers. The probability
of formRtlon of gx'oups more complex than R d1-
pole is not high. ' Thus in a compensated semi-
conductor, at low temperatures, the system of
scattering centers may be assumed to consist of
dipoles and neutral atoms. It has been shown
by Tsertsvadzeg that for a particular concen-
tration (Ã~} of the donor impurities the dipole
scattering can be made to dominate over the
neutx al impurity scattering by suitably adjusting
the degree. Of compensation Co (=N~/Nn ~ N~
being the acceptor concentration). For exampie,
in n-Ge with N~ = 10"/cm' and at lattice temper-
ature of 4.2 K, the dominant momentum scattering
will be due to the dipoles if Co is 10~ or more.

Of the various theoretical and experimental
results on the high-field galvanomagnetic effects,
Conwell' and others'" have discussed only those
based on changes in the distribution function of
the carriers with electric fields while the number
of carriers remain constant. But the free-carrier
concentration, a thexmodynamic variable for
semiconducting materials, depends signif icantly
upon the external fields as a result of capture
of these carriers by different trapping centers. "
The trapping of the free carriers is often found
to dominate over the band-to-band transitions
for samples like Ge and Si." The ionization and
recombination probabilities are dependent upon
the carrier velocity. If the carriers are trapped
by attractive centers, the concentration incxeases
on heating the carrier system. ~

The theory of' capture by shallow attractive
traps de.scribed by a Coulomb potential is well
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developed. The very large value of the capture
coefficient observed in covalent semiconductors
at lom temperatures is explained by I ax's theory
of cascade of one-phonon transitions. ' ~ ' Applying
this theory one can calculate the field dependence
of the carrier concentration. This field dependence
is to be taken into account in order to investigate
the galvaromagnetic characteristics of the non-
equilibrium carriers in the presence of the above
trapping centers.

The purpose of the present paper is to study the
galvanomagnetic characteristics of the hot elec-
trons in a compensated covalent semiconductor
in the presence of shallow attractive traps and
under the condition mhen the carrier momentum
is dominantly scattered by a system of randomly
oriented dipoles and the energy is scattered by
deformation acoustic phonons. In Sec. II the gal-
vanomagnetic theory for any arbitrary angle be-
tween the directions of the electric and the mag-
netic field vectors is developed considering the
weakly heated and the strongly heated carrier
systems. The field dependence of the galvano-
magnetic coefficients are obtained both under the
fixed-field and the fixed-current conditions. The
numerical results obtained for n-Ge at 4.2 K
are presented in Sec. III. The results are dis-
cussed in Sec. IV. It is shown that this study
suggests a suitable method to determine some
capture parameters and also to estimate the de-
gr'ee of compensation in the material

II. THEORY

It: is most probable that the dipole impurities
are distributed randomly in the crystal. Using
the first Born approximation, the elastic scat-
tering cross section and hence the isotropic mo-
mentum free path lD ean be calculated and is
given by ~

38'3a A; 7'x
D 4~~g~4~ ~1/ 3 D

0 D

where k =k/2v, k being the Planck's constant,
k„ is the dielectric constant, k~ is the Boltzmann
constant, 7' is the lattice temperature, x is the
carrier energy normalized to k~T, rn* is the
scalar effective mass, e is the electronic charge,
and lD is the energy-independent factor of the free
path. It is to be noted that unlike the situation for the
other static defects, the momentum free path for di-
pole scattering is explicitly dependent upon the de-
gree of compensation (defined earlier) in the
sample. The momentum relaxation time due
to the dipoles' will also dominate that due to de-
formation acoustic phonons provided l, » l~(x);
l, being the momentum free path for deformation

)' (x)- () +n, xj exp(-x) .l
l (2)

acoustic phonons and the angular bracket standing
for an average over the distribution functio'n.
It is mell known that in the phonon equipartition
approximation, l, is independent of the carxier
energy and such an approximation can be made
if~ kaT» m*@2(x), s being the average acoustic
velocity. The energy free path 7, for the defor-
mation acoustic phonon scattering is related to
the corresponding momentum free path in the
phonon equipartition approximation by the rela-
tion" I, = kaTl, /2m*s'.

I et an electric field E, be applied to a covalent
semiconductor along the X axis simultaneously
with a magnetic field H which makes an angle
x with E„ in the X-2 plane. I et p be the angle
between H and the total heating field f (=E,
+E r; Er being the Hall field). If the band struc-
ture is known, one can solve the Boltzmann trans-
port equation to find the nonequilibrium energy
distribution function for the carriers when the
momentum and energy are scattered, respect-
ively, by a system of randomly oriented dipoles
and by deformation acoustic phonons.

Neither Ge nor Si possess parabolic band struc-
ture. But in the region of lattice temperatures
of our interest, when the energy is scattered
by acoustic phonons, the electron temperature
in n-Ge assumes a value of the order of 100.times
the lattice temperature for an electxic field of
50 V/cm. " So under these circumstances, the
energy which an electron may gain or lose in
a single scattering event amounts to 0.01 eV.
Thus the electrons will be confined to a short
segment of the dispersion curve where the nature
of the curve ean ordinarily be regarded as para-
bolic. Moreover, although the complex form
of the band structure is known to lead to some
nontrivial results, in many cases the anisotropy
and the many-valley effects give rise to just
some changes in the numerical coefficients of
the galvanomagnetic characteristics. 4 Thus in
the region of liquid-helium temperature, one
can assume a parabolic dispersion law mithout
any serious loss of accuracy. But even for the
parabolic band structure the transport equation
is not amenable to analytical solution for any
value of the electric arid the magnetic field. So
only some limiting eases are to be considered
separately.

If we consider the carrier system in the pres-
ence of a low field that satisfies the condition
E & (6m* s'k T/e l "P~', the analytical solution of
the transport equation can be obtained for a mag-
netic field ff & c(2m "k~T)' '/el' and is given by
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Here f,(x) is the isotropic part of the noneguil-
ibrium energy distribution function, and c is the
velocity of light. n~ is the square of the normal-
ized heating electric field": nD =(efo~E)'/6m*s'
keT. Using (2) one can claculate the average
carrier energy and see that the carrier system
is only slightly deviated from the state of thermo-
dynamic equilibrium with the lattice. Such a
system is usually termed as a weakly heated
system. On the other hand, for an electric field
as high as to satisfy the condition E& (6m*s'k T/
e l, lD)' ', the solution in the presence of a mag-
netic field B&c(2m*k~T)' '/el~(x)can also be
obtained analytically. ' This solution takes the
form

n~ sin'p x

( nn() /)Q, . n, ()./)')} '

where gD is the square of the normalized mag-
netic field": q~ =(el'&)2/2m "c'keT. Here one
can see that the average carrier energy largely
exceeds that of the lattice atoms. Hence such
a system may be termed a strongly heated sys-
tem.

Even for the isotropic band structure, the car-
rier mobility in the presence of a magnetic field
becomes a second-order tensor. The total cur-
rent in this case is the vector sum of the current
along the heating field E, the Hall current and
the current along the magnetic field H. The
elements of the mobility tensor are easily ex-
pressible in terms of the kinetic coefficients
E„E„andE, for the specific type of relax, ation
processes of our consideration. These coefficients
are defined by the expression for the current
density J:

J=-en K~E+E +KExH H(R H)

where n is the nonequilibrium carrier concentration.
Using this, one can find the expressions for the
galvanomagnetic coefficients. The magneto-
resistance p defined by E J/J' is given by

E,'+ E', cos'&+ K,K, sin'K
es(K', +K', )(K, +K, )

under the fixed current (j) condition where all
but the X component of the current density van-
ishes, and by

K~+K cos2p
en(K, +K,' sin'p +K,'cos'p + 2K,K, cos'p)

(6)

under the fixed field (E) condition where all but
the component of the electric field vanishes. The
Hall constant R for the case of crossed fields
is given by

R=
enH(K,'+K', )

'

where &~ and B~ are the coefficients of ionization
and recombination, respectively. " The subscript
"M" deontes the specific mechanism of ionization
or recombination. c„ is a constant which is equal
to unity for all processes but the impact one, for
which it assumes the value equal to the density
of the free carriers. For the cases of our con-
sideration, only the mechanism of thermal (T)
recombination and the impact (I) ionization need
to be taken into account. " For the weakly heated
system, impact ionization produces a negligible
effect and the steady-state solution of this equation
is given by

(B ) )./2

' B,(E,H)

where the subscript "0"stands for the state of
thermodynamic equilibrium. For the strongly
heated system, however one can obtain

ND B (E,H)

( N —N„A (B,B)
Since the recombination time is very large com-
pared to the energy relaxation time, it can be
assumed that the recombination of the free car-
riers takes place under the condition of equil-
ibrium with respect to the energy and the crystal
momentum. Thus, if the relevant cross sections
are known, one can calculate the recombination
and the ionization coefficients -with the help of
the stationary distribution functions (2) and (3).

The recombination coefficient Br(E,&) will
be calculated using the Lax cascade theory. '4

At low temperatures, electrons will have energy
sufficient to emit acoustic phonons only and the
effective recombination cross section is given
by or(x) = 4 e, /Sy x(x+ 6B/y), where y = 2k~T/m*s',
o, is some characteristic cross section, and 6,
plays the role of a binding energy whose depen-.

dence on y is given in Ref. 14. The impact i.on-
ization coefficient Al(E, H) for the strongly heated
system is determined mainly by the hot carrier

(10)

Thus we see that the problem of calculating the
galvanomagnetic coefficients actually leads to
that of calculating the kinetic coefficients and
the nonequilibrium carrier concentration. Once
the energy distribution function is known, one
can calculate the kinetic coefficients by the method
described in Ref. 4. Let us now consider the
problem of calculating the nonequilibrium carrier
concentration. The carrier concentration in the
presence of attractive traps of density ND may
be obtained from a solution of the rate equation

—.=(N —N')Pc„A„—cN Qc'„B, (8}
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distribution function and is not sensitive to the
energy dependence of the impact ionization cross
section o, . So one can use such an approximation
as a (x) = o which simplifies the calculations con-
siderably but does not significantly affect the
value of the carrier concentration. '

Thus for the weakly heated system, using (2)
one can obtain the magnetoresistance

ps= p, i-n, ~2 -.'+ —' expr &r ).

+8g, sm"
~

i- r '(7/2)

in the fixed field and the fixed current conditions,
respectively. The inverse of the Hall constant
is given by

sv w f'(7/2)R, 'f 2

b„~/2
'( /

))I ((2)
24

E ~ ~6 26

I' 7 2
+ SgD sin'P 1- (12)

Here po and R, are, respectively, the weak elec-
tric field resistivity and the Hall constant for
dipole scattering.

Gonsidering the strongly heated system, using
(8) one can obtain

P,e,b' ' 4'e, b'f )(be Px( E2/)(1 —1 qe, (1('+ ehf (2)(,
)&(b(1 —c(1) 6(1 —c,)ya4'W, /, ,(Z)Z" ' (14)

p(b&(bb'
' 4'o, b'f, (b) exp(Z/2)(1 —b 'qc(//2 sin'p )[1+aha, (b)]

Here b = f~/f242l. ; Z=bI/R2T; a=(bye sin p)/2;

f (b) 3/222( )+ 15 ab2Z 3/222(@ 15 b4 .b2f (b)

f,(b) =f,(b)/f, (b)

f (2}=—(4 /yf exp(il 2/y)Elt-4 2y/) eg( —1)!(-4 /1)

()each(h")

exp(-il y/b)E1(-h y/2)

f3(b) =- exp( 6,b/y)Ei( -6,b/y)-

p& =~3+ (9 cos'/(cos'8)/8+ I' (7/2)(sin'g) 4/

1+
32

W(Z) and Ei(X) are, respectively, the Whittaker
function" and the integral exponential function. "
I is the ionization energy of the impurity traps.
It is easy to Wee that the magnetoresistance is
independent of the ionization energy if the trap is
shallow enough to satisfy the condition I«c(nl, k2T/
l~. The reciprocal of the Hall constant in the
presence of such shallow trapping centers is given
by

128(1—c,)N~ 45a, b2 y
45vRono 6(l —c3)o y 63b

2qDb ' 1+-225~1
64 )

(16)

It should be mentioned here that the galvano-
magnetic coefficients depend upon the total heating
field E and upon the angle P. For a direct com-
parison of the results with experim'ents, one
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should know the dependence of these coefficients
upon the applied field E, and upon the angle x.
So in order to facilitate the comparison, one
should know such relations as E =f(Ez) and P
=4(z). These relations are dependent upon the
experimental condition. In the fixed-field con-
dition E =Ex and P = &, whereas in the fixed cur-
rent condition E =Ez(1+tan 8)" and P =cos ~

(cos8 cosz), where 8 is the Hall angle.
Lastly it should be mentioned here that on in-

creasing the electric field when it exceeds some
critical value E„ the de Broglie wavelength of
the carriers becomes smaller than the average
dipole length and the carrier momentum is then
scattered by the potential of the individual ions.
This critical field can be obtained from the re-
lation (x)(E,) =2m'g'ND '/m*keT. So this imposes
another limitation to the value of the applied elec-
tric field for the dipole scattering to be meaning-
ful.

III. DISCUSSIONS AND NUMERICAL RESULTS
FOR n-Ge

Let us first consider the weakly heated system.
For this system it is easy to see that E Ex and
thus the magnetoresistance both under the fixed
field and fixed current condition decrease, and
the inverse of the Hall constant increases with
an increase of the applied electric field. The
field dependence is quadratic in each case. Both
the magnetoresistance, p& and p~, increase slowly
with the compensation ratio and the angle I(: be-
tween E„and H. The inverse of the Hall constant,
however, slowly decreases with the increase of
the compensation ratio.

For the strongly heated system, the dependence
of the galvanomagnetic coefficients upon the var-
ious parameters is more involved. The above
theroy can be applied to get numerical results
for a sample of n-Ge at 4.2 K. The following
values of the parameters are assumed:

m*/m, =0.12, s=5.4&10' cm/sec, k~=15.8,

l, =6.72 x 10 cm, 6, =8.0, o, =2.13 & 10 cm',

o =1.05x10 ~' cm~, ND =10"/cm', B =500.0 oer-
sted.

Figures 1-3 illustrate the variation of the gal-
vanomagnetic coefficients with different para-
meters-. From Fig. 1 it is seen that the magneto-
resistances, pz and p~, depend strongly upon the
applied electric field, decreasing with the in-
crease of the latter. For lower values of the
applied field, the rate of fall is faster and at
higher values the curves exhibit a trend toward
lower saturation. This can be explained by the

fact that with the increase of the electric field,
the carrier energy increases; as a result the
thermal recombination coefficient decreases
and the impact ionization coefficient increases.
Thus the nonequilibrium carrier concentration
in the presence of shallow attractive traps in-
creases with the applied electric field. Initially
Br/A sharply decreases with the increase of
the electric field and at higher values of the field
when Br/Az-0, the concentration tends to sat-
urate. So in the region of higher fields, the
field dependence of the magnetoresistance is
attributed only to the heating of the charge car-
riers, whereas in the region of low fields it is
due to the capture of the free carriers by the
trapping centers. The magnetoresistances are
also strongly dependent upon the compensation
ratio, increasing with the latter. However, the
rate of fall of p with Ex is higher for lower val-
ues of the compensation ratio.

Since the total heating field E is greater than
the applied field E» p~ is always greater than

p& for any Ez. The parameter (pz —
p&) at a par-

ticular value of the electric field depends upon
the magnetic field and the compensation ratio.
In the weak magnetic field limit for which the
theory is developed here, the value of p~ differs
little from that of pz. At lower values of the com-
pensation, (pz —p~) increases with the applied
electric field, whereas for higher values p~-p&
in the range of electric field of our interest.

Figure 2 illustrates that p~ is weakly dependent
upon ~, decreasing slowly with the increase of
the angle &. It is also seen that this dependence
is prominent only at higher values of the applied
electric field. Moreover, with the increase of
the compensation ratio, this dependence becomes
prominent at still higher values of the applied
electric field. The rate of change sP»/8Ez at
any field is determined by the degree of compen-
sation and by the trapping parameter o,/o,'.

From Fig. 3 it is seen that -R ' depends
strongly upon the applied electric field. For
lower values of E„ it increases sharply with Ex,
and at higher values of the field the rate of in-
crease slows down tending towards a region of
saturation. This saturation also is due to the
trend of concentration saturation at higher val-
ues of the applied electric field and the field de-
pendence observed in this region is mainly due
to the heating of the carriers, since the capture
process has little effect on the galvanomagnetic
coefficients as the carrier concentration approa-
ches the saturation value ND(1 —c,). It is to be
noted that this saturation of the nonequilibrium
carrier concentration is not. characteristic of
the carrier relaxation processes considered
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F&G. 1. Dependence of the magnetoresistance upon the applied electric field for different values of the compensation
ratio when K =. 45'. Curves 1-4 depict the dependence under the fixed-field condition for co= 0.1, 0.05, 0.01, and 0.005,
respectively. Curves 5 and 6 give the same dependence under the fixed current condition fox' eg= 0.01 and 0.005, re-
spectively.

here. But how fast this saturation is reached
with the increase of the applied electric field
depends upon the relaxation processes. It also
depends upon the nature of the trapping centers
and the degree of compensation. -8 ' is also
strongly dependent upon the compensation ratio.
It increases rapidly with e, and approaches the
saturation value at a lower value of the applied
electric field for lower eo.

IV. CONCLUSIONS

In the presence of shallow attractive traps,
the hot-electron galvanomagnetic effects in a
covalent semiconductor is studied theoretically
under the condition when the carrier momentum
and energy are scattered by a system of randomly

oriented dipoles and deformation acoustic phonons,
respectively. Expressions for the magnetoresis-
tance are obtained for the fixed field and also
for the fixed current regime. Numerical results
for n-Ge show that for the types of relaxation
processes considered dominant here, the non-
linear effects can be observed even for a field
of a few volts per cm. The galvanomagnetic co-
efficients and their derivatives with respect to
the applied electric field are found to be strongly
dependent upon the applied electric field and
the degree of compensation. They are also de-
pendent upon the capture parameter o, /ol.
However, their dependence upon the angle x be-
tween E„and H is rather weak.

The observed field dependence of the galvano-
magnetic coefficients is the simultaneous effect
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FIG. 3. Dependence of -R ~ upon the applied electric
field for different values of compensation ratio. Curve
1 is for cp= 0.1 and curve 2 is for cp= 0.05.
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FIG. 2. Dependence of the magnetoresistance upon the

applied electric field for different values of ~ at a fixed
value of the compensation ratio. Curves 1 and 2 show
the dependence under the fixed-field condition at pp= 0 01
for ~ =20' and 70', respectively. Curves 3 and 4 depict
the same dependence at cp= 0.005 for re= 20'. and 70', re-
spectively.

of the capture and the heating of the carriers.
The former effect dominates in the low-field
region whereas the latter dominates in the high-
field region. The theory developed here is valid
for the strongly heated system in n-Ge in the
applied electric field range of a few volts per
cm to a few tens of volts per cm. Outside this
range, in the lower-field region the condition
of heating suffers whereas in the high-field re-
gion the condition of phonon equipartition approxi-
mation becomes invalid.

Lastly it should be mentioned that the theory
has been developed for a carrier system in the
presence of a weak magnetic field for which the
quantization effect can be neglected. For the
sample n-Ge at 4.2 K, the calculations are per-

formed for & = 500.0 oersted, whereas it is easy
to see that the quantization effect should be con-
sidered for magnetic fields largely exceeding
5 & 1(P oersted.

The above results could not be checked since
there is a dearth of experimental data, " al-
though the approximations and the region of ex-
ternal fields for which the theory is developed
seem to be easily accessible experimentally.
However it is evident that if experiments are
performed within the limits of the approxima-
tions used here, then from a comparison of
these results with the experimental curves giving
the applied field dependence of the galvanomag-
netic- coefficients of their derivatives, one can
find the value of the capture parameter o, /o
and can also estimate the degree of compensation
in the sample.
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