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On the basis of a simple model of a simple cubic crystal, calculations are carried out of the low-temperature specific
heat of a thin film of L layers bounded by two free (001) surfaces. The specific heat is given as the sum of four terms,
namely: C ®(T), C*)T), C¢(T), and C**(T), corresponding, respectively, to the bulk specific heat, the two surface
specific heats, and a term which depends on the proximity of the two surfaces.

I. INTRODUCTION

There has been a great deal of interest in recent
years in studying, both theoretically and experi-
mentally, the thermodynamic and electromagnetic
properties of thin films. The great interest, no
doubt, has been stimulated by the enormous variety
of technological applications of thin films. On the
basis of a simple model of a simple cubic crystal,
calculations are carried out of the low-tempera-
ture specific heat of a thin film of L layers bounded
by two free (001) surfaces. The specific heat is
determined as the sum of four terms, namely,
CB(T), C(T), C“"(T), and C“s"(T) corres-
ponding, respectively, to the bulk specific heat,
the two surface specific heats, and a term which
depends on the proximity of the two surfaces. The
lattice model which we have chosen to use is the
so-called Montroll-Potts model of a simple cubic
crystal with nearest-neighbor, central- and non-
central-force interactions between atoms.! It is
well known that this model does not satisfy the con-
ditions imposed by the requirements of infinitesi-
mal rotational invariance?; it does not give rise
to Rayleigh surface waves; a film based on it also
does not possess the plate modes in the long-wave-
length limit predicted both by continuum theory?
and by lattice theory.? These deficiencies of the
model notwithstanding, exact calculations on this
model and ones similar to it have predicted many
interesting characteristics of the lattice vibra-
tion frequency spectrum which have pointed a way
to the understanding of the frequency spectra to be
expected from more realistic models. An out-
standing example of this is Montroll’s® calculation
of the frequency spectrum of a square lattice
where he demonstrated exactly that the frequency
spectrum contains singularities. Van Hove® later
showed, using a theorem of Morse, that the sin-
gularities were a consequence of the periodic na-
ture of the dispersion relation w(g). Although
much work has been done” on calculating the sur-
face specific heat on the continuum level and nu-
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merically on lattice-dynamical models we are not
aware of any attempt to calculate analytically the
specific heat of a thin film for a lattice even as
simple as the Montroll-Potts model.

Our method is first to obtain the dynamical
Green’s function for a thin film of a Montroll-Potts
crystal, bounded by a pair of (001) free surfaces.
This result is then used directly to calculate the
specific heat of a thin film.

Note added in proof. The Montroll-Potts model
does give rise to Rayleigh waves if the interlayer
bonds are not normal to the surface, as in the
case of a (110) surface. See S. L. Cunningham,
Surf. Sci. 33, 139 (1972).

II. DYNAMICAL GREEN’S FUNCTION
FOR A CRYSTAL FILM

The dynamical Green’s function for a crystal
film has been obtained by Maradudin.® The de-
rivation is described in detail in Ref. 9. For com-
pleteness, we describe the model of the film being
used.

We construct the film in the following way. We
begin with an infinitely extended simple cubic
crystal whose lattice translation vectors are given
by

() =ay(y,1,1,),

where g, is the lattice parameter, and /,,/,,l, are
any three integers, positive, negative, or zero,
which we denote collectively by I. We then excise
a film of L layers by equating to zero all inter-
actions between atoms in the plane /,=0 and atoms
in the plane /,=1 and between atoms in the plane
l,;=L and atoms in the plane [;=L +1, and then
restricting /; to assume only the values 1sl,<L.

The time-independent equations of motion of the
infinite crystal perturbed by the annulment of the
interactions between the layers ;=0 and /,=1
and between the layers I,=L and [, =L +1 can be
written in the form

(‘f_’«))_ L) — Gi‘z’)ﬁ=0 ,
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where the elements of the matrices L©, 5L @ and 6L are given by

Loy (' @) = 6,4[Mw?5, 115, .5

Ip13 1315

0, 4.0, .40, ,,0 0

+7(5111{-15121é6131§+éllliﬂ 121571313 i Cipl5-1"1315

6, 0

+ 6111é6121é+16131é+ 5111{512156131§-1 + 5111151215513154 - 661111 1224 lglé)] ’
OLgg(1) =~ 6a375111;6121é(6130 - 5131)(5t§o - 5151) ’
6Lt(xzﬁ)(ll') = -50487/511 tiélzté(ézsL_ 6!3L*1)(5léL_ G;éz,u) ’
where M is the mass of an atom in the crystal, ;. oy 0 - e Ry (1) R, (1
. =B K 1 piky* [Xy (1) =X, (1] 92
and vy is the nearest-neighbor force constant. To Uqglll'; ) N? ? U w|Li)e » @
simplify the Montroll-Potts model further, we where E,, =2k, +7,, 18 a two-dimensional wave
have assumed that the central- and non-central- ” ~
. vector parallel to the surface, and whereX, and x,
force constants are all equal. In these expressions . . . -
. : ) are unit vectors inthe 1 and 2directions. We assume
a and § label the Cartesian axes. The matrix A ore . :
= oy . - . o periodic boundary conditions in the 1 and 2 direc-
L%’ describes the vibrations of the infinitely ex- . . N .
=0 . ) tions, with the periodicity element being a square
tended crystal, 5L’ subtracts the interactions . .
=2 with edges of length Na, along each of these direc-
between the planes ;=0 and /,=1, and 6L’ sub- . 2
) 3 tions. The N? allowed values of the wave vector
tracts the interactions between the planes I,=L > .
3 k, are therefore given by
and [,=L +1.
We now define the Green’s function G4 and » _2m N N
k,=— 0), —s+1l<sm, <=
U,s(l1'; «?) as the solution of the equation " Na, (n1,m5,0) 2 My My » )
- - e where m, and m, are integers. The area swept
(L@ - 8L - sL®)U=1. (1) out by the allowed values of K, is the two-dimen-

sional first Brillouin zone for this problem.

Equation (1) is solved by assuming that It is shown in Ref. 9 that

|

> 1 tIIS-Ié“l 1 t13+lé 1 t t2L o=l Y -y’ +10 -
VR = = vy Eoy Ty oy T T e el @)

[
of the sth normal mode, and the sum on s runs

where
over all the normal modes of the crystal. In the
_(#2 _ 1)1/2
E= (=12, £>1 (52) limit of low temperatures, when g is large, it is
t={ t+i(l=-g3)Y2, ~1<g<1 (5b) convenient to expand the summand on the right-
hand side of Eq. (6) in powers of exp(~piw ), in
2 1/2 s’
L+ (-1, £<-1 (5¢) which case we obtain
and o
u Co(T)=ky D D (Bliw,)2e ™has , )
£=3 — cosk,a, ~ cOskya,— 5 WP (5d) s
Y To evaluate the sum on s in the expression we

III. THE LOW-TEMPERATURE SPECIFIC HEAT introduce the function F(z) of the complex variable

OF A THIN FILM z by
. . - E 1
In this section we utilize the results of Sec. II F(z)= prampT (8)
to obtain the low-temperature specific heat of a s s
thin film. What is meant by low temperature will This function has simple poles at z =zw,, with

residues +1/(2w,), respectively. Because only

positive values of the {w } appear on the right-hand
side of Eq. (7) we can rewrite the sum on s in this
equation in the form of a contour integral involving

emerge in the course of this discussion.
In the harmonic approximation the specific heat
of a crystal is given by

_ (zB7w,)? .
C,(T)=Fky g Sintelphe,’ (6) the function F(z),
- -1 s _ka(ﬁh)z = 3,-nBhz
where g=(kzT)™, with T the absolute temperature C,(T)= o n 2% F(z)dz , 9)
n=1 Cy

and %, Boltzmann’s constant, w, is the frequency
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where the integration contour is shown in Fig. 1(a).

The presence of the descending exponential in
the integrand in Eq. (9) means that we may deform
the integration contour into the contour C, shown
in Fig. 1(b), and we know that the contribution
from the infinite semicircle vanishes, so that we
are left with an integral down the imaginary axis.
With the change of variable z =iy we obtain for the
specific heat the result

2 ) o
C,( B(Bﬁ Son j y3F(iy) sinnfiy dy . (10)
n=1 e 00
In obtaining this result we have used the fact, evi-
dent from Eq. (8), that F(iy) is an even function
of y.
Since » in Eq. (10) is always greater than or

equal to unity, and since g is large at low tempera-~

ture for the calculation of C,(7) at low tempera-
tures we require the asymptotic behavior of the
integral

J= f " 3P (iy) sinnghy dy 11)

in the limit as nB%—~ +«. The theory of the asymp-
totic behavior of Fourier integrals'® yields the
result that the large-»np7% behavior of the integral
J is determined by the singularities of the function
y3F(iy). It can be shown easily*! that the function

F(iy) can have its only singularity at the point y =0.

Our task, therefore is to determine the nature of
the singularity in F(éy) at y =0, from which the
asymptotic behavior of the integral J can be infer-
red from tabulated results.

We are aided in this task by the observation that
it is a general result from the theory of the effects
of defects on the vibrations of crystal lattices
that 2
2= F(@) =M U, (1], (12)

S $ la
in the case of a Bravais crystal in the presence
of a defect that changes none of the masses of the
constituent atoms. This result, together with
Eqgs. (4) and (5) enables us to write

N N L
F(iy) =§'¥ 2 Z Zkz U(Euiy |lals)

1,51 Ip=1 1371 k;

b 3
X
b

b 3

Z - PLANE

(a)

(b)

FIG. 1. (a) Path of integration for the line integral in
Eq. (9) which encompasses all of the positive poles of
F(z). (b) Deformed semicircular path along which the
line integral in Eq. (9) is actually calculated.

L
3 4 £21s ¢ 2L 2 Ig+1 2131
D — . . 13
7%:132;1<t2_1+t2_1+t2_1 l—tzL(t 3+l 1. 9 4 f21371) , ( |
where now
- (-1 .

because
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¢= Agj; +3 — cosk,a, ~ cosk,a, >1. (15)
We carry out the sums on /, and replace summation on 3 by integration over 6, and 6, according to
kyay=0,, kya,=0,, —1<6,,6,<m, (16)
to obtain
L M., " M, (T T 12 3M f f
F(zy)—-ﬂzyNLfo a9 f d0,—— 1 3= N j(: dalfo a0y =y N a9 dez(l t2)2
6M ., T ¢ 2L
- TN Lfo delj; A0, 7T (17)
where ¢ is now given by
2
§=M—y+3— cosf, — cosb, . (18)

2y
The first term in Eq. (17), F‘®(iy),

is the bulk contribution; the second and third terms, F ' (iy), are

equal to each other, each representing the contribution associated with the presence of a single, bounding

surface on the crystal, i.e.,

it gives the surface contribution for a semi-infinite crystal; the contribution

given by the last term, F ®9(iy), has its origin in the presence of the second surface, and describes the
effects of the interference between the contributions associated with each surface separately. We will see
that this term vanishes as the number of layers in the film, L, increases without limit.

We consider each of these several contributions inturn. The function F‘®(jy) is given by

. 3M Tttt 3M
F‘B’(zy)=—ﬂ2yN2Lf ab, [ do,7—5=-5s
0

Nsz a8 f dez&'z'-l_)f/—z

3 M NzL 1
T2y w J’ def dej; desMy2/2y+3—cosel—cos92-cos93’ (19)

where we have used successively the fact that

¢ 1
1—t2:2(£2—1)1/2 (20)

and

lf!d COSle =[§_(€2_1)1/2]|I| (21)
(]

3 §— 00893 (gz - 1)1/2

The first few terms in the expansion of the
three-dimensional integral of Eq. (19) have been
obtained in Ref. 13. The result is

. 3Mm 1 (M)
F‘B>(Zy)~-§7N2L[0.50546--\/—2_—n<2—y) v

_ M\ ,
-0.014 szs(zy)y

aslay) " blouo).
(22)

The singular terms in this expansion are those
containing |y |, |y|,.... With the aid of the re-
sults of Ref. 10, we find that the leading terms
in the large np% expansion of the integral J, Eq.
(11), associated with the function F(®(jy) are given

I
by

5. 36( )3/2 1 135( )5’2 1 ]
TN L[ v @B e\ Ty

(23)

Substitution of this result into Eq. (10) yields the
first two terms in the low-temperature expansion
of the bulk specific heat of the Montroll-Potts

model,

272k, T\ 1r"(k T)"’ ]

(B) —_f =B coe
CB(T)~3N?Lk [15(ﬁw0> +57 Tio, + ,
(24)

where the frequency w, is defined by

Wi=l= gt (25)
and w, is the largest normal-mode frequency of
the Montroll-Potts model. We note that 3N2L is
the total number of degrees of freedom in the
film.

We turn now to the determination of the small-
|y | behavior of the function F“)(jy), or more
precisely the singular part of this behavior. We
have that
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, 3 N? 4 [Ad 3 N2
F(S)(W):—" J’ ae, f 2(1 t"’ =123

' 1
f d91f dez—-—gz_l

7 Wi 47 w3
== 52 e, f de, : 1 ) (26)
8% w? 2/2w2+2 - cosf, — cos, y2/2w?+4 - cosh, — cosf

It is clear that the function defined by the second integral has derivatives of all orders at y =0. The sin-
gular part of F'®(iy) can arise only from the first integral, which we rewrite as

T r ©
FS (iy) "“‘"‘%g—: 1 fo de‘fo dezf at exp[— (

0

3N ¥ 2(4) =
- a L. dtexp[—(2w3+2)t]lo(t)-_

here K(k) is the complete elliptic integral of the
first kind.

We now use the fact that K (k) has the following
expansion in the vicinity of =1 (Ref. 14):

’
K()~= (L +3k2+ &k + 25 k% + ~)1nkz

- (s + By B B R ), (28)

where
b= (1 - k2)1/2 .
In the present case
_3_;_2_ 1 +y""/8(¢>an
202 (1 +y2/4w?)?’

Iyl 3y% | 23y* )
’= — -
k 21/2%(1 16u2 51208 :

k:z =
(29)

The singular part of F'(iy) can come only from
the terms in the first line of Eq. (28). Combining
Eqgs. (27), (28), and (29) we obtain finally that

, 3N? 2 4
F(S)(zy)slng 8710)2< %&:2)'1"_82‘;—8— v ') In Iyl ¢

It follows from the results of Ref. 10 that the
leading terms in the large-npB7 expansion of the
integral J, Eq. (11), corresponding to the function
F'(iy) are given by

6r__,_ 157 630m >
BRw,)* * (nBRw)® ' (nBTw,)®

2
(s) ~ 2270
T ~3N 8”(
(30)

When we substitute this result into Eq. (10) we
obtain as the surface contribution to the low-tem-
perature specific heat of the semi-infinite Mon-
troll-Potts model,

k kpT\? k T\
(s) ~ =B —B_. —B_
CisAT) 3N2817[6§(3)(ﬁw0> +15§(5)(h‘w0>

+630g(7)(%$§>3+- . ] . @)

+2 - cosf, - cose)]

3 AN? 1 1
81 w21 +y2/4w§K(1 +y2/4w3) ! @7

The leading term in this expansion had been ob-
tained previously by Dobrzynski and Leman.!’

We come finally to the contribution to the specifie
heat rising from the presence of a second sur-
face. The function F©9(iy) is given by

. 1
F(ZS)(W)": 4 zwz f ae, f d92( T2y (1)1

(32)

We look for the singular part of F?$(iy). Since
it does not appear possible to calculate the inte-
gral in Eq. (32) by straightforward analytical
methods, we resort to an approximate procedure.
We note first that ¢ lies between 0 and 1, no matter
what the value of y, and is equal to 1 only when
y=6,=0,=0. The minimum value of { occurs at
6,=6,=0. Consequently we see that the integrand
in Eq. (32) is strongly peaked at the origin
(y=6,=6,=0) and decreases exponentially with L
as one moves away from the origin. It would ap-
pear legitimate, therefore, for large L, to ex-
pand the integrand around 9, =6,=0.

Letting 6, =7 sinf and 6, =7 cos@, we expand ¢
and ¢ around 6,=6,=0 to get

7-2
t=1+b +7+R1(r,9) ,
(33)
2=1=b24+2b+(b+1)72+R,(r,0),

with
R,(r,0)~0("),
R,(r,8)~0@*),

and

t=~1 +b+%2+1?.1(7,0)

— [p2+20+ B+ 1)+ R, /2, (34)

where
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6508 <9
_ ¥ of F®@9(3y) which occurs at y =0, we expand In to
b= 202" give
We need further to substitute for #2Z in the inte- b2 by?
grand of Eq. (32) which we rewrite as Int~~[b*+2b+ (b +1)7’2]"'“"'—+0( 4. (36)
t-2L=e‘2L 1nt . (35)
Substituting for In¢ from Eq. (36) and for {2~
Since we are interested in the singular behavior from Eq. (33) into Eq. (32) we obtain
J
3N2L J‘ rdrd
@sY(5a)) =
F®s)(iy) ara? f(exp {—ZL [~ - LETRN YA% 0(1,4)]}__ iz 37)
[
where Note that the first integral F2%(iy) in Eq. (39) is

u=[b2+2b+ (b +1)2+0(Y].

Since to order #%, the integrand in Eq. (37) is
independent of §, we can integrate over 6 (0 to 27)
and extend the integration over # to infinity since
L>1.

We now expand the term in bold parentheses in
the denominator of Eq. (37) as follows:

(eszeZLul/z 2L br22+0(rh)]

-1)

briLe Loty O(r%) )
(eszeZLullz - 1)

=»(eb2Le2LttU2 -1 ( 1-

(38)
Substituting Eq. (38) into Eq. (37) we obtain
3NZL rdr
@8) (1)) =
F @) (3y) 212 (ePrezzul? _ 1)yl ?
SN2L [ dr br®LePLe?in”
217(.02 f(eb'*’LezLul/Z 1% et . (89)

J

singular at y =0 while the second integral F2% (iy)
and, therefore, the rest of the terms in the series
of Eq. (39) are zero at y =0. We now treat these
integrals with y #0.

In F?9(iy), we make the change of variables

= [0+ 2b + (b +1)r2]2,
_(+)rar (40)
w7
to obtain
3N2L az
@8) (70 )= 22 2 -
F2 ) 2mwE Jyzagpyrrzet?le?l? 1
3N?
v [2LZ - In(e®2e? 22 = 1)] |2 (21ap /2
0
_ 3

Nz
v In (1 - exp{-2L[(62+2b)*/2+ 3b%])) .

(41)

Substituting the above expression for F2%(iy) into
Eq. (10) we obtain’

2 2
Ccl8 = WZ f »®In(1 - exp{-2L[(b%+2b)*/+ 2b2 1P sinnpay dy . (42)
We now expand the In in Eq. (42):
In(1 - exp{-2L[(b?+20)"/2 + $b2] =1In(1 — e~ )
o2z 2
+m(1+ {1 exp[-2L V2D (VI+B/Z-1+b /zm)]}> (43)
1 —e2LV2)
Note that the first In in Eq. (43)is singular at y =0, while the second ln vanishes at y =0,
Substitute Eq. (43) into Eq. (42) to obtain
2012 400
cay= ——B——3k4 ‘ff) N Zn f y*In(1 - e22Y®) sinngiy dy
0
3% h—)zN2 e2L20{1 _ exp[-2L V26 (VITE/2 - 1+ b2/2V3b ,
——i—(—%—u—;ﬁ——— L f ysln(l + ! p[- T __(e-zuzb s sinnpry dy . (44)
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The integral inthe first sum of Eq. (44) can be done exactly. The integrand in the second sum is analytic
at y =0 and, according to Lighthill,’® gives no contribution to the low-temperature specific heat.

Before proceeding with the exact calculation of the first sum of Eq. (44), we show that F29'(iy) from Eq.
(39) gives no contribution to the specific heat at low temperature. We have

JINPL (= drbrL e L o2l

@s)
F29(y) anz (@ gLy, /7 _ 1)2517 2

Again we let z=(b2+2b+ (b +1)7?)*/2, Then
3N2L “heb?L (22— b% — 2b)e2L%gz

@s) =
Fa*y) = 2mwE Jz,optre (ePLe?l? —1)2 (1+b)2 .
We integrate by parts to obtain
3N2L3% 2zdz 1
@s)
F¥ly) =+ = Wi Jy2iapie ePre?le—1 (1+0)2

The integrated part vanishes.

(45)

(46)

(47)

Since the integrand in Eq. (47) is finite at Z=0, we can set the lower limit on the integral to zero. The

integral can be evaluated as a power series to give

3N? 2 2
@s)(in)) =9V O Lo=b2p .1 =220 ...
Fzs(ly) 817wgeb2L(1+Qe +-§ez + ). (48)
Substituting Eq. (48) into Eq. (10) we obtain
cﬁg; i%qgﬁ_ f y“be"’zl'(l +3 e'”2L+ 2Ly, *) sinnpBhy dy . (49)
0 n=1

According to Lighthill,'° the asymptotic expan-
sion of

F(O) " (0) + Fm (0)
22w (2mx)® T (2mx)®

—eee,

(50)

f F(y) sin2mxy dy ~

Comparing Eq. (49) with Eq. (50) we see that
F(y)~yem’

and that all even derivatives of F(y) evaluated at

y =0 are zero. Consequently, C %) =0 in the low-

temperature limit.

We have, therefore, that C2$)(T) reduces to the
first sum in Eq. (44), which is

3k ,(B%)3N?
ceo(1)~ —f(%u);——z nF,, (51)
where

F,= f 3 In(l — ¢ 2LV20) sinnBry dy

_ _2( 0 ) [12 7r4( 1 L2 COShZEnﬂ)
2LV2 sinh*¢,m  sinh%e,m
37® 3n3coshe,w
T 3 sinh%,n  €2sinh’¢, 7

_ 37 COShEn‘II] (52)

€3 sinhe, 1

with

_ nrhw, _
T RR,TLVE o

It is interesting to observe that as €,~ or
T -0 that

”2(2Lﬁ) <12>+6"(ﬁ&7‘)42%'

which gives, in this limit, a contribution to the
specific heat given by

6vZ ., z(k T)ﬂ
15 NLk g —Lmo

3N?%: kT
+ 3% Esz(a)(%g:) ] (53)

Equation (53) is not valid for large L since €, must
be large. In the limit of large L, the sum in Eq.
(51) can be converted to an integral which can be
shown to be

ct(,zs)(T) =

C,§28)(T)

L~

where F(¢€) is F,(€) given by Eq. (52), dropping the
subscript z.

The first term in Eq. (53) (more than) cancels
all of the leading term in the bulk contribution
[see Eq. (24)] while the second term is exactly
equal to the leading term in the surface contribu-
tion, given by 2C ‘¥ (T).

We have finally for the total specific heat of a
thin film at low temperature,
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T T T T T T T T
3o} (cS/N%kg) x 104 -
(c{P /N2 k) x102- ==~
(c{®)/N2kg) x 102 ===~
L=10 Y
/
2.0 e
2 ’
~ /
2 /
~N 7/
3 /
’ e
1.0k 7 /./’ -
4 P
e -
7z ’./
//_/'
0.0 1 1 1
0.00 0.02 0.04 0.06 0.08

kgT/ fiwg
FIG. 2. Separate contributions to the total specific
heat for a thin film of ten layers. Note that the inter-
active contribution Cf}" is magnified 100 times compared
to the bulk and surface contributions.

C,(T)~CEB(T)+2C(T) +CEI(T)

kT 7 fiwg=0.02

(c$?3 1.9 N2kg) x 10°
o
T

FIG. 4. Plot of the interactive contribution C{% to
the specific heat for a fixed temperature as a function
of film thickness showing the expected vanishing of this
term as L increases.

=3NszB[%f(%> 21(k T) ]3%’;’%[6“3)( wo> +15g(5)( )+630§(7)(%£’:T)6+---]

37 coshe,m

_6N?Lky o (RaTY o, Nzka”[
15 fz_(h’w ) *16 w°L? ,,Zl:

o
o
l

TOTAL (C, /N%k,) x 10°
N
5
I

)
T

| I 1 1
0.0l 0.02 0.03 0.04

kaT/T\wo

FIG. 3. Total specific heat C, which is the sum of the
contributions plotted in Fig. 2 for the same ten-layered
film.

n \smh“’e T

2 cosh@g) L 37

3 coshenn]
sinh’e,m /€, sinh?e,m

—3 T .
sinh’¢,m €2 sinhe,m

(53)

—

In Fig. 2 we have plotted C{®, 2C{¥, and C2*
as a function of the temperature for a thin film
of ten layers. Note particularly the maximum in
C#9. In Fig. 3 is plotted the total specific heat,
C, (FC!®+2C ! +C29) as a function of tempera-
ture for the same thin film. The maximum in
C 29 leads to a bump in the total specific heat
which should be observable with available ex-
perimental techniques. For an insulating layer
whose Debye temperature is 100 K, the bump
should be observable in the temperature range of
one to two degrees Kelvin.

In Fig. 4 is plotted C 9 versus the thickness of
the film for a fixed temperature. The contribution
to the specific heat of the term becomes negligible
for a film of the order of 30 layers.

There is no reason to expect that the bump is
related to the model crystal which has been in-
vestigated here. Such an interference term be-
tween the two surfaces of the film represented by
Cf“s’ should certainly be present in more realistic
models.
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