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The extended scaling relations between the critical exponents of the 8-vertex model can be
derived by a mapping of this model onto the Luttinger model. The equivalence of this method
to the one that connects the 8-vertex model to the Gaussian model is discussed. The Luttinger
model is equivalent to the Gaussian model. Its operators are identified as vortex and spin-wave
operators. The spin-wave operator cos4¢ is present in the critical 8-vertex Hamiltonian via an
umklapp process. This explains the Kosterlitz-Thouless transition in the 6-vertex model, and
resolves questions concerning the validity of the lattice continuum limit in the treatment by

Luther and Peschel.

INTRODUCTION

From the Baxter solution! it is known that the criti-
cal exponents in the 8-vertex model vary continuous-
ly. The solution gives the exponent of the energy
operator (the specific heat). It has been conjectured,
mainly on numerical evidence, that the exponents of
different operators satisfy extended scaling relations,
such as?3

xPxpT=1, x§V=%xrsv .
x2V is the correlation function exponent of the ener-
gy operator, x2V that of the electrical field, and xAT
that of the crossover operator (which in the Ashkin-
Teller language becomes an energy operator).

Recently these relations are derived by exploring
the relationship of the 8-vertex model to the general-
ized Villain model.*® This is a Gaussian model with
interactions that introduce vortex and spin-wave exci-
tations. Kadanoff and Brown® used the operator ex-
pansion method. Knops’ on the other hand showed
that the 8-vertex model can be imbedded in the gen-
eralized Villain model. After a few initial renormali-
zation transformations, the 6-vertex model (i.e., the
critical line in the 8-vertex model) will be described
by the exact soluble Gaussian model with spin-wave
interactions of type cos4¢. The presence of cosd¢ is
necessary to describe the infinite-order phase transi-
tion in the 6-vertex model.

The approach by Knops appears to be similar to an
earlier one by Luther and Peschel.® The Luttinger
model (= massless Thirring model) is a one-
dimensional quantum-field model of massless fer-
mions.” In Sec. I it will be shown that this model is
the quantum-field version of the two-dimensional
Gaussian model. The XYZ model (chain of Heisen-
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berg spins) is in the same way. the counterpart of the
8-vertex model.!° Luther and Peschel showed that the
XXZ model (which is equivalent to the 6-vertex
model) maps, in the limit of small lattice constant,
onto the Luttinger model. They derived the relation

h :
xgV=—<x#". Luther and Peschel’s and Knops’s results

should be the same. They overlooked however the
presence of the spin-wave operator. By a more care-
ful review of their calculation it will be shown in Sec.
IT that this operator is hidden in the o/o/;, operator
as an umklapp process. After this adjustment the
results agree with those of Knops. The XXZ model
(6-vertex model) is equivalent to a massive-Thirring
model (sine-Gordon model).

In order to be able to compare the two methods,
we must first establish in detail the relationship
between the Luttinger model and the Gaussian model
(Sec. I). The generalized Villain model not only
describes the critical behavior of the 8-vertex model,
but also that of virtually all other 2D systems, e.g.,
the planar model (its Kosterlitz-Thouless transition
describes superfluid He films), the sine-Gordon
model, the discrete-Gaussian model (its roughening
transition describes the growth of a crystal surface),
and the 2D Coulomb gas. In the past these models
have already been shown to be related to the
massive-Thirring model.''~!* This is a Luttinger
model with extra fermion interactions that make the
model massive. Because of the more fundamental
nature of the Gaussian model, these equivalencies
become very simple in the presentation of Sec. I.
The transfer matrix of the Gaussian model is equal to
the infinitesimal time-evolution operator of the Lut-
tinger model. Moreover we can identify all vortex
and spin-wave operators with fermion operators of
the Luttinger model.
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Kadanoff and Brown® and Knops’ showed how to
identify the operators of the 8-vertex model to those
of the Gaussian model, without referring to the 1D
quantum-field models. In Sec. II we will first
translate the 8-vertex operators into the Pauli-spin
operators of the XXZ model. Next, we will extend
the Luther and Peschel method, and identify each of
them to a fermion operator in the Luttinger language.

Some of the identifications that are reported in this
paper are new. It is shown for example that a direct
electrical field in the 6-vertex model (i.e., a trans-
verse field in the XXZ model) corresponds to the
operator 9¢/dT (the density operator) in the Gaus-
sian (Luttinger) language. This leads to the remark-
able result that the 6-vertex model in a direct electri-
cal field can be used as a model to describe a
commensurate-incommensurate transition (Sec. II).

This does not mean that the quantum-field method
is more powerful. The same results can be obtained
by the operator product expansion method or by the
renormalization method of Knops. There was some
hope that the quantum-field models might give more
insight in the operators that do not fit in the present
scheme, e.g., the magnetic field operator of the 8-
vertex model and the Potts operators.®’- 14

This is not the case, since the set of fermion opera-
tors of the Luttinger model are precisely the same as
that of the Gaussian model. The quantum-field
method discussed in this paper appears to be a third
equivalent way of showing the relationship between
the spin models and the Gaussian model, and of
deriving the extended scaling relations for the critical
exponents of the spin models.

(a)

-k k

I. EQUIVALENCE OF THE LUTTINGER MODEL
TO THE GAUSSIAN MODEL

The Luttinger model was introduced in the context
of a one-dimensional electron gas (of spinless elec-
trons).’ Figure 1(a) shows schematically the disper-
sion relation in a tight-binding approximation. Extra
interactions will only influence the low-lying excita-
tions, i.e., the states at the Fermi surface. A trunca-
tion of the dispersion relation far away from kf is not
expected to change the physics, while it may simplify
calculations. Identify the states around +k with
type-*“1”" particles (moving to the right) and those
around —kr with type-*‘2”’ particles (moving to the
left)

Y1 (k) =y(k +ke), (k) =ylk—ke) . (1.1

Then we can represent the Hamiltonian by the linear-
ized form

Ho=3 vk ] (K)y, (k) = ¢} (K (K)] . (1.2)
k

This is the diagonal part of the Luttinger Hamiltoni-
an. The particles are fermions; they satisfy anticom-
mutation relations

( (k) (D ) =] (K), ] (D) =0,
['llit(k), lll,([) } ==8klaij .
In real space the model is considered to be continu-
ous and periodic over a length L. Then strictly

speaking the energy levels are not bounded from
below (—oo < k < o). This means that there is no

(1.3)

FIG. 1. Dispersion relations for an (a) electron gas in a tight-binding approximation and the XX model, and for (b) the

Luttinger model.
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ground state. In order to keep the model physically
meaningful we have to use a cutoff for large k. That
is, we visualize that our model is really placed upon a
lattice with a small lattice constant. When in the
ground state of the lattice model all states with ¢, <0
are filled, the continuum limit leads to a Dirac sea
that is filled up to €, =0.

Consider the momentum representation of the
density operators

pi () =g/ (N, (r)—4 . (1.4)
Since
G (r)=L""2F e*ry, (k) , (1.5)
k

one finds that p; (k) is given by

L t
pi(k) = [ dr M, (r) = Sy (k + D (1) = LA b .
!

(1.6)

The constant 4 is chosen such that the expectation
value of p; with respect to the ground state is zero.
A is only finite when a cutoff procedure is used
(A4 =1/2wa=1/2L number of states).

Mattis and Lieb'® showed that, in the above-
mentioned continuum limit, p,(k) and p,(k) have a
boson character

Loy (=), (D1 =1[pa(K), pr(=D1=4E 5, . (a7
2

They are raising and lowering operators of H,
[Hy, pi (k)] =vkp (k) , (L.8)
[Hy, p2(K) 1 =—vkpy(k) . :

Therefore the fermion operators in Hy can be re-
placed by these boson operators

Ho= 2wy 2 [p)(K)p (=K) + pr(—K)p2(K) 1 + Ey
L k>0

=27y Eélpl(k)m(—k)+p2(-k)p2(k)] +%EO ’

L

all
k

(1.9)

In the Luttinger model a nondiagonal boson pair in-
teraction is added.

Hy = Ho+ 22

2 [p1 (k) pa(=K) +p2(K)p1(=k)] .

k>0

(1.10)

The diagonalization is simple. We use a canonical
transformation e(#). Define S(¢) to be

i —k) — p2(K) p1 (—k)
S(¢)=_21’.¢ 3 p1(k)pa(—k) — pr(k)py (
L "5 k

(1.11)

Its effect on the density operators is given by
eSO [p,(k) £p (k) ]e 5P =e29[p, (k) +p, (k)] .

(1.12)
When

A o _tanh2¢ (1.13)
1 4

this brings H, in the diagonal form H, with an effec-
tive # =v cosh™'2¢. The diagonalization is only pos-
sible for |A/v] < 1.

In addition to the fermion and boson representa-
tion of H; there exists also a free scalar-field
representation.'> !¢ Define for this purpose ©.(r)
and ©_(r) via a type of Jordan-Wigner transforma-
tion

0r(N=2mi [ dxlps(0) tp (0] . (L14)
Their derivatives are the density operators
—g;@i(r)=2n/[p2(r) +o1()] . (1.15)

Notice that the periodic boundary condition
®+(r)=0+(r +L) is ensured via the normal order-
ing of the p,;(r) (the constant 4).

In its real-space representation H; can now be
rewritten

2
L L 90,
HL— 21,_ fdr 4(V+)\) ar ]
2
1 00_
+4(V \) —Br ] . (1.16)

Here we dropped the constant -;—Eo. Next define a
momentum operator p and position operator ¢

__i 96 i
p(r)—2" o q(r) 2@)+ . (1.17)
It is easy to check via Eq. (1.7) that p and ¢ indeed
satisfy canonical commutation relations

[p(r),qg(s)l=—is(r—s) ,
lp(N,p()I=1g(r),qg(s)1=0 . (1.18)

H; reduces in these operators to the free scalar-field

Hamiltonian:
2
~(a aq|
HL f r ar] ]
(1.19)

The importance of this representation is, that it
makes the equivalence of H; to the Gaussian model
obvious.

Consider a two-dimensional square lattice with at
the sites T variables ¢ (T) that can take all real
values. The ¢(T) interact via nearest-neighbor

2 1
> (v=Mp2 N+ oy (v+2r)
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Gaussian interactions

Hg=— g%ledi(x,y) —¢(x +sp)]1?
+5K[o(xy) —d(xy +9)]1 . (1.20)

In the limit of small lattice constant s the partition
function reads

2
Zo (K K,) = M [a in[—a#‘i]
o(kk)= X ool [ fue|tr ]38
2
ell])
(1.21)

When the y direction is interpreted as a time axis, the
K, term represents the kinetic energy p?/2K, (with p
the momentum). The partition function is equal to
the trace over the time-evolution operator for com-
plex times ¢

Zg(Kx.K,,)=tr,,,exp[—ifdt HL(V,)\)) (1.22)

of a free quantum-field Hamiltonian. (For a more
detailed proof in the context of a Landau-Wilson
Hamiltonian see Scalapino and Sears.!”) So the
transfer matrix of the Gaussian model is the infini-
tesimal time-evolution operator of H,, with the iden-
tification

v+r=7K,, (v—N)wK, =1 (1.23)

Despite its almost trivial nature, the Gaussian
model plays an important role in our understanding
of critical phenomena in two dimensions. The model
is critical for all K, K,. Its critical exponents vary
continuously with the parameter ¢

b=—+ ]n(szxKy)=%arctanh[—%] . (1249

In order to move away from criticality and see the
singularities in the thermodynamic properties, one
needs to add interactions to Hg that introduce spin-
wave and vortex excitations. This leads to the gen-
eralized Villain model. Important models such as the
planar model, the discrete Gaussian model, the two-
dimensional Coulomb gas and the 8-vertex model
(including the Ashkin-Teller model) can be imbed-
ded in the generalized Villain model.>~” Under a re-

Z= 3 exp|- 3

The integer variables N (T) =0, +1, +2, ...

_il.(_[d,(f)_.(b(?r)]z I3 exp[ip¢(?)N(‘r‘)]u,f"2(T) .

{¢(T)) (7, 7" T N(T)

are just as the ¢ (T) located at the lattice sites T.
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normalization transformation their critical points flow
towards the Gaussian model, which is exactly scale
invariant. Properties such as the extended scaling re-
lations between critical exponents are easily obtained
and understood in the context of Hg.

In the Luttinger language, the critical nature of HS
is reflected in the absence of a gap in the energy
spectrum (it is linear); the model is massless. When
the H; interactions are added that are the equivalents
of the spin-wave and vortex interactions, the model
becomes massive. Stated more precisely: Introduce
in Hg an extra interaction

Ui - -
H=H9(Kx,Ky)+mfdr 0,'(1') . (1.25)

0,(T) is a local operator and u; its conjugate field.
Let the free energy show a singularity with respect to
uj

S~ lul™ (1.26)

The critical exponent y; can be obtained from a corre-
lation function. At a critical point the correlation
length diverges, i.e., the correlation functions show a
power-law decay

~2x;

[ =(0,(‘r’+‘r")0,('r")),,i-0~r . 1.27)
Scaling implies that x; +y,=2. From Eq. (1.22) it
follows that in the Luttinger model G corresponds to
a time-dependent correlation function in the ground
state |0). For equal times

G =(010,(r +r)0,(r) 0y ~ (1.28)

corresponds to a correlation between two operators in
the same row of the two-dimensional lattice.

The ground-state energy E, of the quantum-field
model

Ui
H=HL(V,)\)+—('mfdr 0;(r) (1.29)

is equal to the free energy of the classical model and
therefore shows the same singularity with respect to
u;. The gap between E, and the energy of the first
excited state is proportional to the inverse of the

correlation length
At~ (1.30)

First we discuss the spin-wave operators. Consider
the partition function® '3

(1.31)

When the

fugacity u, is small, the N (T) will only take the values 0, x1. Then, only spin-wave excitations with spin-wave



23 DERIVATION OF EXTENDED SCALING RELATIONS BETWEEN . . . 6115

number p are present. Since

3 explipd(FIN (T) 1l = exp(2u, coslps (T)1)

N(T)

we have effectively included an external field that
favors the values ¢(T) =27 (n/p)(n =0, £1,
+2, ... ). The resulting system is called the sine-
Gordon model. In the limit u, — 1, where the ¢(r)
are restricted to the values 2@ (n/p) one obtains the
discrete Gaussian model. When on the other hand
we carry out in Eq. (1.31) the trace over all ¢(T)
configurations, the model becomes the Coulomb gas.
The operator

Oy (T) =expliN¢(T)] (1.33)

generates a spin-wave excitation with spin-wave
number N at site T. The corresponding quantum-
field operator is [see Eq. (1.17)]

On(r) =expl-3NO. (1] . (1.34)

For N = 2 this is the boson representation of the
operator

Ui (D (1) = Qma)™'0,(r)

W) = Qma) 10, (r) . (1.35)
Just as in the case of Hy, which we can represent by
both Eq. (1.2) and Eq. (1.9) this is not an operator
identity. However, as first shown by Luther and
Peschel,!® they satisfy the same equations of motion
and commutation relations, and hence have (apart
from short-distance, cutoff effects) the same correla-
tion functions.

What we have found now is the well-known
equivalence of both the sine-Gordon model'? and
Coulomb gas'! to the massive-Thirring model

H=HL(V. R)

+ 22 [ (D) + (D (D] . (1.36)
2ra

The fermion representation for integer values of N,
other than 2, is obtained via the contraction of %N
different O, operators, e.g.,

0,4(r) = lilng 0,(r)0,(r +¢€)
€

- (27ra)zli{l(’)1 Lt (N (Dl (r+ )y (r + €)1

= Q2ma)? (Y] (N (N2 . (1.37)

In the Luttinger language it is natural also to con-

(1.32)

I
sider the operators
Oy (r) =expl-MO_(r)]

(21ra)“[w;(r)w2(r)]£”, M >0
Qma) ™MD (NITM, M <0 . (1.38)

These are the operators that generate vortex excita-
tions in the Gaussian language, as we will see below.

Consider the partition function of the Villain
model*?

z- 3 | 3 -Xtem-e)
)

(e,Mn) (7, —ro’

=2an (7, 7)]2
« TT O (R, (1.39)
R

with 0 <©(T) < 27 and M (R),n (T, T') =0, £1,
42, ... . The ®(r) are located at the lattice sites
T, the integer variables M (R) at the sites R of the
dual lattice, and the n (T, T') =—n(T’, T ) are bond
variables. The vortex operator O,y (R) restricts the

values of the four bond variables around R.
OqM(R.) =8(qM(§),n (?I’ ?2) +n (?2. ?3)
+ﬂ(?3, ?4)+H(?4,?|)) . (140)

For u, =0 all M (R) are zero, and no vortices are al-
lowed. The bond variables can be rewritten then as
site variables n (T, T') =n(T)—n (') and the
model reduces via ¢(T) =0(T) +27n (T) to the
Gaussian model. For small u,, M (R) can take only
the values 0, £1. When M (R) =1, O, (R) gen-
erates a vortex with vorticity ¢ at site R; along a
closed path around R the sum over the difference
variables ®(T) —O(T') will add up to g2m. In the
limit 4, — 1 the n (T, T') become unrestricted, and
for ¢ =1 give rise to an interaction that is periodic
over 27 (the planar model).

The combined vortex and spin-wave operator

Oy (T)=0n(T)OK(T) (1.41)

generates a spin-wave excitation with spin-wave
number N and a vortex excitation with vorticity M at
site T (in the continuum limit the difference between
T and R can be neglected). In the Luttinger
language this becomes the operator

ON,M(r)=exp——12!‘®+(r)—-M®_(r) . (1.42)
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The simplest way of proving the identification of we used before to diagonalize H .
the vortex operators is obtained via studying the For completeness, in the boson representation the
symmetries of both models. The Gaussian model is single-fermion operators ¥, are given by
known to have a duality transformation.>'® It ex- |

= -1/2 f -1/2

changes high and low temperatures. Moreover it 1= Qma)"?0_; 1 ¥vi=Qma)20,_y, ,
maps the Villain model [Eq. (1.39)] and the sine- b= (2ma)"20, 1, Wh=(Qmwa) 20, _ .
Gordon model [Eq. (1.31)] into each other. It maps (1.44)

vortex operators into spin-wave operators:
As pointed out before, many properties of the

7K = 7K, ’ Onm=Omnp - (1.43) Gaussian and Luttinger model with small vortex and
_ ) spin-wave interactions can be understood from the
In the Luttinger language, the same effect is ob- power-law decay of the correlation functions. Their
tained by changing the sign of p,(r). This implies calculation is simple. In the Gaussian language they
A ——\ and 8, ——©_ and therefore proves the iden- are extensively discussed by Kadanoff ef al.'* For
tification of the vortex operators. ' the Luttinger model their calculation is described by
The Gaussian model is also invariant under the di- Mattis and Lieb'S (for the fermion representation)
latation ¢(T) —e**¢(T), K, — e 2K;. Now the and by Luther and Peschel® for the boson representa-
spin-wave and vortex operators are mapped according tion.
to Onm = O,up -uy, In the Luttinger language this Consider the equal time multipoint correlation
is obtained by the canonical transformation e * that function between n spin-wave and m vortex operators
J
n m
G = (0lIT expl— (N;/2)0,(r)] I] exp[-M,0_(r)110) . (1.45)
=1 k=1
First transform to the diagonal form of H;. Equations (1.11)—(1.14) give, when we define x =e™¢
n m
S = (OIT expl— (N./2x)0,(r)] IT expl—xM,0_(r,)1[0) . (1.46)
i1 k=1
Split each vortex and spin-wave operator in an operator e# that generates excitations and e? that annihilates them
eei(1)=el i(’)eai(’)eci(’) ) (147)
with

A:(N==22 3 Li_p (<o) (e*=1) £p, () (e =1)] ,
L =%

Bs(n=-27 3 Lip (ke —1) 7 p1(~k) (W= 1)] , (1.48)
L k>0 k

Ca(N==114+().B+(N1+EL1(5,(0) £,(0)] .

The commutator results from the relation e4+t8=¢4eBe~14.81/2  This relation is valid when [4,B] commutes with
both 4 and B. The commutator between an 4 and B operator is given by

g(r—s1)g(0,1)
g(r,)g(=s1) ’

[B,.(r),A,(s)]=[B_(r),A_(s)]1=In

(1.49)
_ o lar=51)n(0,1)
[Bi(r),4_(s)]= [B_(r),A+(s)]—ln[ WO DR (= D) ] ,
with
2w cos(kr)—1 _ 2w sinkr
g(ra)=exp|-2a=~ 3 —————| , h(ra)=exp|-2ia 3 = (1.50)
L k>0 k L k>0 k

The A4 and B operator are introduced because of their simple impact on the ground state: B+|0) =0 and
(0|4 + =0, while by definition {0|p;(0)|0) =0. The trick is to move all e2(e?) to the right (left). A commuta-
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tor results for every time an e and e? operator are exchanged. So the correlation function factorizes into pair

contributions
1
S= II & ri=rj,=—5N;N; I e(n—rn.x>M,M,)
spin-wave 4x vortex
pairs i,j pairs k,/

The boundary terms g(r, 1) from Eq. (1.49) cancel
each other, since the total vorticity and spin-wave
number are zero.

n m

2 N,’ = 2 Mk =0 .

i=l k=1

Both g and A are only properly defined with a cut-

off in k. The usual procedure is to replace g by

g(ra)=exp —242T b coskr) =1 i
L >0 k
2 2 a 2a
= _+2a ~ | (1.52)
a o

A cutoff independent description is obtained by intro-
ducing a reference length ro (>>a). Equation
(1.50) implies

g(ra)=g(rpa)

2a
_’_] , h(ra)=h(rya) .

ro
(1.53)

For r < ry the results are cutoff dependent, while
atr=0, g(0,a) =h(0,a) =1. The vortex—spin-wave
pairs in G only give rise to an extra multiplicative
constant, because 4 is distance independent.

The pair-correlation functions give the critical ex-
ponents xy s of the Oy operators

2x N.M

o . (1.54)

<0|0N,M(r1)0_N,-M(r2)|0) -~

r—r;

with

(1.55)

XNM =

2
N + M2x?
4x

The xn, satisfy extended scaling relations, e.g.,
Xo1X20=1, Xy 0=7%X20 . (1.56)

These relations can also be obtained as direct results
of the above discussed symmetry relations that map
the various Oy s onto each other.

The critical exponents vary continuously with ¢,
and can take all values 0 < xy , < o. Only for
Xv,m < 2 the operator Oy, is relevant, and generates
a gap. For xy, > 2 it is irrelevant; the model
remains critical (massless).

The phase diagram of the generalized Villain model

Uh (re = ru g NoMO B (r s NMOR (=r SN MO 18

spin-wave-vortex

with 8=sgn(r,—r,) . (1.51)

is well known.’ For the case that only a spin-wave

interaction is added
u
H==HL(V,)\)+(_2"_';~)2—fdr 0,,'0(1‘) (1.57)

(using the Luttinger language) it is shown in Fig. 2
(wK =e™29),

The value of x, is sufficient for a zeroth-order ap-
proximation of the renormalization equations. When
x, >2 (x, <2) one flows towards (away) from the
Luttinger model (which itself is scale invariant). In
the shaded domain the model remains critical (mass-
less), while in the nonshaded domain it is massive.
An equivalent statement is, that in the (scaling) limit
a | 0, one is allowed to neglect O, ¢ as long as x, > 2.
Equation (1.54) implies that O,y is proportional to
a”. So the second term in Eq. (1.57) is proportional
to ax”ﬂz. Along path 1 the gap vanishes with the ex-
ponent y, =2 —x, [see Eq. (1.30)]. Along path 2 the
transition is of infinite order. It is the Kosterlitz-
Thouless transition.?’ In this case the gap vanishes as

A~ ~exp(=blK —K,|72) | (1.58)

Suppose that we have been able to show that a
specific model can be imbedded in the generalized-
Villain model, and that its ‘‘critical’’ Hamiltonian can
be described by Eq. (1.57) with p =4. Let in the

MASSIVE
DOMAIN
=
H
- —
K=—
8rr

FIG. 2. Phase diagram of the 2D sine-Gordon model and
the 1D massive-Thirring model. Along path 1 a power-law
singularity, with a continuously varying exponent is found at
u,=0. Along path 2 a Kosterlitz-Thouless transition takes
place at K .



6118 M. P. M. DEN NIJS 23

language of the model A/v be the ratio between two
coupling constants and u,, such that one is restricted
to path 2. Further let the operator Oy, be identified
as the energy operator Or and Oy, 1/, as an electrical
field Og.

From Fig. 2 we see that this model has a critical
line with continuously varying exponents, that satisfy
the extended scaling relation xz = %xr. Moreover
the critical line is found to stop at K, where it shows
a Kosterlitz-Thouless transition. Beyond this point
the free energy can remain regular or show a first-
order transition with respect to Or and Og. This
depends on the fixed point to which the points in the
nonshaded domain flow. The properties of this fixed
point lie beyond the Gaussian analysis.

As we will see in Sec. II the situation sketched in
Fig. 2 is precisely that for the 8-vertex model.

Finally we have to discuss the density operators
themselves. Equation (1.15) yields that in the
Gaussian language these are the gradients of the
¢(r) fields. Kadanoff'® named them Fy ) operators.
Define

N M
90, | | 96_
=222 | 22| 159

Their critical exponents do not change along the
critical line; the diagonalization of H; only multiplies
Fu. by a constant. The values of x§% are again
easily calculated; one finds

<0|FMM(I‘1)FN‘M(’2)|O>=C(I‘1—I‘2)N+M R (160)
with
c(r)==2" 3 2k cos(kr) . (1.61)
L S

The same cutoff procedure as in Eq. (1.52) yields

8 —=2r _ 2
c(r) o Pt 7 (1.62)

Our definition of Fy s actually slightly differs from
that of Kadanoff. In his definition also terms like
(8"/8r") (8©,/8r)"? (with ny+n,=N) are includ-
ed. These gradient operators have the same ex-
ponents x = N + M since their correlation functions
are derivatives of the ones in Eq. (1.60).

The low-lying Fy ) operators require some extra
comments. Fy, and F, , have a relevant exponent
x =1 but do not generate a gap. When these 'interac-
tions are added to H;, the new Hamiltonian can be
brought back to the original form via a translation
pi—p;+b. F,oand Fy, are so-called redundant
operators since the volume integral over their correla-
tion function, leading to the susceptibility vanishes.

F, 1, Fy, and Fy ; have a marginal exponent x = 2.
H,; exists out of these operators.. Their marginality
could be expected, since this is a necessary condition

for the existence of a critical line with continuously
varying critical exponents.

II. MAPPING OF THE 8-VERTEX AND XYZ MODEL
ONTO THE LUTTINGER MODEL

In its Ising-spin representation the 8-vertex model
consists of two Ising models with nearest-neighbor
interactions. The spins 7' (i) of the second model are
located at the sites of the dual lattice of the first
model [with spins § (i/)]. The two models are cou-
pled via a four-spin interaction

Cijkl)

+KS(DS(HTK)T D) . 2.1)

The summation runs over all basic squares of the
composite lattice. A critical line is located at Jg=Jr,
e*Xsinh2J = 1. Its critical exponents vary continu-
ously with the parameter ¢ =tanh2K. Allowing

Js # Jr corresponds to moving away from the critical
line in a crossover direction. A duality transforma-
tion on the S; spins converts the model into the
Ashkin-Teller model. In that language the crossover
operator T (k)T (1) =S (i)S () becomes the energy
operator. In the model solved by Baxter Jy must be
equal to Jr. They are however allowed to be aniso-
tropic. The Hamiltonian of the XYZ model

Hyy;=— 2[ax(f)0'x(i +1)+o?(Da’(i+1)]

+rxo?()o*(i +1)
+ylo*(Do*(i +1) —a?()a’(i+1)]
(2.2)

is obtained from the transfer matrix by taking the
logarithmic derivative with respect to the anisotropy
parameter V, in the limit of extreme anisotropy.'?
This implies that the ground-state energy £, is equal
to the derivative of the free energy with respect to V.
The free energy of the 8-vertex model is regular with
respect to the anisotropy.! So this is another redun-
dant operator. E, has singularities with the same ex-
ponents as the 8-vertex model. For more details the
reader is referred to Baxter’s paper!® and the Appen-
dix.

The eigenspectrum of the XYZ model follows
directly from the solution of the 8-vertex model.!% 2!
Its phase diagram is shown in Fig. 3.

The model is critical (massless) at the five heavily
lined curves. They are equivalent: (1) maps onto
(3) via 0V —— 0%, o*— o”; the lines (1) and (4) are
mapped onto each other when the same procedure is
applied at the sites with even values of / and o’ — o?,
o’— — o’ at the uneven ones. In the standard
identification, ¥ =0 is the 6-vertex model and line
(4) is the critical line that one encounters in the Ising
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(4)

<0540 —

p— <(-|fdz>;! 0

(5)

FIG. 3. Phase diagram of the XYZ model.

representation of the 8-vertex model. The XXZ
model (y=0) will be chosen as the basis for our
further discussion. For |A| < 1, where the model is
massless, a gap develops with respect to y.

l/y7§V

A~{"'~ |yl , .3)

y}‘v=2—x}“'=;2r—arccos(——h) ) (2.4)

v is directly related to a change of the temperature in
the 8-vertex model. So o*()o*(i+1)—o?()a’(i

+1) is identified as the energy operator Of".

Many other operators can be added to Hyyz. A list
is given in Table I. Of course we have no Baxter
solution to tell us whether these operators give rise to
a gap, nor what are the critical exponents of such
possible gaps. All these operators, however, have in
the 8-vertex language a well-known meaning, and for
most of them an extended scaling relation is pro-
posed (see Table II). The details of the identification
to 8-vertex operators can be found in the Appendix.
We will be able to identify each of them with a spin-
wave, vortex, or density operator in the Luttinger
model. As a result their extended scaling relations
will follow directly from Eq. (1.55).

The XXZ model becomes massive at || > 1. For
A > 1 the model is frozen in the ferroelectrical
ground state (o?) =1. The transition at A=1 is first
order. Also in the Luttinger model this is a boundary
of the critical line. From Egs. (1.55) and (1.24) it
follows that 0 < xy u < oo. In the XXZ model x$V is
equal to zero at A=1.

The other limit A =—1 is of more interest. An
infinite-order transition takes place into the antifer-
roelectrical order state. ‘Here x£¥=2. This does not
correspond to a natural boundary of the Luttinger
model. Here the presence of the spin-wave operator
0, (i.e., the notion that we are moving along path 2
in Fig. 2) becomes important.

As a first step towards the Luttinger model the

TABLE I. Identification of 8-vertex operators in the XYZ-model language.

Name

Identification
in 8-vertex model

Identification in XYZ model
Pauli-spin representation

Fermion representation

0g
0

oA

Direct electrical-field
6-vertex model

Staggered electrical-
field 6-vertex model

Energy operator
8-vertex model

Energy operator
Ashkin-Teller model
Direct electrical-
field 8-vertex model

Staggered electrical-
field 8-vertex model

Electrical-field
Ashkin-Teller model

a?(n)
ila¥(n)o*(n +1) —a*(n)a?(n +1)]
(=1)"a*(n)
a*(n)a*(n+1)=a?(n)o’(n+1)

(-D"Mo*(nM)a*(n+1)+a?(n)o¥(n+1)
+ro?(n)o?(n +1)]

o¥(n)

(-=1)"a¥(n)

n—1 n—1
n i20%(m) =expl 2 i1ro‘z(m)]
m=1 m=1

p(n)
—;—[af(n)a(n +D+a(n)a’(n+1)]

(-=D)"a"(n)a (n)
%[a*(n)aJ'(n +1)—a(na(n+1)]

(=D"(5la" (Wa(n +1)~a(ma'(n +1)]
+xa (mama'(n+Da(n+1))

1+ =
54 (n) exp 2 Sim2p(m) +1]] +c.c.

m=1

n—=1
2 %i-n'[2p(m)+1]

me=1

n—1
expl 2 imp(m)

=1

(_—l,)"af(n) exp

2 +c.c.
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TABLE II. Identification of 8-vertex operators in Luttinger language.

8-vertex language (compare Table I)

Luttinger language

Extended scaling

Name Identification Name Fermion representation relation
is
o Direct electrical- 7;1:1-0 s[p2(r) +py(r)] x{B) =x{R =1
o
£ field 6-vertex model —2%1—1-‘0‘1 %[pz(r) —-p1(N] (Redundant)
og¥ Staggered electrical- 0y0+0_ s [} (D9(D) + 45 (D ()] X3,0%xg =1
s field 6-vertex model 2,0 2,0 ¥1(r)yg; U2 (r)g 2,0 X Xq,
Energy operator 1 s ¥ +
oy —[04 1= 0y _4] =Ly (NP () =gy (D (N]
T 8-vertex model i ol 0.-1 i AL V2t
Energy operator 1 Soot +
OAPT —[0,0—0_, ] =Ly (NP (r) = (N (] =
T Ashkin-Teller model i (03,0 2.0 7 i v2(rv X,0% Xp,1=1
Direct electrical- + 1 1
oY 0¢_17+0 Vs ] (r) expl50,(r ] +cc. -
E field 8-vertex model 0.-172 0.172 4 P2 %+ X0, 1/2= 70,1
Staggered electrical- t 1 1 1
oY O_, _1+0 Vs wh(r) expl=0,(r)] +cec. =4 —
s field 8-vertex model 2-12 7 valr) explz Oy F2127 X0 X0, 1
Electrical-fi
OAT ectrical-field 0_10 exp[—;-®+(r)] x1'0=%x2,0

Ashkin-Teller model

Pauli-spin operators must be transformed into fer-
mion operators via a Jordan-Wigner transformation

i—-1
o) =o*() +io?(i) =a'(i) exp[irr ZaT(j)av(j)] ,
=1

(2.5
() =a"(Da(D) -7 . (2.6)
The XXZ Hamiltonian then reads

N
Hyz=-33la'WMa(i+1)—a(Da' (i +1)]

im=]

+ala'(Da()—Fa"G+DaGi+1) =53] .

2.7
The results for the other operators is given in Table
I. After a Fourier transformation

N —ikr;
a(k)=N""23e "a()) (2.8)

J=1
one obtains

Hyxz =— 3\ cos(ks) a*(k)a(k)+%p(kv)p(—k) :
k

(2.9)

Here p(k) is the Fourier transform of the density
operator p(i) =a'(i)a (i) — % Just as in Sec. I, p; is
defined such that its expectation value, is zero:
(a?()) = (p())=0.

For A =0 the XYZ model reduces to the XY model.
In the 8-vertex language this is the free-fermion
model (two decoupled Ising models). As y=0 its
Hamiltonian is already diagonal

Hyy == cos(ks)a'(k)a (k) . (2.10)
k

Since (o?(i)) =0 we have a half-filled band.

This is the situation of Fig. 1(a). We will replace
the dispersion curve by that of the Luttinger model,
Fig. 1(b).

First we must convince ourselves that the diagonal
Luttinger Hamiltonian H, [Eq. (1.2) with v=1] still
describes the XY model correctly.- The replacement
of Hyy by H, involves two steps. First Hyy is rewrit-
ten in terms of the type-‘‘1’’ and type-‘‘2”’ particles.
This replaces the lattice by a cutoff procedure in &
space. Second the continuum limit s | 0 is taken.
This neglects the short-range (lattice) effects, and is
equivalent to going to the scaling limit. The effect is
comparable to that of a few initial renormalization
transformations.

Define the operators @, and a, via a translation in
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k space

a(k)=a,(k —kp) =ay(k + k) , 2.11)
i.e., the real space

a()=e"Fia,(i)=e"Fay(i) . (2.12)

The summation in Hyy can then be restricted to
[kl < k.

Hyx= 3, sin(ks)la] (K)a (k) —aj (K)a,(k)] .
k <kp
(2.13)

Let ¢ (x) and y,(x) be the field operators of Sec.
I. They are defined on the continuum 0 < x < sN
(with periodic boundary conditions). The a; can be
replaced by a,( /) —+/s y;(x;). This gives

Hyy = 3 sin(ks) [y} (k) gy (k) = w3 (k) (k)T . (2.14)
k

The lattice is now represented by a cutoff in k space.
Equation (2.14) suggests a sharp cutoff. When how-
ever the lattice constant is small enough, also the
softer cutoff of Eq. (1.52) (with %'n'a=s) can be
employed.

Expansion of sinks gives

S_IHXX= E
k

N U T S
k 3!ks+ ]

x [y} (g (k) =i (D (K)] . (2.15)

In the limit s | 0 only the term proportional to k

el
YN

FIG. 4. Four different types of processes at the Fermi
surface, generated by the o?(n)a?(n +1) interaction in the
XXZ model. (c) is called backwards scattering. (d) is
known as umklapp.

remains. This is the diagonal part H, of the Lut-
tinger Hamiltonian. The higher-order terms
correspond (in real space) to higher-order gradients
of the nl;, y; operator. They are all irrelevant under a
renormalization transformation.

The effect of the procedure on the correlation
functlons can be 1llustrated by the density operator
p()=a"()a (i) —+. Tts correlation function in the
ground state of Hxx is easily calculated, via the
Fourier transform of a (i) and the property
at(k)|0) =0 for |k| < kr. One finds

S =(0lp(n+p(]0)
_t[s]
472 | r

The alternating piece is due to the staggered
electrical-field operator Og and the rest to the direct
electrical-field operator O (both in the 6-vertex
language identification, see Table I). As we will see
p(i) is replaced by Og + cos(2krr) Og with

[2cos(2kpr) —21] (2.16)

with r=ns, kp=m/2s .

0&(r) =s1py(r) +p|(r)]=—2i—;F1,o(r) . @1
Os (1) =s [y (N (r) + (N, (P)]

=—10,0(r)+0_,0(N] . (2.18)
2o

The interactions
3 0(i) = ;d*(k)a(k)—-;- ;
3 (=Dig?(i) = 3,a" (k)a (k —2kf) (2.19)
i k

will only influence the states near the Fermi surface.
But we must be careful to take into account all
processes that take place there. The operators a; and
a, allow many different ways of representing the
same operator

a'(Na()=a] (Na,;()=a; (Na,(i)
=(=1)a] (Dar(i) =(=1)a; (Na,(i) .

(2.20)

Choose the representation that brings all processes
in the interval |k | < k.

Eaz(/)= S al (Ka,(k)+aj (Kay(k)—1 ,

k <k
r @.21)
3 (Do (D=3, a; (ai(k)+a (Kay(k) .

k <k
d (2.22)

Each process at the Fermi surface now takes place at
small k. So we can safely change the dispersion rela-
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tion at large k. When we again replace the a;(i) by
Vs y;(r,) we obtain Egs. (2.17) and (2.18).

In the new language the correlation function of Eq.
(2.16) reads

3 = — 74_57.:5 (OFy o(r +1,)Fy0(r,)0)

2
+ﬁ008(2kpr)(0|02'0(r +r,-)0_2,0(r,)|0) .
(2.23)

G is known from the results of Sec. I. In the cutoff-
independent domain r > r, the result is the same as
before.

Consider the p()p(i +1) interaction term in
Hyyz. 1t gives rise to four different processes at the
Fermi surface, and therefore to four different contri-
butions. Remember that p(k) has the effect of gen-
erating an excitation with energy k [see Eq. (1.6)].
In Fig. 4 every arrow represents the action of p(k).
The small-k processes (a) and (b) lead to diagonal
and nondiagonal Luttinger interactions

—-% 3 cos(ks) [p1 (k) p1 (—k) + py (k) py(—k)
k

+2p(K)py (K] . (2.24)
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The k = +2kf process (c) is known as backward
scattering. It gives the contribution

)\fdr[zp;(r)nlq(r)npf(r +s)y(r +5) +cc.] . (2.25)

This operator is a contraction of the two spin-wave
operators 0, o(r)O_, o(r +s) [compare Eq. (1.57)].
The composite operator preserves the number of
type-‘‘1"’ and type-‘‘2”’ particles, and can be expand-
ed in the density operators as

-A fdr[sz(r)pl(r)

ez ()

+s
or P1

+I . (2.26)

0p;
p2(r) o +

Figure 4(d) represents the umklapp process. Its
contribution is a contraction of two alike O +; ¢ spin-
wave operators

Afdr[npi(r)w,(r)lp;(r +9)yi(r+s)+ccl . (227

In Sec. I [Eq. (1.37)] we have identified this as the
spin-wave operator Og4 9+ O_4 9. This contribution is
neglected by Luther and Peschel.

The final result for Hyy; is

s Hyz =3, lk [y} () (k) = 9 Oy (k) T — %[pl (K)p1 (k) + py (k) py (—k) ] — %p,(k)pz(—k)
k

+22 [ar 10400 +0_4(0] .

Only the term generated by the umklapp process
can lead to a gap. The other operators are always
massless.

In the 2D Gaussian language Eq. (2.28) becomes a
sine-Gordon model (Sec. I). It is the same model
that Knops found after a few initial renormalization
transformations.

Knops was able to rewrite the 6-vertex model
directly into the language of the generalized Villain
model. He found a Gaussian next-nearest-neighbor
interaction, and a modified form for the nearest-
neighbor coupling. His statement that this modifica-
tion is irrelevant, i.e., that it renormalizes to the con-
ventional Gaussian model, is equivalent to the state-
ment that we are allowed to expand the sin(ks) in
Eq. (2.14), the cos(ks) in Eq. (2.24), the backward
scattering term in Eq. (2.25), and only take into ac-
count their leading contributions. This is motivated
by the knowledge that at the fixed line (the Luttinger
model) these neglected operators have an irrelevant
scaling index.

Next to these massless interactions Knops found
that the 6-vertex Hamiltonian contains the staggered
energy operator of the Ashkin-Teller model. Via the

(2.28)

r

renormalization transformation it generates the cosd4¢
operator. The staggered OAT itself is redundant in
the Gaussian limit.

From Table I we see that in the Pauli-spin language
Hyy, indeed can be presented as the staggered OAT.
Also in our treatment it only becomes apparent later,
during the replacement of the lattice by the cutoff in
k space, that O, ¢ is still hidden in this operator (via
the umklapp process).

The renormalization equations are known only
around the Luttinger model for small ;.> %222 They
give rise to the phase diagram of Fig. 2. It is likely
that its topology is correct also for larger values of u;
(no new fixed points). Within this assumption, the
mapping of the XXZ model onto-Eq. (2.28), and the
equivalent procedure by Knops in 2D is exact.

Since we do not know the explicit renormalization
equations that map Hyy, onto Eq. (2.28), we do not
know the details of the analytic relations between the
renormalized coupling constants X, and the parameter
M in Hyxz. Without the Baxter solution, which gives
x£V()), we would have lost control over the precise
dependence of the critical exponents on A.

From Eq. (2.28) we can now understand the critical
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behavior of the XXZ model. We are dealing with
path 2 in Fig. 2. The massless domain of Hyyz,

—1 < A <1 corresponds to K < K,. These critical
points flow towards the Gaussian model. So we
know their critical exponents exactly. Each 8-vertex
operator in Table I can be identified with a vortex,
spin-wave, or density operator. OfY and O¢V are al-
ready discussed above. The procedure for the other
operators is straightforward. The results are given in
Table II. Most operators contain products of Pauli
spins at different sites. This implies that next to the
dominant operator given in Table II they also contain
less relevant operators such as gradients.

The extended scaling relations for the 8-vertex
model follow directly from Eq. (1.55). Also, we
know a large set of correlation functions for the 8-
vertex model at 7, in the scaling limit [Eq.
(1.51)].818

The infinite-order transition in the XXZ model,
from the massless into the antiferroelectrical ordered
domain, takes place at A\=—1. It occurs through a
Kosterlitz-Thouless mechanism, caused by the excita-
tions of the umklapp operator. We know that at
A =—1 the critical exponent x£¥ is marginal. O#" is
identified as the vortex operator Oy ; (see Table II).
Indeed the extended scaling relation xq ;x4 0=4 im-
plies that also x4, ¢ is marginal at A=—1, i.e., that the
excitations of O4 o become relevant.

In this paper we have discussed models in 2D sta-
tistical mechanics and also in 1D quantum-field
theory that can be mapped exactly onto each other or
that via a renormalization transformation are
equivalent. I would like to finish with another exam-
ple.

Recently the sine-Gordon model

H=- 3 Ko@) -¢)-£r

(7. 7'y

+uy 3, cos[44(T)] (2.29)

has been studied in the context of the
commensurate-incommensurate transition.?*=26 Con-
sider particles that are located at a surface, and that
are coupled to each other via springs. The cos4¢
term represents the substrate potential. The displace-
ments ¢ (x,y) are measured with respect to the sub-
strate. FE is the misfit parameter. The model is sim-
plified, since instead of 2 there is only 1 displacement
component.

E couples to the operators F, o and Fy, (Sec. I).
From Tables I and II it follows that this corresponds
to a direct electrical field in the 6-vertex model. This
model has been solved exactly and is discussed by
Lieb and Wu?’ (see Fig. 32). The antiferroelectrical
domain corresponds to the commensurate phase and
the massless domain to the incommensurate phase.

At the commensurate-incommensurate transition the
specific heat only diverges at the incommensurate
site. Its exponent is a= % The netto polarization of

a row of arrows corresponds to the incommensurate
order parameter, i.e., the number of domain walls. It
vanishes with the exponent 8= % The 6-vertex

model has also been used before as a crystal-growth
model, showing a roughening transition. It is the
body-centered solid-on-solid (BC-SOS) model.® In
this language the misfit regions (the domain walls)
correspond to steps on the crystal surface. The misfit
parameter is a field acting on the boundaries of the
lattice, favoring a netto height difference. It acts as
the fugacity for a step on the surface.

In order to obtain the critical properties of Eq.
(2.29) it is (as one would expect) not necessary to go
to the more complex level of the spin models. The
same results were already obtained from its Luttinger
representation.? 26

It is however instructive to find another example
showing the central role that the 6-vertex model
plays in the description of two-dimensional critical
phenomena.

Note added in proof. After this work was completed I
received a report of work prior to publication by
Black and Emery, independently pointing out the
importance of the umklapp process in the 6-vertex
model.
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APPENDIX

In this appendix the identification of the 8-vertex
operators with those of the XYZ model (Table I) is
discussed.

The transfer matrix of the 8-vertex model is equal
to the trace of a product of R, matrices.!

N
T({a],{a'})=Tr)‘HRo(a;,)\;+1|)\,, a,-') . (Al)

im]

Each R, represents the contribution of one vertex in
the row.

4
' o J J
Ro(a, M|\ a )—jgl Pio’ o (A2)
a;=*1 (\,= %1) denotes the direction of the arrow
at a vertical (horizontal) bond. The o are the Pauli
matrices (o, o, o",%l ). The Boltzmann weights P;

are related to the more usual weights a, b, ¢, and d
as: Py=2(b+d), P;=2(b—d), P;=2(a-—c), and
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Py=2(a +c¢). The XYZ Hamiltonian

N
|
Hyyz=— 3 pio fofn+polalytpioioin+5p,

=]
(A3)

is obtained by taking the logarithmic derivative of T
with respect to V in the extreme anisotropy limit.!® V
is one of the three parameters in Baxter’s elliptic-
function representation of the Boltzmann weights. V
can be interpreted as the lattice anisotropy; the two
other parameters as the temperature ¢ and the
universality-class parameter A. The extreme anisot -
ropy limit is in the Boltzmann weight language ob-
tained at the pointa =c =1, b=d =0. At this point
all equi-(A,¢) curves come together. The p; in Hyy;
are the tangents of these curves at this point,

8P,
=

(A4)

pi=

a=c=] °*

b=d=0

This provides a graphical method for constructing the
phase diagram of the XYZ model. The five different
critical lines in Fig. 4 are due to the five different
critical planes in the 8-vertex model that meet at
a=c=1,b=d=0, ie., the planes d =0,
a +b +d=c. Notice that in the 6-vertex model
(d=0), P, is equal to P,. So y in Eq. (2.2) is zero.
For most operators in Table I it is sufficient to
realize that o/ represents ;. In the Ising representa-
tion (—1)‘c? represents the ‘product of two nearest-
neighbor spins S;7; in the same row. We can also
obtain the identification of the operators by a
straightforward generalization of Baxter’s method for
deriving Hyyz. When all eight possible vertex states
are allowed to have different Boltzmann weights
(w;,i =1—8) the transfer matrix includes cross
terms:

R =R0+i(Q|o":x,a’;a,-Q;(rxa)‘,(r’;u,)
+(QJO-2A’U;aI+Q4O-ZAIO-:a’) ’ (A5)
with
Qi=w3—ws—w;twg ,
Q=w3—wstw—wsg ,
Oi=wj—oytos—wg , (A6)
Q=0 —wy—ws+ws .

Taking again the logarithmic derivative leads to the
following extra terms in the quantum-field Hamil-
tonian:

N
i
H =Hyy; — 3,5 (qaoi +q30%)

-]

+i(qiolof—qrofoty) , (A7)

with

99,
14

o= (A8)

a=c=] °*
b=d=0

This result enables us to identify the operators of
Table I. Apply an electrical field to the 6-vertex
model that makes w; # w;. This gives a transverse
field interaction 3, o7 in the XYZ model. A stag-
gered electrical field in the 6-vertex model acts on
the weights ws and wg. It leads to a staggered
transfer field 3, (—1)'o7, since Q3(/) =—Q4(/)
=—03(i+1) =040 +1).

A (staggered) electrical field in the 8-vertex model
gives the same result. However, one then discusses
the critical behavior along critical line (4) in Fig. 4.
The transformation o”— —o?, o?— o for even
values of /i and 0¥ ——0?, o°— o’ at the uneven ones
that maps line (4) onto (1) gives

O=(-1Dio}, OfV=0 . (A9)

In a previous paper I discussed the relationship
between the 8-vertex, 6-vertex, and Ashkin-Teller
model.'* The energy operator of the Ashkin-Teller
model is shown there to correspond to the field that
makes the weight a and b staggered. This leads to
the identification

OpT=(-1)(ofofi+aloly+roich) . (A10)

It was also shown there that in the 6-vertex model
the energy operator of the Ashkin-Teller model coin-
cides with the magnetic field operator S; of the 8-
vertex model; i.e., use the Ising-spin language of the
8-vertex model and discuss the behavior of the
operator S; along line (1), which in that language is
located in a zero-temperature direction. A spin-spin
correlation function in the 8-vertex model can be
represented by a string of electrical field operators:

(Si+nsi> = <(Si+n Ti+n—l ) ( Ti+n—lSi+n——2) e (Ti+ISi)>
i+n—1
= (0| IT 2io}l0) . (A11)
J=i
This gives the electrical-field operator of the Ashkin-
Teller model

i-1 i-1
0£T=H(2iuf)=exp[iﬂ2(7‘/"] : (A12)

J=1 J=1

The magnetic field operator of the 8-vertex model
can be identified as
i—-1

e
Oy=IIQa}) =exp[—l-21 3 Qay-1)
=1

J=1

- (A13)

Unfortunately the Jordan-Wigner transformation
does not leave us with a simple form for this opera-
tor.
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