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Compound geometrical resonances in superconducting Zn-Pb film sandvriches
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Thick, clean Zn films, when backed by clean Pb films of sufficient thickness, produce first-
derivative tunneling spectra that differ markedly from the predictions of Wolfram's theory in

the central virtual-state region. Gallagher has recently extended Wolfram's theory to allo~ for
quasiparticle -geometrical resonances in both metal layers, and, using his results, we are able to
explain the anomalous portions of our spectra, as well as those portions which continue to agree
with Wolfram's theory. For the c-axis orientation of Zn and the [111jorientation of Pb, we ob-
tain Fermi velocities of (1.31 +0.020) x 10 and (0.7S +0.04) && 10 m/s, respectively. Our esti-
mate of the.Zn electron-phonon coupling parameter, A. = Z~(0) —1 =0.42, agrees with theoreti-

cal estimates by Tomlinson and Swihart, but away from the Fermi surface our estimates of the
complex renormalization function generally exceed theirs.

I. INTRODUCTION

Real metals have their electronic properties deter-
mined in part by the electron-phonon interaction,
which alters quasiparticle lifetimes'and energies, and
thereby induces mass renormalizations. Electronic
tunneling experiments performed with superconduc-
tors can probe this interaction quite directly, yielding
estimates of the renormalization function, Z(E),
whose real part yields energy-dependent mass
enhancements, and whose imaginary part determines
the coupled phonon spectrum n2F(cu). Renormal-
izcd group velocities inferred from our geometrical
resonance measurements do not represent averages
over Landau orbits on the Fermi surface, but instead
represent averages over small patches of constant en-

ergy surfaces and extend to about 6 meV above the
Fermi surface.

When micrometer-thick films of clean Zn (metal
N) are backed by Pb (metal S) and maintained at low

temperature, first-derivative tunneling spectra ac-
quired at the Ã-metal surface' 3 contain structure re-
lated to bound-state levels (BSL) and virtual-state
levels (VSL) caused by Andreev scattering4 at the
N-S interface. The general tendency for virtual-
state derivative spectra (VSDS) to exhibit level spac-

ings that scale inversely with N-layer thickness, d&,

suggests a quasiparticle standing-wave picture in

which VSL structure corresponds to geometrical
scattering resonances. %olfram's theory, ' which
describes A-layer resonances induced by contact with

metal S, provides good single-band fits for many of
our Zn-Pb sandwiches3 and, for these, yields a con-
sistent Zn Fermi velocity. For the remainder,
Wolfram's theory continues to describe the BSL and
upper VSL spectrum, but fails to explain new com-
plexities in the central VSL spectrum.

Gallagher6 has recently extended Wolfram's model
to allo~ for geometrical resonances in both metal
layers; and when metal S is sufficiently thick and
clean, his theory predicts compound resonances that
(1) characterize the N Ssandwich-es as a whole and
that (2) differ substantially from Wolfram's spec-
trum. Using Gallagher's theory, we are able to ex-
plain our VSL anomalies and to regain tlM Zn Fermi
velocity inferred in their absence. In the process, we
also extract estimates of the Pb Fermi velocity and of
the complex renormalization function, Z~(E), for
Zn. Although our value of Zg(0) compares favor-
ably with that calculated by Tomlinson and Swihart, '
our estimates away from the Fermi surface (E & 3
meV) generally exceed theirs.

II. EXPERIMENTAL METHOD

Metal films for our Al-Zno-Zn-Pb diodes are eva-
porated onto glass substrates situated inside a modu-
lar vacuum system constructed from six-inch-dia-
meter glass pipe fittings joined together by elastomer
seals. Besides the usual baffles ( T = 283 K) and
traps (77 K) associated with large otl diffusion pumps
(2000 l/s), this system incorporates additional baffles
(283 K), to isolate evaporation sources from one
another, and a cylindrical Meissner trap (77 K) to de-
fine the working volume. %c routinely cool the sub-
strate holder with liquid nitrogen about 10 min be-
fore a Pb evaporation, since chilled substrates pro-
mote film sticking and smoothness. Newly deposited
Pb films are promptly exposed to a preestablished Zn
flux, thereby minimizing the opportunity for contam-
inating the Zn-Pb interface. Both evaporations
proceed at similar rates (200—400 A/s), and pres-
sures during a typical Zn evaporation may rise from
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(curve a) marks entry into the VSL regime. Finally,
above eV =6.5 meV spontaneous phonon emission
in Zn quenches all quasiparticle interference effects.

Intercomparison of experimental VSDS line
shapes, as a function of bias (Fig. I, curves c and f),
discloses that those above eV = 4.0 meV are simpler
than those at lower biases, say 2.0—4.0 meV. Above
=4.0 meV, where spontaneous phonon emission in
Pb prevents geometrical resonances in the Pb
layer' " and VSDS results computed from
Gallagher's theory (curve g) reduce to Wolfram's,
comparison with experiment (curve f) demonstrates
the continued success of Wolfram's theory. At lower
biases, however, a corresponding comparison (curve
e vs c) shows that line shapes and peak locations are
no longer predicted correctly. Inability to account for
the lowest-lying VSDS peak —the encircled feature of
curve —emphasizes the extent of these difficulties. A
second set of tunneling characteristics, these acquired
with 1.35 p,m of Zn backed by 1.16 p, m of Pb, appear
in Fig. 2. Again, comparison between experiment
(curves a, c, and f) and the appropriate Wolfram pre-
diction (curves b', e, and g) shows reasonable agree-
ment for current steps, good agreement for VSDS
structure above eV =4.0 meV, and poor agreement
for VSDS structure below =4.0 meV. Now, howev-
er, the line shape problem has intensified and
unidentified VSDS peaks —the encircled features of
curves a and c—have increased from one to four.

Before proceeding, it is helpful to understand why
Wolfram's theory remains successful at some biases
(energies) but not at others. In his original treat-

ment, Wolfram assumes metal S to be very thick
and/or dirty, conditions we refer to as the Wolfram
limit. Specifically, quasiparticle currents that enter
metal S, reflect from its distant surface, and return to
metal N are presumed to scatter incoherently some-
where along this path and are neglected. In this lim-

it, metal S serves only to produce the change in pair-

ing potential (=As —AN) needed for Andreev
scattering, and neither film thickness, ds, nor MFP,
ls, appear in N(E). Wolfram's theory should, there-
fore, successfully describe current steps since, for
these, total internal reflection confines quasiparticles
to metal N and, thus, renders the scattering proper-
ties of metal S irrelevant. At the other extreme,
scattering by spontaneous emission of S-metal pho-
nons enforces the Wolfram limit at higher energies,
so that even very clean Pb films do not exhibit reso-
nances above eV =(4.0 meV+hcs). ' " Since
Wolfram's theory includes strong-coupling effects,
his VSDS spectrum should describe Zn-Pb above 4.0
meV. Both expectations are in accord with our ob-
servations.
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IV. GALLAGHER THEORY

Gallagher has recently solved Wolfram's model
without restricting the amount of S-metal scattering.
Although his solution reduces to Wolfram's in the
appropriate limit, it otherwise depends on ds and ls,
and when ys =2ds/ls & I holds, it predicts substan-
tial modifications in the VSL spectrum. Interference
between geometrical resonances established in each
layer now gives rise to a more complicated set of lev-
els characteristic of the composite N-S sandwich as a
whole. Gallagher refers to these as compound
geometrical resonances.

At the N-metal surface, his density of states' for
quasiparticles having momenta parallel to the
sandwich normal (ks=0) is given by Eq. (I):

FIG. 2. Tunneling measurements (solid curves) acquired
with 1.35 p, m of Zn backed by 1.16 p, m of Pb. Compound
resonances again occur for biases 1.6—4.0 meV. All theoret-
ical results (broken curves) correspond to one value of
C&Z~(0). Gallagher's prediction (b and d) accounts for
low-lying (encircled) virtual states (a and c), and Wolfram's
(b' and e) does not. Both theories produce the same results
below =1.6 meV and above =4.0 meV. Interference
between 2d- and 4d-series contributions to A'(E) again
causes alternations between strong (S) and weak ( N') mini-
ma, even in the absence of compound resonance effects (f
and g).

N (E) = Re]D [s~ since~ costs+ as sin~s cos~w + Sw(&sgw —aw&s) sin~s(cos(ug —I) ]}
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where

D =1 —[cos(og cosa)s —(eg6s g~gs) since~ sinews]'

and the remaining quantities are defined as follows co~ = n C~Z~(E) QM(E)+i yM , C'~ =4d~/h uF~',

OM(E) = E2 —A~2(E); em =E/& u(E); 4r = A~(E)/A~(E); and y~ = 2'/IM T. he subscript M denotes either
N or S, and v+~ denotes the bare band Fermi velocity.

In the Wolfram limit, as exp( —ys) vanishes, Eq. (1) reduces to Wolfram's result at all energies. At higher en-

ergies (E ))A~} both theories then yield

N (E) =Re[1 + E~Az~—(E) ] + E ' exp( —yN) Re [A~(E) [As(E) —A~(E) ] exp(iE~E) }

+ ,
' E '—exp(—2y„) Re [[As(E) —AN(E}]'exp(2IK„E)} (2)

where E~ = n C~Z~(E) Of t.hese terms the first
represents the strong-coupling BCS background; the
second and third each represent damped oscillatory
series that, together, comprise the VSL spectrum
sampled by Giaever tunneling. If one neglects pho-
non damping in metal N, the first series has an ap-
proximate amplitude }AN(As —A~)}E 'exp( —yN)
and a quasiperiod SE = h vF~(E) (2d~) ', where
v~~(E) = vF~/ReZ~(E) denotes the dressed group
velocity. The second series has an approximate am-
plitude —, }As —A~}'E 2exp( —2y~) and a quasi-

period SE = huF'~(E)(4d~) '. We follow Colucci
et al. '2 and refer to these as the 2d series and 4d
series. When these harmonically related series are
summed, interference causes N(E) to exhibit ampli-
tude alternations (strong, weak, strong, etc.) that car-
ry over to the tunneling spectrum (VSDS) and give
rise to the so-called strong-weak effect." Our
sandwiches, because of their generally strong struc-
ture, are described by small y~ values and, hence,
yield only modest strong-weak effects' like those de-
picted in Figs. 1 and 2.

V. . PARAMETER EVALUATION SY CURVE FITTING

Current steps, always confined to low biases, re-
flect only the low-energy behavior of N (E) and,
hence, are treatable within the simplifying approxi-
mation Z~(E) = Z„(0},making them a natural start-

ing point for fitting Gallagher's theory to experi-
ment. ' ' Although the gap parameter, AN, influ-
ences I( V) near eV = Aca+ A~, elsewhere, current
steps have their heights and bias locations deter-
mined, respectively, by y~ and CNZN(0). Owing to

a latitude in possible compromises when fitting I( V),
initial estimates of CNZ~(0) contain modest uncer-
tainties (5—10%) that can be reduced by fitting com-
puted spectra to our VSDS observations at lower
biases (eV = 1.7—3.0 meV) where Z~(E) = Zg(0)
remains useful. In Fig. 1, for example, currents
computed for CNZ~(0} values of 1.71 and 1.S6
(meV) ' (dotted and dashed curves, respectively)
both provide acceptable fits to the observed current

I

(solid curve), yet only the latter value permits the

good derivative fit depicted by curve d. Final esti-
mates of C~Z~(0) retain curve-fitting ambiguities of
1—2%

The remaining parameters, ys and CSZS(0), are
inferred from fitting Gallagher's theory to VSDS data
taken at biases below 4.0 meV. Reducing ys to small
values (&1) tends to emphasize deviations from
Wolfram's spectrum, and changing CsZs(0) pro-
duces effects resembling those of interference
between two series of damped oscillations having
quasiperiods [Z~(0) C~] ' and [Zs(0) Cs] '. (These
series represent layer resonances and are not to be
confused with the 2d and 4d series that occur even in

the Wolfram limit, ' where the S-layer resonance is
absent. ) If for simplicity we first assume y~ to be
known, our iterative method for inferring C~Ztv(0),
CsZs(0), and ys/y~ reduces to these steps: (1) An
initial estimate of C~Z~(0), say from I( V), is used
to compute spectra (VSDS) for several plausible
choices of CsZs(0) and ys/y~; (2) best values of
these parameters, as inferred from comparisons with

observed spectra, are then used to compute new

spectra for alternative values of CNZN(0); and (3)
the resulting best value of CNZ~(0), when returned
to step (1), may be used for further parameter re-
finements. In practice, y~ can be inferred from any
of three experimental considerations: from normal-
ized VSDS amplitudes; from qualitative aspects of
the spectrum, such as strong-weak character; and
from the strength of step structure in I( V). To
achieve agreement with normalized experimental am-

plitudes, y~ values may be adjusted during any stage
of these computations. Values selected by this cri-
terion provide generally good descriptions of the
qualitative features governed by y~.

Strong-coupling effects, which determine the com-
plex, energy-dependent character of A~s(E) and

Z~s(E) at higher energies, must be included when

fitting VSDS measurements above eV =3.0 meV.
For our Pb layers we assume that As(E) and Zs(E)
are adequately approximated by the tunneling results
of. Rowell, McMillan, and Dynes. ' Although the
bulk Zn gap function is too small to influence N(E),
the renormalization computed from the c axis
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a'F(ru) of Tomlinson and Swihart7'6 correctly sug-
gests that changes in Z~(E) are quite significant. We
find that both ReZN(E) and ImZ~(E) evidence an
accelerated increase with increasing energy; and at
higher biases, the former produces progressive level
crowding and the latter progressive damping. While
initial curve-fitting attempts approximate Z~(E)/
Z~(0) by the computed estimate, subsequent at-
tempts incorporate empirical modifications designed
to improve level locations and level amplitudes at
higher biases. It is important to bear in mind that,
whereas h.~ = Z~(0) —I =0.42 may not qualify Zn as
a strong-coupling superconductor, our experiment
responds sensitively to small absolute changes in

ImZ~(E), which cause exponentially large damping
effects, and to modest relative changes in ReZ~(E), .
which cause substantial phase changes when d& is
sufficiently large.
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VI. EXPERIMENT VERSUS GALLAGHER
THEORY: A SUMMARY

Comparisons of experimental spectra (Figs. I and
2) against their theoretical counterparts (dashed
curves b, d, and g) demonstrate the improvements
effected by Gallagher's theory; low-lying VSDS
peaks, formerly unexplained, are now accounted for;
discrepancies in line shapes and level locations
(eV =1.6—4.0 meV) are mainly resolved; choices of
y]v dictated by VSDS amplitudes continue to yield ap-
propriate strong-weak effects; and earlier good agree-
ment above 4.0 meV is retained. Our empirical re-
normalization, Z~(E) /Z~( 0), used for all the com-
putations of Figs. 1 and 2, has its real and imaginary
parts plotted as solid curves in Fig. 3. These general-

ly exceed the estimates of Tomlinson and Swihart, '
which appear as dashed curves in Fig. 3, and by
E = 6.0 meV, the difference in Re[ZN(E)/ZN(0) ]
amounts to about 7%. To indicate the phase effects
implied by this difference, curve g of Fig. 1 is

decorated with dots ( ~, ~ ) that represent bias loca-
tions of peaks ( ~) and dips ( ~ ) in the spectrum
computed using the Tomlinson-Swihart estimate.
Comparison discloses discrepancies of m by
eV=5.5 meV and 2m by eV=6.5 meV. Although
the differences in 1m[Z~(E)/ZA (0) ] (Fig. 3) appear
equally-significant, the general smallness of this
quaritity leads only to minor amplitude discrepancies
below eV =6.0 meV. Otherwise, the Tomlinson-
Swihart estimate predicts VSDS structure that persists
to eV =7.0 meV, whereas actual structure ceases by
= 6.5 meV. Taken together these results emphasize
the direct way in which Giaever tunneling experi-
ments on N-S sandwiches probe the electron-phonon
interaction at low energies, even for weak-coupling
(elemental) superconductors like Zn.

4 5 6
ENERGY E (meV)

FIG. 3. Real and imaginary parts of the normalized re-
normalization function, Z+(E)/Z&(0), determined empiri-

cally (solid curves) from experimental tunneling spectra.
Corresponding theoretical quantities (dashed curves) are
computed from the c axis o. F(0)) given by Tomlinson and
Swihart (Ref. 7),

Five of our Zn-Pb sandwiches, labeled as set 8 in
Table I, yield agreement comparable to that depicted

. in Figs, 1 and 2. Although the remaining three
sandwiches, set A, also produce current steps, none
evidence useful VSDS structure above eV =4.0 meV
and, thus, none test Re[Z~(E)/ZN(0) ] above
E = 4.0 meV. Below eV = 4.0 meV, however, both
sets of sandwiches produce spectra compatable with
our empirical renormalization, Re[Z~(E)/Z~(0) ],
and both yield quite similar values for vF~(0) and for
vF's(0). Two sandwiches belonging to set A,
prepared simultaneously, exhibit abrupt declines in
amplitude near eV =4.0 meV; the third produces a
steady but rapid decline, so that no structure survives
above 3.6 meV. A fourth sandwich, deposited at the
same time arid on the same substrate as the third,
belongs to set B and produces VSDS structure that
lasts to eV =6.5 meV. Sandwiches like those of set
A occur less frequently than their incidence (37%)
among our group of eight suggests. Of 23 Zn-Pb
evaporations that produced diodes with VSDS struc-
ture, only two produced diodes lacking such structure
above eV =4.0 meV. We feel that the evidence war-
rants viewing this minority damping behavior as
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TABLE I. Film thicknesses, MFP values, and Fermi velocities for eight Zn-Pb sandwiches. Fer-
mi velocities, vF~(0) =4d~/hC~Z~(0), and MFP values, l~ =2d~/y~, where I=N specifies
Zn and I=S specifies Pb, are inferred by fitting Gallagher's theory to our tunneling spectra.

dN

(p,m)
s

(p,m)

IN'

(p,m)

iw'

(p,m)
Is

(p,m)

F'~(0)
(106 m/s)

~Fs(0)
(106 m/s)

2 43'd
2.96'e
2.91'e
1.24f

1.35f
1.52f

2.47 '

0.26
1.06
0.97
0.25
1.16
0.23
1.22
0.26

6.9
7.4
6.9
4,5

5.4
4.0
7.2
6.9

4.4
4,7
4.3

2.4
2.9
4.5
4.4

2.0
2.8
2.8
5.0
3.3
1.5
3.3
0.9

1.30
1.32
1.30
1.26
1.31
1.34
1.33
1.31

0.81
0,72

0.76

0.81

' Determined from current steps.
Determined from normalized VSDS.' Set A: exhibits anomalous damping.

' Diodes fabricated simultaneously.

Set 8: exhibits normal damping.

behavior as anomalous. Although abrupt decreases
in amplitude near 4.0 meV (observed in two of three
instances) could indicate Pb phonon emission and/or
Pb pair breaking (3ds =3.9—4.2 meV), the actual
origin of such damping remains moot.

Theoretical currents and corresponding VSDS
curves (Figs. 1 and 2) are computed using the same
set of parameter values, with one significant excep-
tion: current computations employ reduced values of
y& in order to reproduce the strong step structure ob-
served. In the six instances for which sufficiently
complete data exists, these reductions are such that
observed VSDS amplitudes, although large, average
only two-thirds as large as those anticipated from the
current steps. Since current steps result from total
internal reflection but VSDS structure results from
quasiparticle transmission, such decreases in VSDS
amplitudes could indicate that band-structure changes
and/or chemical contamination, both localized near
the N-S interface, cause moderate incoherent scatter-
ing.

Film thicknesses and fitting parameters for the
eight Zn-Pb sandwiches exhibiting compound reso-
nances are presented in Table I. Within experimental
uncertainties, set A yields Fermi velocities that coin-
cide with those of set 8, and the combined sets yield
an average Zn velocity of (1.31 + 0.025) x 106 m/s.
This compares favorably with our other determina-
tion, 3 (1.31 +0.015) x 106 m/s, obtained with a third
set of six sandwiches (d~ =3.0—6.2 pm, ds =0.07—
0.27 p,m) that exhibit no anomalous damping and

only minor compound resonance effects. It also
compares favorably with the Tomlinson-Swihart value
(1.29-1.32) x106 m/s. Based on the extended set of
fourteen sandwiches, our best estimate of the c-axis

Fermi velocity —that is, the velocity at the center of
the third-zone lens surface —is (1.31 + 0.020) x 106

m/s. This value agrees with that obtained by Rahn
and Sabo" (1.31 x 106 m/s) from magnetic surface
state measurements on Zn single crystals.

Dividing our measured velocity by the appropriate
bare value, that is, by the theoretical rigid-lattice
value, vF~, yields a hybrid estimate of Z~(0). For
this purpose we use Tomlinson and Swihart's c-axis
velocity, 1.86 x 10 m/s, which they compute using a
modified form of Stark and Falicov's nonlocal pseu-
dopotential. ' Our resulting estimate for the super-
conducting state, Z~(0) = 1.42, falls within the range
1.41—1.44 calculated from first principles by Tomlin-
son and Swihart. "

Our Zn results do not, however, agree with those
of earlier tunneling studies by Rowell. '2 As Colucci
et al. ' suggest, the difficulty stems from oversimpli-
fications in Rowell's analysis, which assumes only a
2d-series contribution to N (E) when metal N is su-
perconducting. Several groups of carriers are then
needed to explain observed VSDS complexities that
otherwise find a natural, single-carrier explanation
within Wolfram's theory.

Owing to experimental uncertainties in the thick-
nesses of our thinner Pb films, only four of our Zn-
Pb sandwiches (those with ds =0.97—1.22 p, m) are
used to obtain an average Fermi velocity,
(0.78 +0.04) x 106 m/s, for the [111l orientation of
Pb. This barely overlaps the previous tunneling
value, (0.62 +0.15) x 106 m/s, determined by Lykk-
en, Geiger, Dy, and Mitchell" from VSDS measure-
ments on epitaxial Pb-Ag sandwiches; but agrees
more nearly with their theoretical estimate, 0.76 x 10'
m/s, based on Anderson and Gold's Fermi surface"
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and Rowell and McMillan's renormalization.
Taken as a whole, our results emphasize the direct

and detailed way in which quasiparticle interference
phenomena —as perceived through Giaever tunneling

and interpreted by existing model theories-probe
the electron-phonon interaction at low energies in

clean elemental superconductors, even in weak-

coupling superconductors.
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