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Response to "Comment on 'Relationship between two-body interatomic potentials in a lattice
model and elastic constants"'
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Both 1 and —2/3 have been used in lattice models for the parameter n referred to by Shukla. n equals —2/3 for
the kinetic energy of a free-electron gas, but the example presented in the earlier paper was not intended to apply to
a free-electron gas and thus needs no correction. Additional comments on the role of this parameter in the volume-
dependent energy of metals are presented.

In two earlier papers, "a set of equations was
derived relating two-body interatomic forces,
volume-dependent forces, and the elastic con-
stants of a crystal. The volume-dependent
energy per unit undeformed volume in a mon-
atomic crystal was taken as

with V and V, the deformed and undeformed
volumes, xespectively, and p, and n, parameters.
No assumptions were made as to the origin of these
volume-dependent terms, and it is possible to
expand any actual volume dependence in such a
series about the equilibrium volume.

For central potentials in a cubic lattice with
just one volume-dependent contribution,

C„-C„=J'n(n+1) .
It was mentioned that the relation

is obtained with n=1. In this case,

with 5' the total volume-dependent energy, and
the parameter I' is equivalent to a pressure.
This choice of n is implicit in many defect cal-
culations based on empirical potentials through
the boundary conditions employed. In these mo-
dels, the volume dependence provides a force
for lattice contraction while the two-body forces
yield a fox'ce for lattice expansion.

The volume dependence of' the kinetic energy of
a free-electron gas goes as V and, as men-2~3

tioned by Thomas, s implies n = --,' in an expres-
sion such as Eq. (1). In this case, the volume
dependence provides a force for lattice expansion.

Correlation, and exchange approximations give
additional volume-dependent terms. 4" Although
they are not necessarily polynomial in form, they

can be expanded about the equilibrium volume
to yield a form such as Eq. (1). The example
with n =1 was not intended to apply to a free-
electron gas and thus there is no need to correct

2it to n = ——, as in the comment by Shukla. '
The problem of the volume-dependent contribu-

tion to the elastic constants has caused appre-
ciable confusion for many years. and is still cur-
rent. Since an equilibrium condition provides
a coupling between the volume dependence and
the two-body force dependence, correct equations
can be written which appear to be contradictory.
For example, with the notation used by Shukla, '
the bulk modulus is

&=st(C )"+2(C )"]+& --'&

However, I', is related to the two-body forces
and Thomas' writes

B =88~+E .8

Both Eqs. (5) and (6) are equivalent with appro-
p»a« two-hody (or short-range) expressions.

Much of the confusion arises because of slightly
different definitions of "elastic constants. " As
discussed earlier" and in greater detail by
Martin, ' there are Brugger elastic constants
based on the Lagrangian strain parameter, linear
elRstie eonstRnts bRsed, on llneRx' strRln effective
elastic constants based on the velocity of sound,
and the thermodynamic definition of compres-
sibility. The commonly used E, referred to by
Thomas' and Shukla' is derived from the 4th de-
finition. However, it is then often related to
elastic constants from other definitions. Equation
(2) is valid for either the linear, ' Brugger, ' or
compressibility definitions.

This same problem surfaces in a recent com-
ment by Upadhyaya' in which he writes

for cubic symmetry. He then assumes
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I' =—Ee 5 e

C~ -C =-—'E
in disagreement with other authors but in agree-
ment with Martin. ' Thomas' showed that

K, =n(n —1)P,
I' =-nI'

e

which, for a free-electron gas with Eq. (2) and
n= —3, gives Eqs. (7) and (8). Thus, Upadhyaya's
result is based on a free-electron-gas model and
requires no further assumptions.

If E,'=E, —3I', is taken as the electron-gas
contribution to the bulk modulus from Eq. (8),
Eq. (V) becomes

The result C„-C« =0 arises from incorrectly
taking

I' =—'X'i 5 e

rather than Eq. (8). C» —C«=0, in fact, implies
n=- j..

A model vrith C» -C„=E, is not necessarily
incorrect. How&ever, it implies that both the
volume-dependent and two-body force contribu-
tions to the energy are independently in equili-
brium and, except for the trivial case of n=0,
that more than one volume-dependent term is
required in Eq. (1). A model ba, sed on these
assumptions with E, as a parameter for fitting
phonon dispersion curves, to which Upadhyaya
objects, is then perfectly valid.
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