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Quantum size effect in thin-wire transport
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A quantum transport theory for electric conductivity is presented for the condition that the de Broglie wavelength
of a thermal electron becomes comparable to the transverse dimensions of a thin wire of rectangular cross section.
The theoretical results, which include the effect of size quantization, are analyzed in the ultrathin limit (UTL). In the
UTL the ratio of longitudinal resistivity to bulk resistivity is shown to be proportional to A, D/A, where A, D is the de
Broglie wavelength and A is the area of cross section. The results for transverse resistivity are also given and
dhscussed.

In another paper' in this issue we have discussed
the electronic transport in semieonduetors limited
to the size of a thin film. When the de Broglie
wave-length X~ of an electron is comparable to the
dimensions of the sample, quantum effects become
important and deviations from the bulk behavior
in transport properties are expected. In contrast,
the predictions of theories" based pn the model
of localization do exist. It has been shown that
thin metal films or wires do not exhibit true me-
tallic conductivity in the low-temperature limit.
This and other predictions of the localization the-
ories have been tested experimentally~' and quali-
tative agreement obtained. A number of quantita-
tive discrepancies remain, the most serious one
being that of the temperature dependence. In the
following we study transport in thin wires of.rec-
tangular cross section by following the method of
Ref. 1.

The Fexmi energy ( of a metal lies well above
the conduction-band edge. But, when size quan-
tization is taken into account, the lowest quantized
energy e, „(see below) of an electron may become
larger than the Fermi energy. And, for a suffi-
ciently thin sample, when q, ,»g, a metal may
behave like a semicpnductor. An analogous situa-
tion arises in transport properties of electrons
confined to a strong magnetic field, when p ~»~,

the radius of cyclotron orbit. ' This behavior has
npt yet been tested in metals in a magnetic field,
as the magnetic field required for this behavior
appears tp be quite large. But such behavior is
becoming quite apparent in thin films and wires.

In a thin wire of rectangular cross section, the
electronic motion in the transverse direction is
quantized, with eigenfunctions g»~ and eigen-
values &»„given by

g», = (2/g)'~'exp(igx)sin(pvy/g)sin(ivy/d),

p, )=1,2, 3

=8' 0 /2m++/ ay+ i (2)

with

e, = v'S'/2m*b',

e, = v'lr'/2m*d',

(3)

(4)

where 0 =abd (b, d«a) is the volume of the sam-
ple, k is the momentum of an electron parallel to
the wire, and ~* is the effective mass of an elec-
tron. In the above, we have assumed the parabolic
band structure of the material unaffected by the
thinness of the wire.

The matrix elements of the components tl„, g„,
and v, of the velocity vector in the representation
of Eg. (1) are given by

(P'1')t'l u, l Pl&) = (St/m*)0, .,6~.~5~.~,

(p'1'&'l v, l plk) = 2hpp'Il -exp[iw(p' p)]I0. ..6, ,/im-*b(p" —p') =0 when p= p',
(p'1'0'l v, l plk) = 2gll'(1 —exp[in(l' —l)]}6~~5,.~/im*d(l" —1') =0 when l = 1'.

(5)

(6)

(7)

As is seen from Eqs. (5)-(7), the matrix elements
of g„are diagonal, while those of y„and p, are
nondiagonal. This necessitates the use of the
density matrix p for finding the expectation value
of the current by following the procedure outlined
in Ref. I:

&1&=-—Z &u'I pl n&(alvin'&@ oa

where (c.'l pl a) are given by
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with

(e pl le ilute )-I/2
pl~ 1

+ p Q (eI,Il —p E'y —l eg)
pt

p /p) =1/o
2"' "da r

=(81d)I k IT)/5121- ob m*) ln -y
To

P, = 3(2IIm*keT)I ~'m*'E2IkeT/4ne'P, u'IIn'. (18)

u,„=Bne'x ~kp~u'A /8&x. :m*E', , (12)

o„=(64ne'7, 'I /81 m'b'd keeT)

bk/T, ' bk/T.
2'I' "'aa r ' 2"' "'sa 7) '

(13)
where II is the electronic density, XD =k/
(2m*keT)'~', A is the area of cross section of
the wire, and

~-'=3(2m+k T)"'E'/8v'~'p u'n' (14)

O„can be obtained from the expression of o„by
Illtel'cllRIlgi11g b RIld d. When RY'() «kl)T, EI(Il)
= -lna. -y (a «1), where y =0.577 (Euler's con-
stant), the relative resistivity ratios (as com-
pared to bulk I'esistivl'ty pI, ) Rl'e glveI1 by

P~„/Pl = 1/II„„III,= 41IXI)/3A P

C =Elk, T(2m*)'~'/bdp, u'k .
Here o stands for electron and lattice quantum
numbers of the unperturbed system. g, is the
deformation potential constant for acoustic-phonon
scattering, k~ is the Boltzmann constant, T is the
temperature, p is the material density of the

Equation
(10), which is wrl'ttell fol' acoustic-phonon scatter-
ing, also applies to point-defect scattering if
C =n; Vo(2m*)'~'/bdII in Eq. (11), where n,. is the
density of defects and po is the yotential parame-
ter of the defect represented by a delta potential
y= y,p, b(r -r.). Using Eq. (8) and defining con-
ductivity II as ( j) =a ~ 7, the components of g, in
the ultrathin limit, are obtained as

Similar expression exists for p„/p, by inter-
cllRllglIlg b Rnd d in Eq. (17).

Although the above results are applicable to Rn

idealized system of a rectangular wire, qualita-
tively the results should be applicable to wires of
any general cross section. The longitudinal re-
sistivity ratio is independent of the scattering
parameters, is inversely proportional to area,
and varies wit temperature as V' '. The absol te
resistivity p„„-T+'~' for acoustic-phonon scatter-
ing and p„„-T '~' for point-defect scattering.
Since most of the thin-wire experiments are done
at low temperature, it is highly unlikely that
acoustic-phonon scattering plays a dominant role.
At these low temperatures, point-defect scatter-
ing, which can be assumed to be dominant, gives
temperature dependence consistent with the ex-
perimental results. 4 Qn the other hand, the local-
ization theories give temperature dependence as
p„„-T ' which is highly inconsistent with the ex-
perimental data. The predictions of transverse
resistivity p„and p„are probably quite difficult
to test experimentally in the present state of
technology. But, in the future, when such mea-
surements are possible, Eq. (17) may be tested
experimentally. Equation (17) also gives g ' de
pendence for area for a wire of square cross 8ec-
tion only. It may be noted that although the re-
sistivity ratio p„,/p, is independent of scattering
parameters, p„/p, depends strongly on scattering
parameters. Kith the developing technology for
thin wires being produced by lithographic tech-
niques it ls hoped thRt the Rbove result8 will be
useful in understanding the quantum character of
an electron in confined systems.
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