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NMR test of McMillan's concept of discommensnrations in 20-TaSe,
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We have studied the "Se NMR in a single-crystal sample of 2H-TaSe, to test McMillan's proposal regarding
incommensurate charge-density waves (CDW). We compare the temperature dependence of the NMR line shape
from 4.2 to 130 K with predictions based on McMillan's proposal and the theory which preceded McMillan's

proposal. We confirm McMillan's hypothesis of "discommensurations" —that the incommensurate CDW is best
described by commensurate regions separated by regions of phase slip. In addition we derive amplitude and phase
information for the commensurate and incommensurate CDW in 2H-TaSe, and make a detailed comparison with

the neutron-diffraction results of Moncton et a/. We also find a change in the phase angle of the CDW at a Ta site
between 30 and 60 K and an anomaly in the sample resistance near 40 K.

I. INTRODUCTION

In Rn ox'dlllRry metal the conduction-electx'on
density is uniform from one lattice site to another.
Some metals, in particular the 2H polytype of
TRSe„have anomalous properties which have been
attributed to a static modulation in the conduction-
electron density which may have a periodicity de-
termined in part by the Fermi surface rather than
the underlying crystal lattice." This modulat ion
is called a charge-density wave (CDW) and it is
accompanied by a periodic lattice distortion (PLD).

At high temperatures (& 122 K) 2&-Tase, appears
to be an ordinary metal. At low temperatures, x-
ray, ' electron, ' and neutron4 diffraction studies
show that a PLD, and hence a CD%, is present
with a periodicity which spans an integer number
of unit cells. This is the so-called commensurate
state and is described by the sum of three plane
waves, each with a wavelength equal to three lat-
tice constants. Raman studies show that the mod-
ulation of the "normal" conduction-electron density
has the hexagonal symmetry of the host lattice. '
Lattice displacements have been derived for the
commensurate CDW (Refs. 4 and 5), however,
tI16x'6 I1Rve been tlleoretlcRl arguments which sug-
gest they are in error by a minus sign."

At intermediate temperatures (90-122 K) the per-
iodicity of the modulation spans a nonintegral
number of unit cells. This is the so-called in-
commensurate state. The incommensurate state
in 2H-TRS62 has been usually described as the sum
of threeplane waves, each of which has a periodici-
ty which is almost, but not exactly, equal to three
lattice spacings. %6 label this model the conven-
tional incommensurate model, MCMlllany usolg
calculations employing a Landau model, has pro-
posed that in the incommensurate temperature re-
gion the CD% can be better described as having re-
gions which have the periodicity of the commen-

surate wave separated by "phase-slip" regions or
"discommensurations. " The difference in wave-
lengths between the incommensurate and commen-
suxate states is then related to the density of dis-
commensurations. Thus, the McMillan incom-
mensurate state involves a large poxtion of k space
in constrast to the conventional model which is
described in terms of a small number of plane
waves. Nakanishi and Shiba' have extended Mc-
Millan's model and show that these discommen-
surations can appear as a dislocation lattice in an
otherwise commensurate CD% lattice. The theory
of the domain-wall interactions has been developed
in some detail by Bak, Mukamel, Villain, and
%6ntowska. "

Discrete regions of phase slip in an otherwise
commensurate structure were first discussed to
describe dislocations in one-dimensional systems
by Frank and van der Merwe. " Domains of com-
mensurate structure in an otherwise incomrnen-
surate state have been observed using magnetic
resonance by Mo'skalev, Belobrova, and Alek-
sandrovai' in the modulated dielectric Rb, gnC1„
by Fukui, Sumi, Hatta, and Abe in organic com-
poQnd TSHD, Rnd by ChRves, Gazzln8111, Rnd

Blinc in K,SeO, ." Blinc et al.""also studied
Hb, ZnC1., with magnetic resonance. They found a
fraction of commensuratelike structures in the
incommensurate state which was very small (-1/&)
except very near the incommensurate-commensu-
rate transition where the fraction goes continu-
ously to I.

The first evidence for the McMillan incommen-
surate CDIRT state was an anomalously large har-
monic observed in the neutron diffraction study of
Moncton eg gE. ,4 which they related to the third-
order ("lock-in") term in a free-energy expansion.
It has also been suggested" that the NMR results
obtained by Berthier et al." indicate the presence
of a tendency towards commensurate regions with-
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in the incommensurate state of NbSe, . However,
since NbSe, exhibited no commensurate CDW, a
direct comparison between the incommensurate
and commensurate states was not possible.

Since the NMR frequency of a nucleus in a metal
is strongly dependent on the conduction-electron
density at or near the nucleus, NMR provides a
microscopic (real-space) probe of the CDW. One
can use simple qualitative arguments to relate the
CDW to the PLD observed by diffraction tech-
niques.

In this paper we report a detailed NMR line-
shape study of the "Se nuclear magnetic reson-
ance in a single-crystal sample of 2H-TaSe, . For
the incommensurate temperature region we use
McMillan's theory to calculate line shapes and
show that his proposal appears correct. Some of
our arguments were presented in a previous
paper. ' In the commensurate region we show
line shapes which support the theoretical argu-
ments that the low-temperature atomic displace-
ments obtained from the neutron diffraction data
are indeed in error. We also show that it is pos-
sible that the atomic displacements change be-
tween onset (90 K) and low temperatures (4.2 K).

II. GENERAL DESCRIPTION OF THE CDW

For the sake of clarity we describe our choice
of coordinates and nomenclature at the outset.
Since 2H-TaSe, is a layered structure with a
small interlayer coupling, we restrict our de-
scription to one layer assuming that the contribu-
tion to our NMR signal is the same for all other
layers. The symmetry of the crystal and results
of previous investigations show that this assump-
tion is valid. ' Figure 1 shows a section of one
layer projected onto a plane and defines the co-
ordinate system used throughout the rest of this
paper.

Holy et al. ' showed that the PLD, and by ex-
tension the CDW, has hexagonal symmetry. Thus
we write the charge density, p(r), in terms of the
normal charge density, p, (r), as

p(5) = p, (r)[1+ ri(r)],

where n(f') can be written as a Fourier series,
each term having the symmetry of the lattice. We
write the first term in this series as

u, (r) =A, Re g exp(iq~ .r + imp, ),

where the sum is over the three wave vectors in
the I"M directions as shown in Fig. 1. Experi-
ment shows that the length of the wave vectors in
the commensurate state should be taken to be ex-
actly one-third of the reciprocal-lattice vector in
the I'M direction. "' For the conventional incom-

. mensurate state we would place qI=Gr„(1 —5)/3,
where 0 is typically between I/z and 2/o. The Mc-
Millan incommensurate state is more complicated.
In this case one takes the q& to be the commensur-
ate wave vectors with the origin of the r's trans-
lated by one lattice spacing as one crosses a dis-
commensuration. The parameter 5 then describes
the average deviation from the commensurate
wave vector and has been carefully measured by
Fleming et al. '

III. KNIGHT SHIFT WITH A CDW PRESENT

The Knight shift of the NMR signal from a nu-
cleus at R, in an applied field H0 due to s-like con-
duction electrons can be written'

where
~
P~(R,) ~' is the square of the electronic

wave function at R, and g~ is the contribution to
the total electronic spin susceptibility from the
electronic state characterized by the index k. The
total electronic density is of course given by

(4)

J1F g 'W
Origin

FIG. 1. (a) Section of one layer of 2JI-TaSe2 showing
the coordinate system used throughout this paper. (b)
First Brillouin zone showing the directions of the wave
vectors used.

where f(k) is the probability that the state k is oc-
cupied.

In a noninteracting free-electron model, X~ from
states away from the Fermi surface is negligible
and the contribution from each state at the Fermi
surface is essentially equal. If we introduce a
periodic distortion characterized by a wave vector
which spans (or almost spans) the Fermi surface,
a band gap will open at the Fermi surface and
those states at the gap no longer contribute to the
sum in Eq. (3). In addition, to first order in the
perturbing potential, we have a spatial modulation
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of the wave function squared with the same peri-
odicity and phase as the perturbing potential.

The Knight shift is related to the wave function
squared, summed over stat;es at the Fermi sur-
face (away from any gape), whereas the total con-
duction-electron density is given by the sum of all
occupied states. In the noninteracting free-elec-
tron model the spatial changes in the conduction-
electron density when a small perturbation is in-
troduced are proportional to the spatial variations
of the Knight shift given by Eq. (3). Interactions
other than that given by Eq. (3) which may be
present, such as an orbital contribution, would be-
have like a weighted average of the total occupied
electron density. That is, the spatial changes in
the interaction would be between those of Eqs. (3)
and (4), and hence would also be linea, rly related
to the conduction-electron density for .small per-
turbation. Since the atomic motions in 2H-TaSe,
are about 1/q of the lattice constants' we can hope
that we are in the small perturbation limit and the
spatial variations of the Knight shift are, within
the free-electron model, linearly related to the
CDW and PLD. Of course, the rather complicated
band structure of 2H-TaSe, and the possibility of
interband mixing complicates the present situation
so that the applicability of the systematics derived
from the noninteracting free-electron model is not
clear. However, at least qualitatively, we expect
the changes in the Knight shift to reflect the
changes in the potential in 2H-TaSe2 in this simple
linear fashion.

We will look at the change in the average wave
function as it manifests itself in the NMR line
shape. Changes in the susceptibility, y„'„would
presumably be the same at all "Se sites.

The contribution to the total NMR signal of a nu-
cleus at R,. will be given by a line-shape function
g(ur —e,.), centered at a frequency, u&„shifted by
yrf, K(R,.} from the "free-nuclear" frequency,
where y is the gyromagnetic ratio. Quite generally

we can expect Z(R, ) to have the same periodicity
a.s the charge density given by Eq. (2). That is,
we write

Z(R,.) =Z, (T)+Z, (Z) Re +exp(tq, R, +le, ) (5}
1=1

, I,O
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+ higher harmonics,

where Ko represents the contribution which is the
same for all nuclei but may be a function of temp-
erature T, K, is the amplitude of the modulation
of the first harmonic, and the q& are the same as
those used in Eq. (2). If the origin is taken as a
Ta site, then in the commensurate state there
are three distinct Se sites (labeled A, B, and C
in Fig. 1) which occur with equal numbers. Thus,
we expect three NMR lines with equal intensities.
To obtain a unique parametrization we must then
drop all higher-order terms in Eq. (5). One must
keep in mind that higher harmonics may be present
though not discernible. The phase angle 8, de-
termines the relative spacings of the three NMR
lines. This is shown in Fig. 2.

For the case of the incommensurate CDW we
have adopted a slightly different formalism which

(0, 1,0)

(o,o,o)

I
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FIG. 2. Spacing of the three 7~Se NMB lines as a func-
tion of the phase angle 80.

(o,-I,o)

(b)

FIG. 3. Hexagonal (a) and striped (b) incommen. surate
structures. The numbered arrows indicate which of the
phase angles defined by Eq. (6) change across a discom-
mensuration. Angles are in units of 27r/3.
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has the flexibility that by adjusting one parameter
one can obtain the NMR line shape corresponding
to a conventional incommensurate, a McMillan
incommensurate, or a commensurate line shape.
We start by rewriting Ecl. (5) following the results
of Nakanishi and Shiba' in the form

SC(k,.) =A,(r)
3

+A, (r) P cos[fi, R,+ 8, (%,.) —8„,(%,.)+8,],
jM

where 84= 8, and the Q,.'s are the commensurate (6)

wave vectors shown in Fig. 1. One then distin-
guishes the different types of models by the de-
pendence of the 8&'s on the R~'s.

For the commensurate state the 8&.'s are all zero.
Fleming ef; al. ' observed two types of incommen-
surate phases: one consistent with a hexagonal
structure, the othex with a stx'iped structure. We
illustrate how the phase angles 8& change for these
two structures in Fig. 3. Note that a change of 8,
by 2v/3 is equivalent to a simultaneous change of

8, and 8, by -2x/3.
To calculate the total NMR signal we need to

sum over all R &'s. It is simpler, yet equivalent,
to fix R,. and sum over the 8,.'s with a weighting
function )i(8&)(f8&, which corresponds to how often
a particular 8& occurs throughout all the R, 's. To
calculate )l(8) we take the differential e(luation
which McMillan derived assuming only phase mod-
ulation is important and integrate once to obtain

where e is defined by McMillan and is proportion-
al to the square root of the magnitude of the CD%
and y' is an integration constant. To illustrate
the significance of y we show 8(x) as a function of
o.x for several values of y in Fig. 4. As 8(x)
changes by 23/3 the origin of the CDW appears to
move from one Ta site to a nearest-neighbor site.
It can be seen that y gives a measure of the width

of the "phase-slip" region compared to the dis-
tance between phase slips. McMillan's parameter
0 can then be related to our y in terms of cv and
elliptic integrals.

The limiting cases are the following:
(i) y-0, commensurate q(8)-8(8), and
(ii) y-~, conventional incommensurate )l(8}

~ constant.
McMillan's incommensurate state would then be a
situation between (i) and (ii). We approximate the
three-phase angle density function by the product
of three single-phase density functions. This
should be a better approximation for the hexagonal
incommensurate structure than for the striped
structure.

We can now compute the total NMR signal from
the Knight-shift equations by calculating the fre-
quency of the NMR signal for each set of 8&'s and
summing over all sets. %'e then broaden the re-
sulting line shape with a Lorentzian function and
normalize it. Ideally, the experimental data are
derivatives of the true NMR absorption signal. In
practice the signal is distorted due to the long-
time constant filtering and large modulation amp-
litudes necessary to increase the signal-to-noise
ratio to an acceptable level. Wind and Emid"
have developed a formalism to remove the experi-
mental distortion from the data. However, we
found that lt was much more x'ellable to put tile
modulation and filter distortions into our theoreti-
cal line shapes to obtain pseudoexperimental spec-
tra which may then be compared directly to the
data. To be specific, the pseduoexperimental de-
rivative signal s(x) is related to the undistorted
line shape f(x) by

s(r)=)" ' ' )"(f(x)))(l —fax„c)'

where I' is a Fourier transform, J, is a Bessel
function, u is the transform variable, x is the
magnetic field modulation amplitude, and x~~ is
the lock-in amplifier's RC time constant (12
dB/octave) Compute. d spectra for 8,=0 and for
several values of y are shown in Fig. 5.

O
CO

C:

2

0
IO 20 50 40

FIG. 4. Phase angle 8(x) as a function of o.'x and p ac-
cording to McMilian's theory.

IV. EXPERIMENTAL

A. General considerations

A single crystal was used to avoid the ambiguity
that arises when interpreting spectra from pow-
ders. Although NMR of a metallic single crystal
has far less sensitivity than that of a powder due
to the attenuation if rf fields in the bulk metal
caused by the skin depth effect, in a powder all
possible crystal orientations are present, causing
an averaging out of spectral details. In particular,
the Knight shift becomes hard to interpret, having
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V. RESULTS

A. Commensurate
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Figure 7 shows two representative NMR ab-
c theoreti-sorption spectra taken below 90 K. Th

cal curve is simply the sum of three Lorentzians
with equal areas. The exper'm tal di en erivative is
generated as described earlier.

Figure 8 and the left-hand side of Fig. 9 show
the resultss of least-squares fit to our data below
90 K. From Fi . 2 th'g. , ere are two possible values
of 8, which can describe the CDW near 90 K and
two different values near 4 2 K We will discuss
this in more detail in Sec. VI.

B. Incommensurate
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tion from the single 1.ine above 120 K to the com-
mensurate state is seen to be gradual. This is
consistent with McMillan's incommensurate state,
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I
l

I

~ Heating
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FIG. 10. NMB spectra on a cooling cycle showing the
relatively gradual change from a single line at high tem-
perature to three lines below 90 K.

where one expects the commensurate regions of
the incommensurate state to yield the same three-
line pattern as the commensurate state. Figure
11 and the right-hand side of Fig. 9 show the re-
sults of fits to our data using the incommensurate
model described earlier. For these fits we have
taken 8, = 0 though the line shape is not very sensi-
tive to variations. In particular, 8,= 20 gives re-
sults noticeably, but not significantly, different.

The origin of the slight increase in the Knight
shift as one approaches the normal-incommensur-
ate transition from above is unknown. One pos-
sibility is that second-order terms in

~ g(5,.) I' are
present which do not average to zero in the pres-
ence of fluctuations.

VI. DISCUSSION

A. Commensurate

The first thing to note regarding the commen-
surate spectra is that they are described very
well by three lines with equal intensity. Secondly,
by considering Fig. 2, the line splittings for the
high-temperature region corresponds to a phase
angle 8, of either 0 or 20' and in the low-temper-
ature region to -10 or 30'.

If we consider a simple model where the lattice
displacements go like the gradient of the charge
density which goes like our Knight-shift expansion
[Eqs. (2)-(5)j, then we can estimate the directions
of the displacements. The displacements for our
experimental values of 8, are illustrated in Fig. 12.
We note that the displacements given by Moncton
et al. at 5 K are not consistent with the any of the
four possibilities. However, 8, = 0 is consistent
with the NMR results of Berthier et al."for
NbSe„ the Mossbauer data of Pfeiffer, Eibschutz,

)( '(Ii '(

'Y O.OI—
D

/
/

/ q
r l / r

O.OOl—

80
I

90
I i I ) I

l 00 I lo l 20
Temperature {K )

FIG. 11. Parameter y as a function of temperature
from fits to the data. The error bars represent the
statistical errors of the fits.

FIG. 12. Direction of the displacements calculated for
the two possible low-temperature phase angles {A and D)
and the two possible high-temperature commensurate
phase angles (B and C). For clarity only the A displace-
ments are shown for all Ta atoms, the rest may be ob-
tained by symmetry.
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and Salomon" for 1T-TaSe„and the suggestion"
that the displacements presented by Moncton eI;
al. are in error by a minus sign.

The .change in 8, between 30 and 60 K has not
been seen before and may be related to the change
in the Raman spectra seen by Holy et al. ' around
30 K and the anomalous low-temperature behavior
in the Hall coefficient reported by Lee et al." A
changing phase angle has been considered by Mc-
Millan. ' He shows that the phase angle may be
determined by a CDW interlayer interaction and de-
rives a relation between the amplitude of the CDW
and its phase. Since K, appears constant for the
entire commensurate temperature region we con-
clude that McMillan's mechanism cannot be re-
sponsible for the change we observe. This does
not rule out the possibility that the phase change is
related to the double Fermi-surface characteristic
of the 2H polytypes. " We note also that the in-
clusion of the next (nonconstant} term in our ex-
pansion of the Knight shift [Eq. (5}j could also
cause an apparent phase-angle change in our NMR
spectra and would complicate any comparison with
the lattice displacements. Again, the fact that K,
appears constant tends to rule out this possibility
also.

The change in 8, has prompted us to examine
the sample resistance at low temperatures. The
setup was similar to that used by Suits and Chen
except that a carbon resistor was used as the ther-
mometer. The absolute-temperature calibration
is accurate to about + 3 K near 40 K. The sample
was suspended above a small amount of liquid
helium and the resistance was monitored as the
sample was warmed. The average rate of warming
was about 0.08 K/min. The derivative was cal-
culated numerically as described by Suits and
Chen and is shown in Fig. 13. We see a small

(-10%}anomaly in the derivative between 32 and
42 K. It is tempting to associate this anomaly
with the change in 8, seen in our NMR spectra,
however, a more detailed study of this "transition"
is left for future investigations.

B. Incommensurate

In Fig. 14 we show how well the theory for the
incommensurate temperature region can describe
a spectrum taken at 100 K. We show the deteriora-
tion in the fit if we take the parameter y to be 10
times and, times the value which gives the best
fit. By considering Fig. 3 it is seen that the Mc-
Millan incommensurate state is the more proper
description.

We cannot see any difference between the differ-
ent types of incommensurate states which Flem-
ing et al. observed on heating and cooling. This
result is not unexpected on the basis of McMillan's
discommensuration model. The only differences in
the spectra would be due to the changes in the
phase-density function q(e} caused by discommen-
suration crossings, which would be only a small
and smeared-out part of the total signal.

The inclusion of amplitude modulation, in ad-
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FIG. 13. Derivative of the sample resistance on
warming from low temperatures. The solid line is a
guide for the eye. On this scale the derivative at 70 K
is 0.35.

FIG. 14. Spectrum fit using McMillan's theory (center)
showing the deterioration in the fit with p ~ and 10 times
the best-fit value.
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8 (x) = 5m+ Q A sin(3m 5x), {10)

then the coefficient in front of the lowest harmonic
is )A„hewre

[J {A,)Z (A,}x ~ ~ ~ x J' (A„}x ]
Q Qp ~ 0 ~ ff

(11)

with the condition

nm„= 0,

and the J 's are mth-order Bessel functions. If
we take an approximate function for 8(x}which is
the sum of isolated diseommensurations spaced
26+ apart'

e(~) = —,
' +tan-'fexp[o, (~-2na~)]f, (12)

we get, after some manipulation,

dition to the phase modulation predicted by Mc-
Millan, in our line-shape model has also been
pursued. We found that amplitude modulation (pro-portionall

'to the phase modulation) of up to 50%%uo did
not change the resultant pseudoexperimental line
shape significantly. Roughly speaking, the portion
of the nuclei which are most affected by amplitude
modulation contribute a small and smeared-out
portion of the total signal whether or not amplitude
modulation is considered —qualitatively their con-
tribution does not change.

Since the neutron diffraction results indicate a
jump of about 10%%uz in the CDW amplitude at 90 K,
the fact that K„which we believe is simply re-
lated to the local CDW amplitude, does not have a
large jump at the lock-in transition at 90 K is some-
what of a surprise. However, the apparent jump
can also be explained by McMillan's discommen-
suration theory, albeit in a roundabout way, and
is further evidence for the existence of discom-
mensurations. Because of the significance of this
result we will take the space to explain it in some
detail. Owing to the increased ease in computa-
tion, we will restrict the mathematics to a single
plane wave. . The three-plane-wave case will be
very similar though much more difficult to handle.

%'e start by writing the CD% as before,

a(r) =A, exp[iqx+ie(x)].

Presumably then, K, is related to Ao. The square
root of the neutron diffraction intensity is, how-
ever, proportional to only the lowest harmonic of
this wave. That is, if we write

where 0.4x can be calculated directly to be

o.b.x= 2y'K(y')/3,

where K is a complete elliptic integral and y'
= (1+y'} '~'. Using these results [Eqs. (11), (13),
and (14)] we have calculated t' as a function of y
numerically. For our experimental values of y
the series converges quite rapidly and we obtain
the approximate expression ( = 0.0251og»(y}
+1.017 for the range 0.001 ~ y ~0.1. For the com-
mensurate state we have, of course, f = 1. At 90
K where y is approximately 0.001 we get )=0.94.
That is, from McMillan's model and our measured
values of y one can expect a jump of about 6/0 due
solely to the disappearance of the discommensur-
ations. The effects of the hexagonal discommen-
suration structure shown by Nakanishi and Shibag

and the effects of amplitude modulation in the CD%
diseommensurate state may increase the apparent
jump of 6% somewhat but we will not pursue these
effects here. The curvature in the neutron re-
sults below 90 K which is also not apparent in our
data may be due to the Debye-%aller factor which
causes an increase in intensity as the frequency of
the mode associated with the CD%' increases and
the temperature decreases. Thus we conclude
that our results are consistant with the neutron
diffraction intensity measurements of Moncton ef
al.

VII. CONCLUSIONS

From our CW-NMR results we ean conclude
that the commensurate state can be characterized
by three plane waves with a common phase angle
at, a Ta site. However, using a simple qualitative
argument, we show that the phase angle is not con-
sistent with the atomic displacements inferred by
diffraction measurements and tends to support the
theoretical arguments of Inglesfield' and Brouwer
and Jellinek' that the displacements are in error
by a minus sign. Furthermore, the phase angle
seems to change between 30 and 60 K. We show
thy, t the amplitude of the CD% is roughly constant
between 4 and 105 K and then appears to go to
zero at about 120 K. We show that McMillan's
model of the incommensurate state gives NMR
line shapes which fit our data much better than the
conventional theory of the incommensurate state
and that the apparent jump in the CD% amplitude
at the commensurate-incommensurate transition as
seen by neutron diffraction can be accounted for
by the disappearance of the discommensurations.
That is, the commensurate regions of McMillan's
incommensurate state appear to have the same
wavelength, the same phase relationships, and the
same ampIifgde as they do in the commensurate
state.
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