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Range of electrons and positrons in matter
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The practical ranges of electrons and positrons of kinetic energy ranging from 0.25 to 5.0 MeV
are calculated considering their total inelastic and the multiple Coulomb elastic scattering with
the atomic and the nuclear fields of the atoms of an absorbing material. The electrons and posi-
trons are assumed to travel along the direction of incidence until they lose energy to the extent
that the calculated mean-square projected angle due to the multiple scattering, on the plane con-
taining the initial direction, becomes so large that their further motion becomes random. The
random motion contributes to straggling only. The calculated ranges of electrons and positrons
are found to explain satisfactorily the energy dependence and the material dependence of the
experimental extrapolated ranges. The ratio of the measured positron range at 1.88 MeV to
electron range at 1.77 MeV in Al, Cu, Sn, Yb, and Pb agrees well with the calculation. But
there is a large difference in the calculated and experimental ratio of positron to electron range

in some rare-earth elements and graphite.

I. INTRODUCTION

Many measurements'~'? on the transmission of
electrons and positrons in different materials have
been reported since the discovery of radioactivity. A
comprehensive summary of the experimentally ob-
tained ranges of 59 monoenergetic electron energies
and 35 continuous B-ray energies has been reported
by Katz and Penfold.> The measured transmitted in-
tensity versus thickness curves have been utilized to
estimate the ranges of electrons and positrons em-
ploying various definitions of range such as the extra-
polated range, the maximum range, the average
range, etc. Among them, the extrapolated range
denoted by R, is most commonly used. The most
generalized semiempirical equation for the extrapolat-
ed range of electrons in different absorbers has been
published by Tabata ef al.!! The data on positron
transmission are scarce relative to the electron-
transmission meaurements. However, Takhar!2~!4
reported the ratio of the measured positron range R 2,
to that of electron’s Rg; of nearly the same energy
(around 1.8 MeV) and concluded that R} /R in-
creases systematically with the atomic number of the
metallic absorbers.

Surprisingly enough, a very few theoretical investi-
gations have been made to understand systematically
the range of electrons and positrons in various ab-
sorbers. In 1964, Berger and Seltzer'> computed the
continuous slowing down approximation (csda)
ranges of electrons and positrons, denoted as R~ and
R, respectively, by integrating numerically the re-
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ciprocal of the total energy-loss expressions under the
continuous slowing down approximation [see Eq. (1)
for definition]. The simplified expressions of the
csda range of electrons and positrons based upon the
empirical relations of total stopping power have been
reported by us.!"1® The csda range R~ and the ex-
trapolated range R, versus the energy of electron for
the absorber of Al, Cu, and Au are shown in Fig. 1.
The study of Fig. 1 reveals that the csda range in-
creases with the energy of electron and the atomic
number of the absorber. While, on the other hand,
the data on extrapolated ranges indicate that R is an
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FIG. 1. csda range R and the extrapolated range R, of
electron versus energy for aluminum, copper, and gold.
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increasing function of the electron’s energy and de-
creasing function of atomic number of the absorber.
Hence, we learn that the csda range of electron is not
a suitable quantity to understand the extrapolated
ranges of electron in different materials. Similar
trends of comparison between the calculated R* and
the few measured values of R for positrons have

been observed.” 1013
As some more information on positron transmis-

sion'®!? and the difference in electron and positron
penetrations in materials'>~'* has appeared during the
last decade, there is a need to reexamine the penetra-
tion behavior of electrons and positrons through
matter. In this paper, we present a method of calcu-
lating the practical range of electrons and positrons
denoted by R, and R, respectively, by taking into
account the total stopping power'~!® in conjunction
with their multiple scattering.2-2*> The method is
confined to the energy region from 0.25 to 5.0 MeV,
where numerous extrapolated ranges of electrons and
relatively few measurements of positrons are avail-
able. The calculated practical ranges of electrons and
positrons are compared with the existing data on R,
and R and the results are discussed in detail.

1. METHOD OF CALCULATION

The fact that the electrons and positrons, on pas-
sage through matter, interact with the atoms of an
absorber, inelastically as well as elastically is utilized
to determine the practical range of electrons and posi-
trons. The method accounts for the effect of multi-
ple Coulomb elastic scattering on the csda range cal-
culated from the total stopping power only.!>!® The
present method depends upon the following assump-
tions:

(i) It is assumed that the electrons and positrons
move approximately in straight paths along the direc-
tion of incidence, by undergoing inelastic interactions
only, and the deviation of their path due to multiple
elastic scattering is ignored from the considerations at
the first instant. Consequently, the particles (e~ or
e*) would go on losing energy while traversing along
the original direction, until they come to rest com-
pletely (see Fig. 2). Therefore, the range of electrons
and positrons' of kinetic energy 7, under the con-
tinuous slowing down approximation is given as

+1-1
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where dE /dx is the sum of the energy loss due to col-
lisions (ionization plus excitation loss) and that due
to bremsstrahlung. The upper and the lower super-
scripts stand for positrons and electrons, respectively.
(ii) Actually, the particle’s path deviates due to the
multiple-scattering process, especially near the end of
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FIG. 2. Typical case of penetration of electrons (or posi-
trons) through thin metallic foils. The dotted line corre-
sponds to the range considering inelastic interactions only,
while the full line indicates the range considering both ine-
lastic and elastic interactions.

their journeys. Therefore, we further assume that
electrons and positrons move approximately in the
direction of incidence until they lose their energy to
the extent for which the calculated mean-square pro-
jected angle due to multiple scattering on the plane
containing the initial direction becomes very large.
Thereafter, the particles lose their memory of the
original direction; i.e., they begin to move randomly.
For instance, a typical case of penetration is depicted
in Fig. 2. The situation of random motion of elec-
trons and positrons is physically realized by making
use of the definition of mean transport free path.

Let T;t and T, represent, respectively, the charac-
teristic energy of positrons and electrons of energy T,
relating to the situation when positrons and electrons
just begin to undergo random motion. Assuming
that the random motion contributes to straggling
only, the mean practical range R, of positron and
R, of electron is given by

RE(T)=RE(T)-RE(T2) , 2

where R ¥ can be obtained from Eq. (7) of Ref. 18.
The method of calculating 7,;* and 7, is described
below.

A. Calculation of Tci

For the determination of Tci, we require the
knowledge of the mean-square projected angle due to
multiple scattering of these particles on the plane
containing the incidence beam. Many workers?!- 2425
have derived the expression for the mean-square an-
gle of electron scattering using Rutherford’s scatter-
ing formula.?! Among the various review articles on
multiple scattering of electrons, Williams review? on
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multiple scattering of electrons presents a complete according to this theory (see Sec. 2 of Ref. 21), the

picture of all the theories. However, for the sake of mean-square scattering angle is given as
the mathematical convenience in the present prob-
. . 2’ . m
lem, we use Williams theory?' of small angles multi- (9?y =N dx j; 020 4+(0,y)2m04d0 3)
mw s

ple scattering in conjunction with Mott’s?® and
Massey’s?? scattering cross section for e~ and e?,

respectively, as modified to include the screening of where N is the number of nuclei per cm?, y the
nuclear charge by the orbital electrons. kinetic energy of incident electrons or positrons in

Let the resultant deflection of the subsequent units of the rest mass energy of an electron,
scatterings of electrons and positrons passing through o+(0, y) the elastic scattering cross section for e*
a foil of thickness dx be 0 and let ® represent its pro- and e~, and 6, the screening angle.?' The elastic
jection on the plane containing the initial direction. scattering cross section for electrons?® and positrons?
While dealing with the multiple scattering of fast as expanded by McKinley and Feshbach?} in powers
electrons, Williams?' had shown that the small angle of aZ (a being the fine-structure constant and Z the
multiple scattering yields a Gaussian distribution and, atomic number of a scatterer) is given by

|
2
o6, y)=LPZZFD 1 | Yol o meaZ (=D G gy |
4 (=D sin'(36) s 2 Y ? :
I

where r is the electron radius. Further, it can be from positrons. It is apparent from Eq. (4) that the
shown using Fermi-Thomas distribution?! that the positron scattering is always less than the electron
elastic scattering cross section is cut off for the angles scattering under the identical conditions. The third
smaller than 6, =aZ?(y?—1)"2, term in the square brackets of Eq. (4) gives the

While deriving the expression for (92) for fast difference between positron and electron scatterings
electrons, Williams?! and Rossi et al. 24 considered and is very important for absorbers of high atomic
only the first term of Eq. (4), which represents Ruth- number. Therefore, it is significant to use Eq. (4) as
erford scattering formula.? Later, Hereford and a whole to understand the difference in penetration
Swann? used the same expression in their semiempir- of positrons from that of electrons, particularly in the
ical approach to explain the extrapolated ranges of materials of high atomic numbers. Now, we substi-
3.0- to 12.0-MeV electrons in Al and Cu. Clearly, tute Eq. (4) into Eq. (3) and integrating over 6, one

such formulas for (#?) do not distinguish electrons finds

2 2 _ 1/2 2 __ 2 _ 1/2 1/3
(00 £ =8Nr3Z (Z +1)—Y— (gt n 2= D2 Ly =1 cmaZ(y'=1) l1 aZ ]+]

(y*=1)2 aZ' 2 y? y a (y2—-1)\2
(5)
When the thickness penetrated by the electrons and positrons is finite, the total energy lo_ss must be included
in the calculation of (82)*. To do so, we substitute the values of (dx)* from the empirical relation'® of total
stopping power into Eq. (5), integrating over y and simplifying, we find
nt _ 8Nr3Z(Z +1)mc? 2 + ! + +
(") Gy = p(mZ e In — (hW=15)+5 (L= 1E =I5+ 1E)
1 1 4
I-z—waZ(h—lgi)i;wa224/3(197-11%) » (6)

Ye

where vy and vy, represent, respectively, the incident kinetic energy of e~ or e* and its energy at any instant of
penetration. Here, the constants m, and ¢, correspond to the constants m and ¢ of Ref, 18. The
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integrals involved in Eq. (6) are given below
+ +
d + (@a=Z+b-)
L=) -2 |f= dy ,
1 f (y1—1)? 2 f (y2—1)? Y
2_
e B
1)
f ,y(a T4t )ln(y -1) d
(y2=1)? '
dy (a—z+b——2)
1 = - =
5T f 2(7 -1)’ f dy ,

d3 + (@aXz 4+t
I7=‘r7(72—1)3/2’ s =f -7 77
+ +
d + (@=Z+b--1)
lo= ) —4X— %= dy .
9 f7(72—1)2 10 f (72—1)2 Y

The constants ¥ and 5% are given in Ref. 18.

As we are interested in the mean-square projected
deflection, we write below the expression for (®?),
by making use of the standard relation,?! viz.,

(®?) =5 (6%):

(@), )=—DIFt(y) - F*(y)] , )

for 0.25<T =< 5.0 MeV, where
ANr¢Z (Z +1)myc?
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and
Ft(y)=n(2/aZ®)(1,-I})
+2 (= IFE —I+1E)
FomaZ(l—1I¢)
i%ﬂazz4/3(19-11%) . (8)

The functions F*(y) and F~(y) indicate the inter-
play of the elastic and inelastic processes of positrons
and electrons, respectively, upon their penetrations
through a known absorber of some finite thickness.

Further, the mean-square multiple-scattering angle
in terms of cross section o+(#8, y) is given as

(@ d=2a0* [o1(0,y)(1-cos0)dq ,  Oa)

where d Q) is an elementary solid angle.
To visualize the situation of the random motion of
positrons and electrons due to multiple scattering, we
use the definition of transport mean free path and
write Eq. (9a) as
2(dx)*

(0 &= =5 (9b)
t

where A\;5 and A;” represent the transport mean free

paths of positrons and electrons, respectively. Now,

equating Eqgs. (5) and (9b) and solving for A%, we

D=
p(m\Z +cy) have
J
-1
+_ 2Z(Z+1) 2 2(72—'1)1/2 ___l_ 12— _me 2 1211 aZ‘/3
A —2‘81\"‘0 V=1 v |in Z 1 7 " ¥ ’——‘y (y2-1)"1n -(72—_1)72— (10)
Therefore, the mean-square angle relating to the characteristic random motion, is given by
+
A V2 2 12 2 2 1
nE_ (M 22 =D 1| y2=1]| _ maZ(y2-1)"? aZ\?
CH J; 8Nrg Z(Z+1)( my [ln AT 2|5 F ” 1- G dy .
an
From Egs. (10) and (11), it follows that ook
© POSITRON
(0H)*=2, (dH*=1 . (12)
5.0 ® ELECTRON
Therefore, inserting this into Eq. (7), we have
Fr(yE)=F*(y)+D™' . (13) 20k
+i vol
B. Computation
The values of F~(y) and F*(y) versus energy %r
(from 0.2 to 5.0 MeV) for the absorbers of atomic 0ok
number Z =1 to 92 have been obtained using a com- )
puter. The plots of F~(y) and F*(y) versus energy o L . . ) . )
for Al and Au are shown in Figs. 3 and 4, respective- "s0 100 200 S00 1000 2000 _ 5000 10000

ly. The behavior of F¥(y) versus energy for other
elements is similar to that of Figs. 3 and 4. It is
found that the difference between F~(y) and F*(y)

KINETIC ENERGY (keV)

FIG. 3. Calculated values of Ft('y) vs kinetic energy of
electron (®) and positron (O) in aluminum.
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FIG. 4. FE(y) vs kinetic energy in gold. Figure caption
is the same as Fig. 3.

increases systematically with atomic number. This
trend indicates the large reduction in the csda ranges
of e~ and e* due to multiple scattering in the case of
heavy elements compared to the light elements.

Now using Eq. (13) and the plot of F¥(y) versus
energy for a given atomic number, the values of 7,*
and 7, can be obtained for a given energy. Thus,
knowing T;* and.T,” for a given energy, the practical
ranges R,' of positron and R, of electron may be
computed using Eq. (2) and its associated equations
in Ref. 18. For the sake of completeness, the com-
puted values of 7.~ and T,* versus energy for dif-
ferent materials are displayed in Figs. 5 and 6,
respectively.

2500

ELECTRON

20001

1000

T (kew)

L . L L L
10 20 30 %0 50
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FIG. 5.. Estimated values of 7.~ vs kinetic energy of elec-
tron in Al, Cu, Ag, and Au.

FIG. 6. Estimated values of Tt vs kinetic energy of posi-
tron in Al, Cu, Ag, and Au.

III. RESULTS AND DISCUSSION

Table I contains the practical ranges of electron of
energy from 0.25 to 5.0 MeV in Al, Cu, Ag, and Au
as calculated by the present method, along with the
values of R¢; for electrons estimated due to the
semiempirical approach of Tabata et al.!! It is ap-
parent from Table I that our method explains nicely
the dependence of the measured electron ranges on
the atomic number of the absorbing material and the
electron energy. Furthermore, it is clear from Fig. 7
that the calculated practical range R, of positron is a
decreasing function of atomic number. As the mea-
surements on positron ranges are sparse and even
some workers® %26 did not extract the range of posi-
tron from their measured transmission data, the
direct comparison like that of the electrons shown in
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FIG. 7. Calculated range R;' of positron in mg/cm? ac-
cording to Eq. (2) as a function of energy for the absorbers

aluminum (0O), copper (x), silver (@), and gold (O).



23

RANGE OF ELECTRONS AND POSITRONS IN MATTER

4453

TABLE I. Comparison between the calculated Rp_ (this work) and the extrapolated range (Ref. 11) of electron in Al, Cu,
Ag, and Au at various energies. The ranges are expressed in mg/cm?.

Kinetic Aluminum Copper Silver Gold

energy Expt. Calc. Expt. Calc. Expt. Calc. Expt. Calc.

(MeV) R R,y R Ry R R, R Ry
0.25 57.6 £4.8 62.3 479124 443 40.7 £3.8 36.3 29.1+£29 26.2
0.30 77.8+5.1 82.2 60.7+3.0 57.9 51.2+48 49.2 39.0+54 31.5
0.40 1147+74 124.2 94.5 +4.7 89.9 80.8+7.6 71.8 59.8+£8.2 51.2
0.50 158.2+10.3 167.3 131.5+£6.6 127.7 113.1£10.6 90.8 826+11.4 72.8
0.80 296.9£19.9 324.0 254.1 £12.7 242.1 188.7+17.7 171.6 139.7+£19.4 124.4
1.00 395.3 £25.7 406.7 3412172 319.1 287.5+27.0 241.8 190.5+11.2 167.7
1.50 658.4 £19.8 724.2 5453 +£27.3 553.4 474.8 £19.0 437.6 329.2 £20.1 304.6
2.00 912.1+27.4 1018.7 801.2+34.4 787.8 678.4 +27.1 606.6 478.5 £28.2 470.1
3.00 1437.7 £43.1 1610.5 1272.6 £ 54.7 1313.2 1089.9 £43.6 1084.0 792.5 +46.7 780.5
4.00 1978.8 £59.4 2189.6 1684.0 £ 72.4 1825.8 1503.5 £60.1 1497.1 1243.9+73 .4 1178.4
5.00 25146 £75.4 2738.4 21429 +92.1 2338.2 18569 +74.3 1951.0 1601.5 £94.5 1510.0

Table I, is not possible at present. However, the
trends of the measured positron transmission®® !2 on
the energy and the atomic number of absorbing ma-
terial are similar to the plots of R,* vs T and Z (see
Fig. 7).

To gain an idea about the reduction in the csda
range due to the inclusion of multiple-scattering ef-
fect as described in this paper, the ratios of R,"(T)/
R~(T) and R,'(T)/R*(T) versus energy T in Al,
Cu, Ag, and Au are displayed in Fig. 8. It is clear
that this ratio for a material is constant within +4%
for electrons and positrons, provided T is smaller
than twice the rest of the mass energy of electron,
which is in agreement with the scaling law of electron
transport.”’ Beyond 1.0 MeV, this ratio increases
with increasing energy and atomic number. This con-
clusion is strongly favored by a precise experiment on
electron transmission by Spanel et al.'® (for direct
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FIG. 8. Ratio of practical range R, according to Eg. (2) to
the csda range according to Eq. (1) of electron (®) and pos-
itron (O) in Al, Cu, Ag, and Au.

comparison, see Fig. 10 of Ref. 19), and the Monte
Carlo calculations (for comparison, see Fig. 3 of Ref.
28) of R5 (T)/R~(T) in Al and Cu reported by Per-
kins.2?

The experimental ratio of R, at 1.88 MeV to R,
at 1.77 MeV in graphite, Al, Cu, Y, Sn, Nd, Ho, Yb,
and Pb as reported by Takhar!2~!* has been compared
with our calculations (see Fig. 9). One finds that the
calculated ratio R,"/R,” agrees very well with the mea-
sured ratio R /R, in Al, Cu, Sn, Yb, and Pb. But,
there is a large difference in the case of graphite, Y,
Nd, and Ho. The exact reason for this large differ-
ence, particularly, in the rare-earth materials and gra-

I Measurements in metallic foils

—x—Present Theory
2.0r

i Measurement§ in  Rare-Earth elements
1.5
Im;f r { ]
£
x
+
s |t
c
<
!
\‘f 10
‘o
05 " L s L 1
0 20 40 60 80 100

Atomic Number Z

FIG. 9. Ratio of positron range at 1.88 MeV to electron
range at 1.77 MeV as a function of atomic number. R,*/R,”
calculated (*), R} /R, experimental (@) in metallic foils
and () in rare-earth elements and graphite (Refs. 12—14).



4454 R. K. BATRA AND M. L. SEHGAL 23

phite is not yet known. However, it is to be noted
that graphite, Y, Nd, and Ho have different crystal
structure than pure Al, Cu, Sn, Yb, and Pb. The de-
tailed calculations regarding the effect of crystal
structure on the ranges of electrons and positrons are
in progress and would be published later. Further-
more, the similar measurements of positron range at
324 keVlto electron range at 312 keV by Patrick

and Rupaal,? in Al, Cu, Sn, and Pb also agree well

with the present calculations.

Thus, we infer that the effect of multiple scattering
on the penetration of electrons and positrons is to
shorten the total path length (the csda range) in a
material. And, the overall difference between the
electron range and the positron range arises due to
the differences in their total stopping powers and the
multiple scattering cross sections for a given atomic
number.
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