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X-ray scattering factor of 3d metals. A comparison between theory and experiment
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The absolute measurement with Ag Ea radiation of the scattering factor at the first reflection of 3d metals from V

to Ni, using imperfect single crystals, has been completed. The x-ray results have been compared with those obtained
from critical voltage experiments and with free-atom and solid-state calculations. The scattering factors measured

with x rays appear to be affected by 1-2%%uo residual extinction. Band-calculated and experimental critical voltage

values are in agreement within -O.S-1 %.The difference between free-atom and crystal values is of the order of 1%
with the exception of Cr and Cu, whose peculiar behavior is due mainly to their free-atom configuration. Starting

from Cr, band effects on crystal scattering factors tend to decrease with the filling of the 3d band.

INTRODUCfION

In order to obtain quantitative information about
solid-state effects on charge distribution, several
accurate x-ray measurements of the scattering
factor of 3d metals have been performed. Although
all experimental crystal values have been reported
to be lower than those calculated se1f-consistently
for the corresponding free atoms, ' different mea-
surements for the same metal have often resulted
in conflicting values, ranging, in the worst cases
and for the first two or three reflections, from
agreement with to 5-6% less than free-atom val-
ues. , This lack of reproducibility of x-ray mea-
surements does not seem to depend on the technique
used (powder or single crystal) as shown, for in-
stance, by the fact that some results obtained with
powders exhibit a variation well beyond the stated
accuracy of each mea, surement. The situation is
further obscured by the fact that a set of scatter-
ing factors representative of all 3d metals and ob-
tained with the same technique of measurement
and the same procedure of sample preparation has
not yet been reported.

Notwithstanding these difficulties, Qiana and
Mazzone' have suggested that, the experimental
scattering factor for the first reflection, starting
from Cr which has been measured to be -5% low,
approaches free-atom values as the number of 3d
electrons is increased. This statement is difficult
to reconcile with the fact that the (110) scattering
factor of V has been independently measured'~
to be only -1"fo low. In conclusion, these contra-
dictions and uncertainties have cast significant
doubts on most x-ray results which, therefore,
have been of. limited help also as a guide for theo-
retical solid- state calculations.

Severe difficulties in fact occur also on the theo-
retical side of the problem, since band calcula-
tions cannot be performed starting from first prin-
ciples, but rely, in the majority of cases, upon
the choice of an effective one-electron potential

capable of accounting for most of the many-elec-
tron exchange and correlation effects. In the
framework of the currently adopted Xn method,
for instance, the calculated scattering factors are
not only dependent on the value of a (the param-
eter which accounts statistically for exchange
interaction), but since it has been found that the
use of a different potential for the t„and e states
improves the agreement between theory and ex-
periment in several phenomena related to the
shape of the Fermi surface, it has been stated"
that such a potential should also be used for scat-
tering factor calculations. As a resu}t, band-
theoretical values for the same metal in some
cases differ by an amount which is of the same
order of magnitude of the so1.id-state effect which
one is trying to measure. This being the case, it
is difficult, without considering other experimental
work, to perform an objective choice among the
existing x-ray and theoretical data in order to
reach a reasonably accurate conclusion as to the
extent of charge redistribution in Sd metals.

Accurate values of the x-ray scattering factor
for the first few reflections can also be obtained
by electron diffraction with the critical voltage
method' ' ' (CVM in what follows). With very few
exceptions CVM results for 3d metals are about
1% below free-atom theory. Since this method is
supposed to have lesser uncertainties than x-ray
elastic scattering has, we have decided to com-
plete the measurement, with Ag Kz„of the first
reflection of the metals V to Ni (excepting Mn)
using imperfect single crystal, s, in order to have
a homogeneous set of x-ray results to compare
with CVM experiments. To this purpose we have
measured with Ag Ku the (110) scattering factor
of Cr and Fe. It was also hoped that this experi-
ment would he1.p to explain the results of a mea-
surement with Ag Ka of the (110) scattering factor
of a Feo „Cr»~ alloy. The result of this mea-
surement will be reported in what follows, to-
gether with those of the pure metals.
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The main source of exror in an imperfect single-
crystal measurement, once secondary extinction
has been corrected according to the method de-
scribed by Oe Marco, ~' is due to primary extinc-
tion. In order to reduce the influence of this ef-
fect, an extrapolation procedure to infinite peak
half-width and the use of as short a wavelength
as possible (compatible with the avoidance of
multiple Bragg scattering}, seem to be the two
most effective means, although it is almost im-
possible to estimate the x'esidual errox and to
choose the best extrapolation function. '~ One of
the results of a comparison between x rays and

CVM, therefore, would also be the possibility to
estimate the amount of residual extinction in im-
perfect single-crystal experiments and to cheek
the validity of the procedure adopted in order to
account for this unwanted effect.

Several single crystals in the shape of thin
slabs were obtained by hand grinding from ingots
of Fe, Cr, Rnd an FeCr alloy which, accord&ng
to chemical analysj. sy hRd the composltlon: Fe V6

at. '%%uo, Cr 24 at.%. As a check of the composition
of the alloy, the lattice parameter was measured
on a Philips 114.83-mm camera. The measured
parameter 3.8V22 (2) A, confirmed within 2% the
chemical analysis. The measurements were per-
formed in symmetrical transmission with Ag Ee
rRdlRtlon monochromated by R singly bent LlF
crystal. The miscut effect was eliminated in all
cases by performing on each point two measure-
ments with the crystal rotated by f80 . The mass
absorption coefficient was calculated starting from
the values measured by Cooper, '2 using in RLL

cases the x-ray density. For the Debye tempera-
ture of Fe (424 K) and Fo 78Cro, ~ (420 K), the val-
ues measured by Shirley et aL.' were used. For
Cr, an average (510 K) of several values reported
in the recent literature was used. The uncertainty
on the measured f's resulting from a variation of
the Debye temperatures of 15 K was practically
negligible (-0.1%). All the measured intensities
were corrected for thermal diffuse scattering
(TDS} according to ¹lsson.'~ The correction
ranged from -0.2 to 0.4%. For the FeCr alloy
a weighted average of the elastic constants
of the pure metals was used. Since all cry-
stals were pressed between two polished steel
plates in order to increase mosaic spread, par-
ticular care was used to eliminate any polyerystal-
line layer by chemical (electrochemical in the case
of Cr) polishing. Mounting the samples on a con-
ventional diffractometer it was possible to check
that no detectable Debye-Scherrer halo was pre-
sent. The background value for the Fe and Cr

samples was compared with that of the correspond-
ing single crystals used previously. " While in
the case of Cr the two values were very similar,
in the case of Fe it was found that the backgxound
of the old crystal was higher by a factor of 3.
Chemical polishing of the old crystal (whose
thickness was, within 10%, the same of the new
one) reduced the background to practically the
same value of the new crystal (this point will be
discussed further on). A few measurements were
then made also on the old Fe crystal. The number
of measurements which has been performed is as
follows: 24 on Fear crystal 4 and 22 on Fear
crystal J3 (pt-1 for both crystals); 24 on Cr
crystal A (pt -1.2} and 6 on Cr crystal B(pt -0.6};
20 on the new Fe crystal and 4 on the old Fe
crystal (pt-O. V for both crystals}. Other details
x elative to x-x'ay beam, instrumentation, polariza-
tion factor, dead-time correction, and the pro-
cedure to correct for secondary extinction have
been published previously 3 u

RESULTS AND DISCUSSION

TABLE E. The (110) scattering factor of Cr, Fe, and
Feo yeCro g4

Cr
Fe
Feo.veCro. ~4

16.72
18.46
18.05

16.00 +0.25
18.06 + 0.20
17.72 + 0.10

0.957
0.978
0.981

The values of the (110) scattering factor obtained
from an extrapolation to infinite peak half-width
of the measured structure factors and with the use
of the Cromex and Liberman" dispersion correc-
tion, are collected in Table I. Separate extrapo-
lations of the two Fear crystals gave results dif-
fering by 0.5%. All quoted errors represent the
standard errors of the extrapolated values obtained
from the fitting procedure. If the Cr percentage
of the alloy is decreased by 2'%%uo, the quoted scat-
tering factor should be increased by 0.3% and the
ratio f~~ /f„, by 0.1%. This ratio, therefore,
is practically insensitive to small variations of
composition. No correction for size effects, Rs
discussed by Boric,"has been made since the
factor 2M' is, for this alloy, a,bsolutely negli, -
gible (-10 '). lt is immediately seen that while
the present Cr scattering factor is nest very
different from that obtained with Mo radiation"
if adjusted with the dispersion correction of Ref.
j.6, the present result for Fe is very different from
that obtained previously. ' This difference is
caused by the excessively high background level of
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The ratio 8 =f~~st~/f«0~ at the first reflec-
tiori. Circles and solid line refer to CVM values; solid
triangles and broken line to Ag radiation x-ray values;
squares to Mo radiation x-ray values; open triangles to
band-theoretical values of Callaway and co-workers;
dots to band-theoretical values of Vfakoh and co-workers.
Error bars are relative to CVM values.

the old crystal, as confirmed by the fact that after
this crystal was chemically polished, the results
of four measurements were higher than any of
those obtained before and perfectly compatible
with those of the new Fe crystal.

In order to visualize the results obtained with
Ag radiation, the ratio R=f„„,/f„, for the
first reflection, corresponding to a value of
sin8/A. -0.24, has been plotted as a function of
atomic number in Fig. 1. Also shown in the
same figure are the values of R obtained for Cr,
Fe, and Ni with Mo radiation and the values of R
obtained from CVM experiments with their errors.
For better clarity, error bars for x-ray values
have not been indicated; it may be sufficient to say
that they are larger, even by a factor of two in
the worst cases, than those of CVM and that x-ray
upper limits are practically coincident with CVM
lower limits. A comparison between the two sets
shows that Ag radiation results are lower than
the corresponding CVM ones by 1-2 /o and that
Mo radiation results for Cr and Ni are about 1/0
lower than those obtained with Ag. It is also seen
that the value of R for the FeCr alloy is very
similar to that of pure Fe. If, however, the re-
sult of the alloy had been compared withthe results
of the pure metals obtained with Mo radiation, it
would have been inexplicably high (-2%). Although
the CVM and x-ray results are not incompatible,
the regular occurrence of a difference between the
two sets and the difference between Ag radiation
and Mo radiation results for Cr and Ni, point to a

residual A.-dependent systematical error in the
scattering factors obtained with x rays, which
can be attributed to residual extinction.

For what concerns the variation of R with atomic
number, it is possible to observe that both sets
of data show, for Cr, a percent difference between
crystal and free-atom two or three times as large
as for the other metals. Since this difference is,
again, not much beyond experimental errors, we
have also plotted in Fig. 1 the values of R obtained
from the only existing fairly complete sets of band-
theoretical scattering factors, that is those cal-
culated by Wakoh and co-workers' "and by Cal-
laway and co-workers. " Within the I.ocal potential
approximation, Callaway's calculations can be
considered as accurate as possible at least at the
present state of the art. The two sets of theo-
retical results differ among themselves and from
CVM values by 0.5-1 /0, thus showing that these
values are fairly well representative of the real
crystal values. This concordance, moreover,
strengthens the above conclusion concerning the
existence of residual extinction in x-ray results.
Particularly important is the fact that both sets
of theoretical values show, at the Cr position,
the same dip displayed by the experimental data,
thus confirming the existence of this effect. We
can, therefore, conclude that on passing from
free-atom to crystal, there is a decrease of the
scattering factor at the first reflection of the
order of 1%, with the exception of Cr which shows
a decrease two or three times as large. Other
differences among remaining metals are not suf-
ficiently clear to be identified with any reasonable
certainty from Fig. 1, and will be analyzed later.

In order to understand the reason of the peculiar
behavior of Cr, it is instructive to plot separately,
at sin8/A. =0.24, the two quantities which define
R, that is f„„,and f„, , as functions of atomic
number Z. In particular, in order to have two
slowly-varying almost linear functions of Z, it is
convenient to plot f,', „,=f,„~„,/Z and f,'„=f„, /
Z. These two quantities are shown in Fig. 2. For
what concerns f,'„,which has been calculated
from the data of Ref. 1, one has that all points lie
on a straight line with the exception of Cr and Cu
which are about 1% above the values obtained from
a linear interpolation. This feature is present,
in the values of Ref. 1, in the interval 0(sin8/X
&-0.35 and arises from the fact that free-atom
values of Cr and Cu are calculated for the config-
uration 3d '4s while all other elements have the
configuration 3d 4s'. The difference introduced
by the change of configuration. can also be ob-
served in the free-atom values calculated by
Freeman and Watson, "who report the scattering
factors of Cr and Cu in both configurations. It
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FIG. 2. The ratios f', ,~&=f~~snu/8 and f«0 ——f«,JZ at sing/A, =0.24. Dots and continuous line refer to f'„, cir-
cles and broken line to fC~,t~&. The broken line is the best least-squares straight-line fit through the circles. The f~&
scale {to the left) is displaced with respect to the f',~~ scale {to the right).

should be remarked that this behavior has nothing
to do with the fact that Cx and Cu have a full or
semifull d shell (as evidenced by the fact that Mn
and Zn have the same number of 3d electrons as
Cr and Cu but a regular value of f'„, ), but depends
on the fact that the scattering funct'. ion for a 3d
electron is higher than for a 4s.

For what concerns f'„„,we have plotted in
Fig. 2 the values obtained by CVM (adjusted to
sin8/}I. =0.24 with a small correction calculated
on the basis of free-atom values). The experi-
mental points are described, within the errors,
by a straight line. Shown in Fig. 1 is the best
least-squar es straight-line fit. From these ob-
servations we can conclude that the dip displayed
by Cr in Fig. 1 arises mainly from the fact that
its value of f'„, is higher than that which would
be obtained interpolating from neighboxing ele-
ments, If this is true, then we expect that a sim-
ilar dip should be displayed also by Cu. Inspec-
tion of Fig. 1 shows that, indeed, there is a slight
decrease of B going from Ni to Cu, but this dif-
ference is so small that the existence of a dip for
Cu cannot be inferred with reasonable certainty
from the data of Fig. 1 alone, especially since no
value of B for Zn is available. An indication that
a dip at the position of Cu does indeed exist can
be obtained observing another effect displayed by
the curves of Fig. 2, namely that the slope of
f,', ,« is higher than that off,'„ in such a way
that the two curves tend to the same value at
Z =30. If, as a consequence, the value of A for
Zn is put equal to 1, then the existence of a dip
for Cu becomes almost as evident as for Cr.

The considerations presented so far have been
relative to the scattering factor at the first re-
flection. For what concerns higher reflections,
available data are scantier and it is not possible
to analyze them at the same level of detail. None-
theless it is possible to say that, if 'the present
analysis is correct, one expects that the values
of 8 for V, Cr, and Fe at the (200) reflection,
that is at sin8/X-0. 34, should display a much more
regular behavior than at sin8/X=0. 24. Experi-
mental (CVM) and band-theoretical data for the
(200) reflection are presented in Table II. It is
possible to see that the difference between crystal
and free-atom values is smaller than for the (ll0)
reflection and that there is almost no difference
in the value of 8 for the three metals. We can
summarize this part of the discussion stating that,
at the first reflection, in addition to the effect of
free-atom configuration on R, there is a small
(-1%) solid-state effect on the scattering factor
which decreases with the filling of the d band, at
least in the second part of it. This trend is consis-

TABLE G. The ratio f~„„„/f„.,m for the (200} reflection
of V, Cr, and Fe. CVM= Ref. 9;%=Hefs. 6, 18; C = Ref.
19. The free-atom values are those of Ref. 1.

V

CVM 1.00+0.013 0.990+0.008 0.995+0.005
0.993 0.990 0.991

C 0.992 0.979 0.988
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tent with the known radial behavior of 3d wave
functions at the bottom and at the top of the d
band. The size of this effect, however, is such
as to make impossible a detailed description of it,
at least at the present level of accuracy of experi-
ments and calculations. The difference between
crystal and free-atom values decreases with in-
creasing sine/A. and is barely noticeable at sine/X
=0.34. The difference -5/0 observed in some
x-ray experiments is, therefore, to be mainly at-
tributed to extinction in the case of imperfect
single crystals and to a number of factors, de-
scribed in detail by Suortti and Jennings, 2' in the
case of powders.

CONCLUSION

Although the present analysis describes the
main features of the scattering factor of 3d me-
tals, it seems that in order to obtain a really ac-
curate picture of the details of charge redistribu-
tion in these solids, it would be necessary to
know the scattering factor of each metal at several
values of sin8/h. with an accuracy of the order
0.1%. Such an accuracy over an extended range
of sin8/A. is, probably, beyond the present possi-
bilities of x-ray scattering and, also, of electron
diffraction. In particular, the angular behavior of
charge density can be studied only at those rela-
tively high values of sine/A, where the aspherical
part of the charge density gives a detectable con-
tribution to the total scattering factor. %bile

several, although partial, x-ray studies of charge
density asphericity have been reported, for what
concerns CVM experiments we have that, in addi-
tion to the necessity of knowing all the Fourier
coefficients V„of the reflections (nhnknl), pro-
hibitively high values of accelerating voltage
would be required.

Anyway, some points seem to be reasonably
certain even at the present stage: Scattering
factors obtained by means of x-ray diffraction
from imperfect single crystals are affected by a.
residual extinction of the order of 1—2%, even
when measured with Ag radiation; CMV and the
most accurate band-theoretical values are in
agreement well within experimental errors; the
scattering factor of 3d metals at the first reflec-
tion is lower than that of corresponding free-atoms
by a small amount which is of the order of 1% (with
the exception of Cr and very probably Cu); the
peculiar behavior of Cr and Cu is due to a large
extent to their free-atom configuration; the dif-
ference between crystal and free atom tends to
decrease with the filling of the d band, at least
in the second part of the 3d series; t2 states are
favored over e states in the case of bcc metals,
while c1ose-packed ones appear to be more nearly
spherically symmetric. "
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