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The theory of roton second sound in superfluid helium-4 is considered. We first derive the
hydrodynamic equations which determine the motion of a pure roton gas. The collisions
between rotons are assumed to conserve energy, momentum, and the number of rotons. The
hydrodynamic equations without dissipative terms have the same form as the corresponding
equations for an ordinary fluid. When lowest-order dissipative effects are included, it is found
that there are some extra dissipative processes in addition to heat conduction and viscosity. We
next consider modifications of the hydrodynamic equations which occur when the effects of col-
lisions between rotons and phonons are included, and when there are some roton-roton colli-
sions in which the roton number changes. It is found that at the temperatures and pressures
where roton second sound has so far been observed, the wave motion is best described as iso-
thermal second sound. We show that current experimental data indicate that in nearly all colli-
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sions between rotons (> 99.97%) the total number of rotons is conserved.

I. INTRODUCTION

Second sound in superfluid helium was first
predicted by Landau! and by Tisza.?2 Landau showed
that the velocity ¢, of second sound is given by the
formula
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where S, C, ps, p,, and p are the entropy, specific
heat, superfluid density, normal fluid density, and to-
tal density, respectively. At low temperatures

(T <£1.2 K) the normal fluid density is much smaller
than the total density and so Eq. (1) can be simpli-
fied to read
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At these temperatures second sound is closely analo-
gous to an ordinary sound wave in a gas.> The
‘‘atoms’’ of the gas are the elementary excitations of
helium (i.e., phonons and rotons). This gas has a
bulk modulus Bs, given by

TS?
BS;/, = ‘_CT‘ . (3)
Thus, the velocity can be expressed as
C2=(BSu/pn)”2 . (4)

The modulus Bg, is the modulus that determines

pressure changes when the entropy and chemical po-
tential of the gas are held constant. For an ordinary
gas the same formula holds for the velocity of sound

3

except that instead of Bs,, the bulk modulus Bgy at
constant entropy and particle number is used. The
difference comes about because collisions between
rotons and phonons do not usually conserve the total
number of excitations, and so the chemical potential
of the roton-phonon gas is always zero.

The theory of the interactions amongst the elemen-
tary excitations in helium was first considered by
Landau and Khalatnikov.* They concluded that at
low temperatures the roton and phonon components
of the excitation gas interacted only weakly with each
other, and that the number of collisions between ex-
citations in which rotons were converted into pho-
nons (or vice versa) was small. Consequently
Khalatnikov and Chernikova®® suggested that it
might be possible for there to be a wave motion simi-
lar to second sound, but involving only the roton part
of the excitation gas. They predicted that this mode
could be observed if high-frequency measurements
were made at temperatures below about 1.2 K. The
frequency has to be high compared to the rate at
which the roton and phonons interact with each oth-
er. The first observation of roton second sound
(RSS) was made by Dynes, Narayanamurti, and An-
dres.”™ Instead of propagating a continuous wave of
RSS they generated short pulses. With this method,
and for a propagation distance of 0.234 cm, they were
able to detect RSS at temperatures between 0.4 and
0.7 K. The pulse had a velocity that was in rough
agreement with the predictions of the Khalatnikov-
Chernikova theory. In addition to the RSS signal the
detector received also a higher velocity pulse due to
phonons. This provided some support for the view
that the interaction between phonons and rotons was
weak.
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Further observations of RSS have been made by
Castaing and Libchaber,'"!? and by Cline and
Maris.!> These experiments were primarily designed
to give more accurate results for the velocity of RSS,
but also provided some information about the at-
tenuation. The theory has been extended by Maris,!
Weiss and Polder,!* 16 Khalatnikov,!” and Castaing
and Libchaber.!! Although the basic picture of RSS
is certainly correct many important points have still
not been resolved. The measured velocity of RSS, at
least under the range of experimental conditions in-
vestigated so far, is somewhat larger than the velocity
predicted by Khalatnikov and Chernikova. Possible
reasons for this have been suggested in the later
theories mentioned above, but no definite conclusion
has been reached. In addition, the attenuation and
dispersion of RSS is fairly large and this has not yet
been satisfactorily related to theory. In this paper we
consider these problems. In the next section we
derive hydrodynamic equations for a roton gas.
These hold when there is no interaction between the
rotons and the phonons. These equations include the
lowest order dissipative corrections due to viscosity,
etc. Section III compares and contrasts these results
with the corresponding equations of conventional hy-
drodynamics (e.g., the Navier-Stokes equation). In
Sec. IV we relate the dissipative coefficients to the
roton-roton scattering time, and in Sec. V calculate
the velocity and attenuation of a wave propagating in
a roton gas. Section VI describes how the hydro-
dynamic equations are modified when various sorts
of interactions between rotons and phonons can oc-
cur.

II. HYDRODYNAMICS OF A PURE ROTON GAS

We derive here the hydrodynamics of a roton gas
under the following conditions.

(i) The number density ng of the rotons is suffi-
ciently small that the superfluid density p, is approxi-
mately equal to the total density p.

(ii) The collisions between the rotons conserve the
total energy, momentum, and number of the rotons.

(iii) The collision rate is large on the time scale of
motions we consider, and the roton mean free path is
short compared to the distances over which the vari-
ous hydrodynamic quantities vary.

Because of (i) we can assume in the present con-
text that the superfluid velocity V is zero, and that
the superfluid density is constant. Hence, the excita-
tions move in a static background superfluid, and the
distribution function n, for 'the rotons is just deter-
mined by the Boltzmann equation

an, an, -
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The first term on the right-hand side (RHS) is the

collision term, and V, is the roton group velocity.
Thus, this equation is of exactly the same form as
the Boltzmann equation for an ordinary gas of atoms.
In addition, conditions (ii) and (iii) are the same as
those that hold for an ordinary gas when a hydro-
dynamic description is a good approximation. Thus,
the hydrodynamics of a roton gas can differ from
conventional hydrodynamics only because the
energy-momentum relation (dispersion relation) for
rotons is not p%/2m. We shall see that this difference
does not change the equations of nondissipative hy-
drodynamics, but does introduce some extra, and
physically interesting, lowest order dissipative effects.

For small amplitude disturbances we can linearize
Eq. (5) to get

an, o - S

o1 ——fC(p, P )Snp,d'rp,— vV, Vn, | ©)
where
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n, is the equilibrium distribution function, and &n, is

small. Our method of solution follows closely that

used in Ref. 18. We introduce a new function C re-

lated to C by
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C is then symmetric with respect to interchange of

the variables p and p’. We define eigenfunctions

¢;(P) and eigenvalues A, by

Je@ 5w =2 . ©)

Because of the properties of C the eigenvalues are
non-negative and the eigenfunctions can be chosen to
be orthonormal:

J 6.0, (5rdr, =5, . (10)
Then if we expand 8n, as
sn, =, (7, + D2 3 4,4,(P) an

the Boltzmann equation (5) leads to the following
equation for the expansion coefficients A4;:

04;
0X
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J
(ilv,,alj) is the matrix element of the a component
of v, between eigenfunctions ¢, and ¢;, and a sum-
mation over the repeated Greek indices is implied.
X, is the a component of the position vector X.
Consider now any quantity / () which is conserved
in collisions between rotons. The total amount of
this quantity per unit volume is

F=fr@®mdr, . (13)
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The rate at which F changes as a result of collisions
must be zero. Therefore, from Eq. (6)

Jaz, far rmcE s, =0 . a9

But this must be true for any distribution Snp,, and

so
Jar,r e ) -0 . (15)
If we combine this with Eq. (8) it follows that
S (), m,+ D (16)

is an eigenfunction of C with eigenvalue zero. Thus
there are as many zero-eigenvalue eigenfunctions as
there are conserved quantities, i.e., five in all. In
normalized form we can write these eigenfunctions as
follows:

s =gy, (g, + DV (17
Was = aodd (az00@000 = afon ) ™"

x (e, ~) i, (i, + DV, (18)
'J’If’a=(3/0020)”2paﬁn‘/2(ﬁﬂ+1)l/2 ' 19

where a=1,2,3 and
A = fs‘p i, (m, +1)dr, . (20)
€ is the average energy of a roton, given by

E=fe,,ﬁ,,(r7,,+l)d‘r,,/fﬁp(ﬁp*‘l)dﬂ:=0100/0000 .
@1

Since the system is rotationally invariant, the angular
parts of all eigenfunctions must be spherical harmon-
ics. This is reflected in the notation used in Eqgs.
17)-Q9).

For an eigenfunction / with a nonzero eigenvalue
we can write Eq. (12) as

. .04,
A/=~)\,_1Ai_}\fl;(’.]vpal‘”ﬁ': . (22)

The eigenvalues are of the order of magnitude of the
collision rate. Thus for slowly varying disturbances
we can assume that the magnitude of A\, "4, is much
smaller than the magnitude of 4,. Similarly the
terms in the sum over j for the RHS of Eq. (22)
which are from eigenfunctions with nonzero eigen-
values must also be small. Hence to lowest order in
At

" ., 94,
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where the sum is now restricted to include just the
eigenfunctions of zero eigenvlaue. {i|v,,|/) is
nonzero only if /and j are eigenfunctions with spher-
ical harmonics having /’s differing by 1. Hence, we

get the following results:

A,,S=—x,,~sl<ns|vm,|1p;a>%"f , 24)
Ayp ==\ [(nPv,]15) aai‘s

+ (nP|v,4]28) %’;(” 25)
A,,D=-)\,,_D'(!1D|vm11PB>B%Zﬁ (26)

where nS, nP, nD refer to the nth eigenfunction with
/=0,1, and 2, respectively. We now consider Eq.
(12) when i is a zero-eigenvalue eigenfunction, and
use Eqgs. (24)—(26) on the right-hand side. This
gives a set of differential equations for the time rate
of change of 45, 455, and A4 p, in terms of first and
second spatial derivatives of these five quantities. In
the Appendix we show that these quantities can be
related to macroscopic variables as follows:

Ais=agytsn 27
AZS = (CHB/T)IHST ’ (28)
AlPa=(Bpn)l/2vna B (29)

where 87 and 87 are the local change in total number
density and temperature, respectively, Vv, is the drift
velocity of the roton gas, 8=1/kT, p, is the normal
fluid density due to the rotons, and C, is the specific
heat of the rotons at constant number density. Note,
therefore, that C, is not the usual roton specific heat,
which is a derivative of the entropy at constant chem-
ical potential. "The differential equations for 4 g,
Ajys, and A4,p, then lead to the hydrodynamic equa-
tions

O divE, + DV 41,V 30)
ar
a7 P 2 2
C,,—a—f~=—aTBrd1vv,,+KV T4+v, Vi, @D
_4)1 B H
o B G, BT v dive,
af 1

+n(5 graddiv+ V)7, | 32)

where np is the equilibrium number of rotons per
unit volume, By is the isothermal bulk modulus.of
the roton gas, and « is the thermal expansion coeffi-
cient. Relations between these quantities and the a;;
coefficients are given in the Appendix. The second-
order terms on the RHS’s of these equations
represent dissipative terms. Formal expressions for
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the dissipative coefficients are

18 P1?
p=1y USlwlnPl [v,|nP] (33)
nP >\nP
28 P1?
x=1tc, 3 12SulnP ':"l" S (34)
nP nP
1/2
C,TB ) [25]v,|nP]
=t (ST sty g 2L
(35)
V2=V1ﬂ[%/TBT s (36)
[1P]v,|nS]?
§=%pn EI_L:—PJ— , 37
nS nS
[1P|v,|nD]?
=5on Y LPluslnd. (38)
nD Aup

The sums are now over eigenfunctions with the indi-
cated angular momentum, excluding those with
eigenvalue zero. By the quantity [1S|v,|nP], for ex-
ample, we mean the ‘‘radial integral”

= S, (P oty

where S| and P, are the radial parts of ;5 and the
nth P state, respectively. In the sums only one
member of each set of degenerate eigenfunctions
with different magnetic quantum number m is to be
counted.

III. COMPARISON WITH CLASSICAL FLUIDS

Consider first Eqs. (30)—(32) for very slowly vary-
ing disturbances. If we retain only the lowest-order
spatial gradients on the RHS of these equations we
can write Egs. (30) and (32) as

% =—ng divV, , 39)
v,
e = VP , (40)

where P is the pressure. The combination of Eq.
(39) with the simplified version of Eq. (31) can be
reduced to

95 -

o = S divv, , 41
where S is the entropy per unit volume. Equations
(39)—(41) are identical withr the equations of motion
for small amplitude disturbances in an ordinary fluid
when dissipative effects are neglected

Consider now the more general equations
(30)—(32). The extra terms in these equations
represent various dissipative processes. By comparis-
on with the equations of conventional hydrodynam-

ics'® including dissipation one can see immediately
that « is the thermal conductivity, and ¢ and 7 are
the bulk and shear viscosities. The extra terms are
thus those that involve D, v, and v,. It follows from
Eq. (30) that the particle current j must be

T =ngV,=DVn—v,VT . (42)
In ordinary hydrodynamics
T=nv 43)

even when dissipative effects occur. Infact, one may
consider that the velocity V is defined by this equa-
tion, and so it is a truism to say that no extra terms
occur. On the other hand, V, is defined in a dif-
ferent and specific way. Formally, ¥, is fixed by Eq.
(29). This means we can consider V, to be defined
as the following moment of the local distribution
function

v, = ;L [ wnar, . (44)

For an-ordinary fluid p, =nm and p=mV, where m
is the mass of the atoms, and then Eq. (44) gives V,
equal to j/n, in agreement with Eq. (43).

The extra terms —DVn and —v,V T in Eq. (42)
represent dissipative contributions to the current. D
has the physical meaning of a diffusion coefficient.
The remaining extra term v;V2n in Eq. (31) implies
that there is a dissipative contribution —v;Vn to the
heat flux. Note that v; and v, are connected by an
Onsager-type relation [see Eq. (36)].

One can verify that for an ordinary gas these extra
terms dissappear. If v, =p/m then it follows that

[1S|v,=m7'[1S]|p . (45)

But the momentum dependence of [1S]p is exactly
the same as that of the function [1P] [see Eqgs. (17)
and (19)]. Hence for n # 1 the matrix element
[1S|v,|nP] is proportional to

[1P|nP] ,

which vanishes because of orthogonality. Thus, the
coefficients D, vy, and v, are all zero.

IV. ESTIMATE OF DISSIPATIVE COEFFICIENTS

We can derive approximate expressions for D, «, ,
n, v1, and v, by the following method which is
roughly equivalent to the relaxation time approxima-
tion. The eigenvalues \; of the collision matrix C
determine the rate at which a.component of the dis-
tribution function which is proportional to a given
eigenfunction ¢,(p) decays because of collisions
amongst the rotons. The simplest approximation is
to set all of the nonzero \, equal to the rate 7} at
which roton-roton collisions occur. In this approxi-
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TABLE L. Roton-roton collision time 7gz in seconds as a function of temperature at pressures
of 0 and 25 bars according to Landau and Khalatnikov (LK) and Donnelly and Roberts (DR).

P=0 P =125 bars

T (K) LK DR LK DR
0.45 3.6x1075 24x1073 1.3x10°6 8.0x 1077
0.5 4.9x107¢ 3.3x1076 2.5x1077 1.5x 1077
0.55 9.5x 1077 6.6 1077 6.5x1078 40x1078
0.6 2.4 x1077 1.7x1077 2.1x1078 1.3x1078
0.65 7.6 x1078 5.5x1078 7.9%x 107 5.1%107°
0.7 2.8 x1078 2.0x1078 3.5%x107 2.2x 1079
0.75 1.2x1078 8.7x107° 1.7x107° 1.1x107°
0.8 5.5%107° 4.1 x107° 8.9 x 10710 5.9x10"10

mation the set of all eigenfunctions with nonzero
eigenvalues is degenerate, and hence can be chosen
arbitrarily subject only to the conditions that they be
normalized and orthogonal to each other and to the
five eigenfunctions which have A=0. These are
given by Eqs. (17)—(19). For rotons we can write
the dispersion relation as

& =A+(p—po)?/2u . (46)

At the temperatures of interest (< 1.2 K)A and
pé /2 are much larger than k7. Then all of the ro-
tons are near to the roton minimum p,. The special
eigenfunctions Eq. (17)—(19) all contain a factor

— — _ —B(p—py)¥/au
n,,l/z(n,,‘f'l)l/zgf’ BA2, 0 .

This suggests that these radial parts of these func-
tions be approximated by harmonic oscillator wave

functions in the variable
a=(p—po)/QQukT)? . 47)

The radial parts of ;5 and ¢, p, vary with g like the
n =0 harmonic oscillator wave function and s is
proportional to the n =2 state. Then all of the other
eigenfunctions which have nonzero \; can be written
as harmonic oscillator wave functions in the variable
¢ multiplied by an angular part consisting of a spheri-
cal harmonic. In this representation it is easy to cal-
culate the matrix elements involved in the sums in-
volved in the transport coefficients. The results are

D=kT1re/3p . (48)
k=2ngk Trrplp (49)
v =k T*1Re/3p0 , (50)
va=npktrr/3pm . 51
L=ng pd TR/ (52)

")=’7RP§TRR/15#- , (53)

where ny is the number of rotons per unit volume.
If the roton dispersion is approximated by the formu-
la (47), then

ng=(47/h%) p¢ QuukT) e 24T (54)

Equations (48)—(54) are correct to lowest order in
the quantities kT/A and ukT/pd.

The roton-roton scattering time has been estimated
by Landau and Khalatnikov.?® They used Eq. (53),
which they derived by a different method, and argued
that above 1 K the total shear viscosity of the normal
fluid was dominated by the roton contribution. They
then used the experimental value of 7 to estimate
TRrr in the temperature range above 1 K. In addition,
they carried out a microscopic calculationof 744
based on a very simplified model for roton-roton in-
teractions. This calculation gave 1z 1z independent
of temperature. If this is assumed to be true, one
obtains the values of 7z at low temperatures shown
in Table 1.2! An alternative way to calculate 7y is to
use the theory of Roberts and Donnelly.?? This as-
sumes a more specific form of the roton-roton in-
teractions, and gives

TRR MR =[23/2/171/31«(%)]“1/2‘02/31)0—4/3(kr)x/o . (55)

The values of 7xg obtained in this way are fairly
close to the estimates based on the Landau-
Khalatnikov calculation (see Table I).

V. WAVE PROPAGATION IN PURE ROTON GAS

Consider now the propagation of a longitudinal
wave of frequency () and wave vector Kilz through
the roton gas. K must be sufficiently small so that
the dissipative terms make a relatively small contri-
bution. There exist two solutions that correspond to
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roton second sound waves which propagate in the +
and —z direction. Their frequencies are

(L+3y) 2
Qi=+Kes— ik |xp + — 21— 4 XX
2 p" C”

2yvin

m/—i(‘s +0(K?) ,

(56)
where ¢y and ¢ are the isothermal and isentropic
sound velocities, equal to (By/p,)"? and (Bs/p,)"2,
respectively, and

x=crfcs , 57
y=0=ct/cH)H'? . (58)

If the roton spectrum is approximated by Eq. (46)
and terms of lowest order in kT/A and ukT/pé are
kept, one finds

Hence, the velocity of the sound waves is 347 /pg,”
and the attenuation of a wave of frequency (Q is from
Eq. (56):

_ 17 O’7repd

205 aer? +0(0%) . (66)

These waves are conventional isentropic sound
waves. They have fluctuations in both number den-
sity and temperature associated with them. It is
straightforward to show that

dn _ aBr 5T _, 8T

on 7101 s
ng C,, T T (67)
In addition to these solutions there is a purely
damped solution with frequency
Qp=—iK2|y2D + 20K ___WVIR___| | 6 geay
CN (P}: Cn T"Sz )1/2
' kT
=L TRR L o(KY) . (68)
3 ©

This damped solution has temperature and density
fluctuations associated with it. Their magnitudes and
phases are such that the pressure is constant.

We have investigated the limits of validity of the
hydrodynamic equations with first-order dissipation.
Higher-order dissipative terms make a negligible con-

B7‘=NRkT N (59)
BS=3I1RkT ’ (60)
a=1/T , (61)
pn=ngpd /3kT , (62)
C,=ngk/2 , (63)
CT=3]/2kT/p0 ’ (64)
CS=3kT/p0 . (65)
T
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FIG. 1. Velocity of roton second sound at 0.6 K as a function of wave number K. Dotted curve is for no coupling between
rotons and phonons (7gp = o). Other curves include roton-phonon coupling and are labeled by the value of the number-

nonconserving roton scattering time 75 measured in seconds.
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tribution provided that the conditions
69)

(70)

QTRR <<1 N
KApr <<1 ,

are satisfied, where Azg is the roton mean-free path
defined as

ARRE’TRR(kT/pL)l/Z (71)
Since for sound waves K is of the order of magnitude
of (Qpe/kT), the condition (70) becomes

Qrpe (p¢/ukT)? << 1 (72)
Since ( p¢ /uwkT)"? is about 25 to 0.6 K this condi-
tion is more severe than condition (69). Note, how-
ever, that the series for €2, «, etc. [Egs. (56), (66),
and (68)] are expansions in the parameter

y=Qrrppd /nkT (73)

or the square of this. Thus, these fail unless y << 1
and this is a more restrictive condition than Eq. (72).
In the regime of frequencies where Eq. (72) still
holds but v is > 1, one can show from the hydro-
dynamic equations that ) and K are related by

=90 K> +(13i/5) O’K?
-3k~ (23/15) QR = ikR%/5=0 , (74)
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FIG. 2. Attenuation of roton second sound at 0.6 K as a
function of wave number K. Dotted curve is for no cou-
pling between rotons and phonons (7zp=00). Other curves
include roton-phonon coupling and are labeled by the value
of the number nonconserving roton scattering time 5
measured in seconds.
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FIG. 3. Velocity of roton second sound at 0.7 K as a function of wave number K. Dotted curve is for no coupling between
rotons and phonons (7zp = o). Other curves include roton-phonon coupling and are labeled by the value of the number-
nonconserving roton scattering time 7,3 measured in seconds. The velocity for T,’v" =103 is essentially the same as the velocity

for ‘r;;=oo.
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FIG. 4. Attenuation of roton second sound at 0.7 K as a
function of wave number K. Dotted curve is for no cou-
pling between the rotons and phonons (7zp=o0). Other
curves include roton-phonon coupling and are labeled by the
value of the number-nonconserving roton scattering time T,’(}
measured in seconds.

where
ﬂ=QTRRp02/}LkT s (75)
K =K1rppolp - (76)

We have solved this cubic equation in {1 numerically.
The results for the velocity and the attenuation of the
roton second-sound waves are shown by the dotted
lines in Figs. 1—4. These calculations used the
Landau-Khalatnikov values of the roton-roton colli-
sion time. As a rough estimate of the value of K for
which the theory is beginning to break down we may
choose the point where K Agg =0.2. This corres-
ponds to a K value of 1000 cm™' at 0.6 K and 5500
cm~! at 0.7 K.

VI. INTERACTIONS, WITH PHONONS

A. Energy and momentum transfer to phonons

Consider now the effect on roton second sound of
energy and momentum transfer to the phonons. For
the moment we consider only those interactions
between phonons and rotons which conserve the total

number of rotons. The theory of roton-phonon in-
teractions was first worked out by Landau and
Khalatnikov.* The dominant process is believed to
be

R+P—R'+P . an

Their result for the total cross section for scattering
of phonons with momentum p by rotons is

orr = (pdp*/4mip’c?) (5 + BY/25+24B/9 + 47)

(78)

where
A = (p*/poc) [(824/3p?) + (3po/3p)?/u]l , (19)
B =po/uc , (80)

and c is the phonon velocity. We can estimate 4 and
B from the tables of roton parameters of Brooks and
Donnelly.?! Since the group velocity of the rotons is
much less than the sound velocity the time 7zp that a
roton goes in between collisions with phonons is
given by

L (oI, 81)

TRP
where c is the sound velocity and n, is the number of
phonons per unit volume, and (opg) is opg aver-
aged over phonon momenta. This gives the values of
7gp Shown in Table II. One can also calculate the
time 7pr a phonon goes in between collisions with ro-
tons (see Table II). 7pz is equal to Tgpn,/ng.

The effect of phonon-roton interactions on roton
second sound has been considered by Khalatnikov
and Chernikova.>® However, they concentrated at-
tention on what happens in helium under zero pres-
sure. Experimentally, roton second sound has so far
only been observed at high pressures, and we believe
that the physical situation is quite different under
these conditions. It is clear from Table II that the
possibility of seeing roton second sound is reduced at
P =0 because of the greatly increased rate of colli-
sions between rotons and phonons.

Consider now the physical situation at a pressure of
25 bars and for temperatures around 0.6 K. The
phonon mean free path for collisions with rotons is
long (i.e., of the order of centimeters). In addition,
at this temperature and pressure the phonon mean
free path due to collisions with other phonons is also
long. Thus in a typical experiment which uses a heli-
um cell of linear dimensions of the order of 1 cm the
phonons are making random transversals of the
liquid, going from wall to wall occasionally colliding
with a roton. Thus, the phonon gas is effectively
clamped by the walls of the container. We therefore
have to consider that the drift velocity of the phonon
gas is always zero.
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TABLE II. Roton-phonon and phonon-roton collision times in seconds as a function of
temperature at pressures of 0 and 25 bars.

P =125 bars

T (K) TRP TPR TRP TPR

0.45 1.5x107¢ 1.9x107? 7.8 x107 9.9x1073
0.5 7.0x 1077 1.7x1073 3.7x1073 1.2x1073
0.55 3.6x1077 2.3x1074 1.9%x1073 22x1074
0.6 2.0x1077 42 %1073 1.0x1073 4.9x107°
0.65 L1x1077 9.5x107® 6.0 x107° 1.4x1075
0.7 6.7x1078 2.6x1076 3.5%107¢ 44x107°
0.75 4.1x1078 8.4 x1077 22x107° 1.6 x1076
0.8 26x1078 3.0x1077 1.4x107° 6.7x1077

The roton specific heat at constant number is quantities are much smaller than py and so
CR=C,,=%an (82) p2=Pi+ T =@l =15 (po+m) +G — T

This is much smaller than the phonon specific hea

[24

(see Table III). Thus we can regard the phonon sys-
tem as a heat bath of constant temperature.

Consider now the rate at which energy and
momentum is transferred between the rotons and the
phonons. The condition of conservation of momem-
tum is

pi+ai=p2+q . (83)

where p and @ refer to rotons and phonons, respec-
tively. The conservation of energy conditions is

(p1—=p0)2u+cqi=(p—po)*2u+cq, . (84)

Let py=p5,(po+ ;) where p, is a unit vector in the
direction of p;. The order of magnitude of =, is
(uwkT)'2 and cq, is typically 3k7T. Both of these

=po+m+p (a1 —-7q,) . (85)

Hence to lowest order the energy transferred from
the phonon to the roton is

3E =c(q,—q)
=05 (= TDV2u+mp, (T —T)/pn . (86)
Detailed investigation shows that all relative orienta-

tions of p, and q; — @, are possible. Averaging over
all possible directions of @; and @, gives

([pr- (@ —a)1/2p) =(qf +93)/6p .

If the energies of the phonons are both on the order
of 3kT the typical contribution to 8E from this term
is ~3k*T?/uc?. The order of magnitude of the
second term on the right-hand side of Eq. (86) is

TABLE IIl. Number density, specific heat, and normal fluid density for rotons and phonons at 25 bars.

T ng np Cr Cp PuR Pup

(K) (em™) (ergem K™ (gem™3)

0.45 4.1x 1015 5.1 x 1017 2.8x107! 1.9 x 102 9.94 x 1077 9.5x1078
0.5 2.1x10'6 7.1 x10"7 1.5 x 100 2.6% 102 4.69 x 1076 1.5x 1077
0.55 8.3 x 1016 9.5x10!7 5.7x10° 3.5x102 1.66 x 105 2.1x1077
0.6 2.6 x10!7 1.2x10'8 1.8 x10! 4.4 x 102 4.76 x 105 3.1x1077
0.65 6.8 x 1017 1.6 x 1018 4.7 x10! 6.0 x 102 1.15x1074 4.2 x1077
0.7 1.6 x10'8 2.0x 108 1.1 x102 7.5 %102 2.45x 1074 5.7x1077
0.75 3.2x1018 2.5x10'8 2.2 x 102 9.3.x102 4.71 x 10~ 7.6 x1077
0.8 6.1 x10!8 3.0x10!8 42 x 102 1.1x103 8.34x 1074 9.9 x 107
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3kT(kT/uc?)'2. And the typical kinetic energy of a
roton (i.e., the energy above A) is —;—kT. Thus,

viewed from the roton the fractional change in energy
in the collision is of order

SE . kT 2
_ ~ 6__

kT
E ;.LCZ 2

+6 87

At 0.6 K and 25(bars)kT/uc? is 0.07. Thus the
change in energy of a roton in one collision is of
about the same magnitude as the average kinétic en-
ergy of a roton, and so in one collision the roton en-
ergy, or temperature, is effectively randomized.
Hence we should modify Eq. (31) to become

C, %—f—+—5§ =—aTBrdivV, +kV2T +1, V2 |
Tr

(88)

where 87 is the difference between the local tempera-
ture of the roton gas and the ambient temperature,
and 77 is the effective ‘‘temperature relaxation time”’
equal to Tgp.

Consider now the momentum transfer to the pho-
nons. In a single collision between a phonon and a
roton the direction of the momentum of the phonon
is randomized. Hence if we consider a phonon gas of
drift velocity ¥,» undergoing collisions with a roton
gas of drift velocity v,z we would have

6VﬂP - (VnP - vnR )
at TPR

(89)

This is in the absence of interactions between the
phonons and external walls. Then from conservation
of momentum

aVnR _ PnP

= —"1 ——‘n ’ 90
a1 Py (Vir = Vup) (90)

where p,p and p,g are the phonon and roton contri-
butions to the normal fluid density. This can be
made more physical if we let

p"l’EanI;* ’ (91)
anEanl;k ’ (92)

where mj and mg are effective masses for phonons
and rotons. One finds mp =3.6kT/c?, and
mg =p¢/3kT. Then Eq. (90) becomes for the ac-
celeration of the roton fluid due to interactions with
the phonons

aVnR m};k -
af - m[;*TRP (VnR vuP) . (93)
As noted above, at 0.6 K and 25 bars the phonon
mean free path is long and the phonon gas is effec-
tively clamped ‘in place by the container of the helium
sample. Thus, it is a reasonable approximation to

take V,» =0 in Eq. (93). This then leads to an extra
term in the equation for the acceleration of the roton
fluid [see Eq. (32)]:

. 5 _
p,,lav + 22| =2l Ty —aB, VT +(V divY,
at Ty ng
+~q(§graddiv+V2)V,, , 94)

where 77 is the velocity relaxation time equal to
mgTrp/mp. At 0.6 K mp and mg have the values
0.33mHe and 27.7mHe, respectively, where my, is the

mass of a helium atom. Thus, 7} is longer than 77
by ~ 840.

The effective times for energy and momentum
transfer we have calculated here do not differ signifi-
cantly from the results of Khalatnikov and Cherniko-
va.’ Castaing,'® however, obtains a much slower rate
for the equilibration of the phonon and roton tem-
peratures, essentially because he uses for the roton
specific heat the specific heat at constant chemical
potential, rather than at constant number of rotons as
we have used. For reasons discussed in Sec. VII, we
believe that the majority of roton interactions con-
serve roton number, and that the specific heat at
constant number is therefore the correct one to use.
Energy and momentum transfer to the phonons is
not considered in the theory of Weiss.!

B. Conversion of phonons into rotons

Various mechanisms have been proposed by which
rotons can be converted into phonons. These
processes relax the roton number density back to the
equilibrium value corresponding to the temperature
of the phonon gas with a certain time constant ™.

A simultaneous relaxation of the local temperature
and drift velocity’ of the roton gas must also occur,
but the times 7¢7 and 7¢y that it takes for these
quantities to relax by means of ‘‘conversion’’
processes are not necessarily equal to 75. The equa-
tion for the number density becomes

n—n
n TR

* =—NgR div V,, +DV2n +V2VZT . (95)
Bt ™

The relaxation times in Eqs. (88) and (94) are modi-
fied to be

—_— = + s (96)

*
TT Tcr TRP
1

*
m
1, m

¥* *
Ty Tcv MR TRp

97

It is also possible to have a more complicated relaxa-
tion structure. For example, the relaxation rate of
the number of density can include a term proportion-
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al to 87, and this term can have an effect comparable
to the ‘‘diagonal’’ relaxation term we have included.
Inclusion of terms like this does not seem justified
since so little is known about the relaxation mechan-
ism.

Definite values for 75 7¢r, Tcv are not available.
We discuss the various theories in the next section.
We shall see that the experimental observations that
have been made of roton second sound provide an
interesting limitation on the rate at which number-
nonNconserving processes can occur.

C. Wave propagation with coupling to phonons

It is straightforward to find the velocity when the
coupling-to phonons is considered, but the cubic
equation satisfied by the frequency ) is very compli-
cated. Hence, we have calculated the attenuation and
velocity of roton second sound numerically for
representative values of the parameters. Figures 1
and 2 show results at 0.6 K and P =25 bars. The
Landau-Khalatnikov values for 7zz and 7gp have
been used (Tables I and II). The different curves are
for different assumed values of the number noncon-
serving collision time 75. It has been assumed that
7cr is equal to 74 and that 7y is infinity. Figures 3
and 4 show equivalent results at 0.7 K. These results
are not changed in any dramatic way if 7y is set
equal to 7y, or if 7¢r is made infinite.

VII. DISCUSSION

Consider first the numerical results shown in Figs.
1—4 for a pure roton gas, i.e., for when the interac-
tions between the rotons and the phonons are
neglected and roton number is conserved. The
results are shown up to a K value K, such that
K.Agg is 0.2, and this is roughly the limit of the valid-
ity of the hydrodynamic theory with lowest order
dissipation. A remarkable feature of the results is
that within this hydrodynamic regime there is a large
variation of the sound velocity. One can understand
this as follows. The condition K Agg << 1 has the
effect that second- and higher-order dissipative terms
are small compared to the first-order dissipative
terms which we have included. However, it turns out
that for rotons the first-order dissipative terms be-
come comparable to the nondissipative terms (such as
the terms involving the bulk modulus B7) consider-
ably before K Azp approaches 1. This happens be-
cause the pressure and the bulk moduli of a roton gas
are peculiarly small in the following sense. For a gas
of particles of number density nz, momentum p,,
and particle velocity (kT/u)'? one would naively ex-
pect the pressure to be of the order of

P~ ngpo(kT/u)'? . (98)

In fact, it is easy to show that when k7T << A the
pressure is exactly?

This is smaller than Eq. (98) by a factor (ukT)2p,.
The difference arises because of the peculiar disper-
sion relation of rotons. In Fig. 5 we plot the energy
of a roton as a function of p.. Rotons that travel in
the positive z direction come from the parts of the
dispersion curve marked 4 and B. Thus, rotons
which are reflected by a wall perpendicular to the z
axis may have z momenta close to +p; (4 rotons) or
close to —py (B rotons). The A rotons give momen-
tum to the wall and hence push on it. However, the
B rotons have the remarkable property that they pull
on the wall when they collide with it, and give a
negative contribution to the pressure. To lowest ord-
er the total pressure produced by 4 and B rotons
vanishes. In higher order there is a finite positive
pressure (even for an exactly parabolic roton spec-
trum) because the density of states in momentum
space assures that there are slightly more 4 rotons
than B rotons. ‘This explains why the pressure is
given by Eq. (99) and not by Eq. (98), and in turn
why the bulk modulus of the roton gas is anomalous-
ly small.

Because of the small nondissipative terms there is a
range of K values where hydrodynamics with lowest-
order dissipation is a-valid approximation, but the
dissipative terms dominate over the nondissipative
terms in controlling the dynamical behavior of the
system. Such a regime does not exist for an ordinary
gas of particles. It is in this regime that the large
variation of sound velocity occurs.

Consider now the effects of coupling to the pho-
nons. This is characterized by three times 75, 77,
and 7 which describe the relaxation of number,
temperature, and drift velocity. Clearly when 7} is
such that Q77 < 1 no propagating wave is possible.
According to our estimates 7, is about 8407y at 0.6

ENERGY

MOMENTUM IN Z DIRECTION

FIG. 5. Dispersion relation for excitations in helium. Ro-
tons from regions 4 and B move in the positive z direction.
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K when number nonconserving processes are neglect-
ed. This has the effect that 7, becomes compar-
able to 1 only at frequencies which are lower than
those of physical interest. Thus for practical purposes
the relaxation of the velocity can be neglected. In
fact, the results shown in Figs. 1—4 are unaltered if
77 is set equal to infinity.

The effect of temperature relaxation is to lower the
velocity of sound for small K. This is because the
period of the wave is sufficiently long for energy ex-
change with the phonons to occur. In this case when
Q7F << 1 the sound velocity becomes the isothermal
velocity ¢r. This can be seen clearly in Figs. 1 and 3.
The existence of isothermal second sound is impossi-
ble to understand on the conventional view that
second sound is a ‘‘temperature wave.”” However,
when second sound is regarded simply as a sound
wave in the gas of excitations it is clear that isother-
mal second sound can exist. Consider now a typical
experiment with a propagation distance ~1 cm. If a
short pulse is used to generate the roton second
sound, waves with a wide distribution of wave
numbers will be produced. However, because the at-
tenuation increases rapidly with K (see Figs. 2 and 4)
the waves which actually reach the detector are
predominantly of small K, and hence lie in the isoth-
ermal regime. At 0.6 K this isothermal regime ex-
tends up to K ~50 cm™', and the attenuation at this
point is ~40 cm™'. Thus, for a path length of ~1 cm
waves other than those in the isothermal range of K
are very highly attenuated (by ¢*°) and so the propa-
gation over distances of this order is primarily isoth-
ermal.

Consider now the effect of number relaxation.

The principal effect of this is to add a contribution to
the attenuation which increases rapidly at low fre-
quencies (Figs. 2 and 4). Below a critical wave
number K. the modes become nonpropagating, i.e.,
of imaginary frequency. One can understand this as
follows. In this regime Q77 is <<1 and so no tem-
perature oscillations can occur. If Q75 is also << 1,
roton number oscillations are also impossible, and
hence there is nothing left from which to construct
the wave.

For a given value of 75 the attenuation as a func-
tion of wave number has a minimum value, which
increase as 7y decreases (Figs. 2 and 4 ). Hence the
fact that roton second sound is actually observed ex-
perimentally puts a limit on the maximum rate at
which number nonconserving processes can occur.
This limit is set most stringently by experiments
which use a long path length. For example, Cline
and Maris'? have shown that roton second sound can
be observed with a propagation distance of 0.493 cm
up to at least 0.7 K. At this temperature our calcula-
tions give a minimum attenuation of 8 cm™' if 7y is
10~* sec, and 90 cm™! if 75 is 1075 sec. Thus, all
Fourier components in the pulse are attenuated by a

factor of at least exp(—4) if 75 is 107 sec and a fac-
tor of exp(—45) if 7& is 1075 sec. Thus it is clearly
impossible for a roton pulse to be detected if 75 is as
short as 107 sec, and so a reasonable estimate for
the shortest possible value of 75 might be 3 x 1073
sec. This is a remarkable result since at 0.7 K the
roton-roton collision time is 3.5 X 107 sec (see

Table I). Thus 74 is bigger than 7zz by a factor of at
least 10000, i.e, in nearly all collisions rotons number
is conserved.

One can carry out a similar analysis at lower tem-
peratures using the data of Castaing and Libchaber.!!
They used a propagation distance of 1.775 cm at tem-
peratures up to 0.576 K. The same argument as used
above implies that at 0.576 K 75 must be greater than
10~ sec, and is therefore bigger than 7z by at least
a facor of 3000.

According to Khalatnikov?® roton-phonon conver-
sion occurs primarily via the process

R+R'sSR"+P . (100)

He originally argued?® that the anomalously large at-
tenuation observed for first sound in the MHz fre-
quency range at around 1 K was related to this relax-
ation process. This would make 75 about 1078 sec at
1 K and 25 bars. At lower temperatures it should
vary roughly as exp(A/kT), and so at 0.6 K 75
would be ~107® sec. This is clearly inconsistent with
the observations of roton second sound. In the later
papers of Khalatnikov and Chernikova®® the ultra-
sonic attenuation is attributed to the energy transfer
process between rotons and phonons (as distinct
from number transfer), and is thus determined by
7rp Of the previous section. If this is the case, the
rate of number nonconserving collisions cannot be
determined from the ultrasonic data. However, if the
dominant process is (100) one would still expect an
approximately exponential temperature dependence
to the rate. An additional point is that 7, should be
considerably larger than 75 and 7¢7 because the
momentum of the phonons in (100) is approximately
A/c. This is much smaller than pg, and so the total
momentum of the rotons is only slightly changed as a
result of the transition.

Khalatnikov?® pointed out a long time ago that 75
should be significantly bigger than 7zz. This occurs
because two rotons with momenta near to py cannot
collide and produce a roton and a phonon, unless the
angle between the momenta of the initial rotons has
a special value. This follows from kinematic con-
siderations, i.e., conservation of energy and momen-
tum. It is straightforward to show that the process
Khalatnikov envisioned should suppress number
nonconserving processes by a factor of order poc/A,
which is roughly eight. This is much less than the
factor of 10* we need, and so there must be some
other-suppression mechanism.

It is exciting to note that such a mechanism occurs
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naturally if we accept the Feynman-Cohen?’ picture
of a roton as a small vortex ring.. According to this
view, two rotons at large distances interact primarily
via their back-flow velocity fields. This gives a very
large total scattering cross section, essentially because
the potential is long range (r~*) and comparable to
the roton kinetic energy (~ -;—kT) even at a separa-
tion of 10 A. Since the rotons do not have to ap-
proach each other very closely for scattering to occur,
one would expect that in this type of process the ro-
tons in no sense ‘‘lose their identities,”” and thus
their total number should be conserved. For a
number-changing collision the rotons have to get
much closer together, and so the cross section o ¢
for this sort of process is much smaller.

Roberts and Donnelly?2 have used classical
mechanics to calculate the trajectories of two rotons
which are interacting through their velocity fields.
When the simple dipole form was used for the veloci-
ty field at all separation distances, they found that
some of the classical trajectories of the rotons ‘‘fall
n,”” i.e., the two rotons approach each other without
limit. Roberts and Donnelly speculated that after the
““fall in>’ process phonons might be produced. They
calculated the scattering cross section o for these
processes to be

ar=a"P () ()P (u/p) . (101)

This gives oy =5.5 A2 at P =25 bars, whereas the to-
toal cross section o at 0.6 K was calculated to be 220
A2, Thus, this leads to a suppression factor of

This is really a lower limit to the suppression since it
assumes that phonons are always produced every
time fall occurs. Roberts and Donnelly found this
result for collisions between rotons of zero total
momentum. In this special case there are no
kinematic restrictions on the production of phonons.
In the case of an arbitrary distribution of total mo-
menta of the incoming rotons one would expect that
in addition to the Roberts-Donnelly factor the
Khalatnikov kinematic suppression factor should still
apply, thereby giving a total suppression of ~— 320.
This is still much smaller than the factor of 10* indi-
cated by the roton second sound experiments, but
may well be the explanation of a large part of the ef-
fect.

The experiments on roton second sound performed
so far have all used pulses. The velocity of the pulse
(as measured by the peak position) has been found
to be between the isothermal and adiabatic velocities
cr and c¢s. Because of the large dispersion and damp-
ing of the waves it is very hard to predict from our
calculations the velocity that should be observed in
pulse experiments. We have performed some nu-
merical calculations on pulse propagation. These are

based directly on the hydrodynamic equations for the
rotons, together with some assumed initial condition,
such as a & function of number density or tempera-
ture increase as the source. These calculations give
pulse velocities and shapes which depend very con-
siderably on the initial conditions (which are, of
course unknown) and on whether the detector in the
experiments is assumed to be sensitive primarily to
roton number density or roton temperature. It is cer-
tainly possible to explain the details of what is seen if
suitable assumptions are made.

In summary, therefore, we have derived hydro-
dynamic equations for a roton gas and have studied
the waves which can propagate in the gas. We con-
clude that the mode observed in the roton second
sound experiments is best described as isothermal
number-conserved second sound. The experiments
indicate that roton collisions conserve roton number
to a high degree of accuracy.

We wish to thank Kurt Weiss for much helpful dis-
cussion and correspondence. Jerry Tessendorf helped
with the computer calculations of pulse propagation.
This work was supported in part by the National Sci-
ence Foundation through Grant Nos. DMR 77-12249
and DMR 80-11284, and through the Materials
Research Laboratory of Brown University.

APPENDIX

Consider a gas of rotons with temperature 7 + 87,
chemical potential w, and ‘‘drift velocity’’ v,,. The
distribution function is

n,=lexp(e,—pu~7p-V,)/k(T+8T)—1]"
=7, + B (T + D) (u+ 5 - Vo +e,8T/T) . (A

This assumes u, 87, and V, are small. The a com-
ponent of the momentum density 7 is

wa=fr1ppac/fp5p,,vm (A2)
thereby defining p,. Using Eq. (A1) gives

p”.-:——f—fpzﬁﬂ(ﬁp+1)(/71,=ﬂaozo/3 . (A3)
The pressure P is given by

P=—;—fpv,,n,,d1',, . (A4)
From this it is straightforward to show that

Br=—V‘a—T =Bag /9aoyn - (AS)

oV,

The number density ng for u, 87, and V, equal to
zZero is

nR=fﬁﬂdT”=ﬂ% . (A6)
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If u and 8T are nonzero one finds

dng | a0

Y3 “— 5 (A7)
anR =pBag . (A8)
o )

The total energy density
U=fepn,,d7,,=U0 +B;L(1100 +,86T0200/T ,

where Uy is the energy density for u, 87, and V,
zero. Thus the specific heat at constant u is

C,=Bay/T . (A9)

By using Eqgs. (A7) and (A8) one can show that the
specific heat at constant roton number is

C, = B(axoao0—atw)/Taoo - (A10)
The thermal expansion coefficient is

a=3(a1a000—a100001)/Tad - (A11)
Thus, the adiabatic bulk modulus is

BS = BT + Brzaz T/Cn

2 )
agi1dz00—2a111a 100 +ai11a000

=(8/9) (A12)

2
a2004000 — 4 o0

From Egs. (A1) and (11) it must be true that
Bﬁp(ﬁp+1)(M+B'V,;+EPST/T)

— ’Tp]/Z(ﬁp +1)|/2

3
=|Ais¥is +Asdis + 3 Arpaliipa

a=l1
Therefore
Ars=PBuradty +BaidT/alyT | (A13)
Azs =B(ayoao0 —atn ) *8T/ad@dT , (A14)
Aipa=Bag0/3)v,, . (A15)

If we use the relation
_|8n

and Egs. (A3), (A7), (A8), and (A10), we obtain
Egs. (27)—(29) in the text.

=

dn
ou |,
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