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Extensive light scattering data are presented which characterize the temperature dependence
of the heat-diffusion central-peak linewidth and intensity in ferroelectric KH2PO4. The equa-

tions of motion for the complete coupled polarization, strain, and thermal-diffusion modes are

constructed. The resultant susceptibility leads to predictions for the intensity and linewidth that

are in agreement with experiment. In particular, it is found that the linewidth renormalization

coefficient is equal to ratio of the isothermal to adiabatic dielectric impermeabilities. It is shown

that in the ferroelectric phase, coupling of temperature fluctuations to the spontaneous polariza-

tion introduces additional "thermal inertia" resulting in a slowing down of the thermal-diffusion

process and a corresponding decrease in the dynamic central-peak linewidth.

I. INTRODUCTION

In 1970 Cowley' first demonstrated that the soft-
mode response function for a piezoelectric ferroelec-
tric crystal could yield a three-peaked spectrum. In
addition to the usual soft-mode sidebands, the spec-
trum would exhibit a new, third, quasielastic com-
ponent resulting from the coupling of the soft mode
to some unspecified slow relaxation process. The in-

tensity of this central peak is expected to increase
dramatically as the transition is approached while the
linewidth is expected to decrease. In 1971 Riste
et al. ' reported the first observation of a central peak
in the neutron scattering spectrum of SrTi03 in the
vicinity of the 105-K structural transition. This
launched an extensive amount of theoretical and ex-
perimental research into the central-peak problem
which has been well reviewed elsewhere. '

Light-scattering investigations of the central peak
in KH2PO4 (KDP) have had a particularly fruitful
history. Lagakos and Cummins first observed an
unresolvable, highly temperature-dependent central
peak in the Brillouin spectrum of the X„shear mode
and the 82 optic modes in paraelectric KDP close to
the ferroelectric transition. Visual and photographic
examinations of the laser scattering column by Dur-
vasula and Gammon' established the presence of
speckle interference fringes characteristic of a static
scattering mechanism. The specific mechanism sug-
gested is an X~ shear-strain decoration of static lattice
defects. Subsequently, Courtens showed that this
static central peak (SCP) can be essentially removed
from the spectrum by suitable annealing of well-

grown crystals, thereby verifying the crucial role
played by annealable lattice defects. Hence, this SCP

is understood to be an extrinsic phenomenon result-
ing from defect-induced inhomogeneous strain fields
which grow in amplitude and range as the crystal
softens in the vicinity of the transition. Theoretical
investigations of defect-induced SCP's have been well
developed in the literature. '

In 1977 Mermelstein and Cummins published a
preliminary report of a clearly resolvable dynamic
central peak (DCP) in KDP. This strongly
temperature-dependent feature appears within 0. 1 K
of the transition and exhibits a linewidth of approxi-
mately 70 MHz. This DCP is identified with the
low-frequency structure of the ferroelectric soft-mode
fluctuations due to the coupling of the soft-mode
coordinates equilibrium position to the slow therrnal-
diffusion (TD) mode. For the electrically shorted
crystal, i.e., with zero electric field, this equilibrium
position is the strongly temperature-dependent spon-
taneous'polarization P, (T) and is therefore nonzero
only in the ferroelectric phase. Application of an
external electric field along the ferroelectric axes pro-
duces a DCP in the paraelectric phase where the
soft-mode equilibrium position becomes nonzero due
to the field-induced net polarization,

The dynamical problem of the interacting soft and
thermal-diffusion modes in the low-temperature
phase has been treated previously by several authors.
Pytte and Thomas'" first demonstrated that in a
first-order displacive transition the thermal diffusivity
is renormalized by its interaction with the soft mode
as the transition is approached from below. The re-
normalization coefficient is equal to the ratio of the
isothermal to adiabatic dielectric impermeabilities.
This result is also contained in the hydrodynamic cal-
culation by Ohnari and Takada. " Courtens and Gam-
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mon" have recently constructed the equations of mo-
tion for the coupled polarization, strain, and
thermal-diffusion modes in KDP, thereby elucidating
the complete dynamics for this ferroelectric system.

The intent of this paper is to supplement our pre-
liminary report with more extensive data characteriz-
ing this heat-diffusion central peak appearing in the
ferroelectric KDP with zero electric field. In order to
facilitate a clear interpretation of the linewidth mea-
surements presented here, special attention is direct-
ed towards formulating the piezothermoelastic
response function for the ferroelectric system. It is
demonstrated that coupling of the thermal-diffusion
mode to the spontaneous polarization slows down the
thermal diffusion process, thereby producing a renor-
malized DCP linewidth.

II. EXPERIMENT

The experimental configuration and general pro-
cedure have been discussed earlier and will not be
discussed in detail here. ' The sample used in these
experiments was a commercially grown crystal of ex-
ceptionally high optical quality. " The crystal was
oriented and cut by the manufacturer and polished in

this laboratory. The temperature-controlling ap-
paratus was upgraded to achieve a temperature stabil-

ity of + 2 mK over a period of an hour. Further-
more, the temperature could be maintained at the
transition point for a period of several days, facilitat-
ing extended experiments. These thermal conditions
were essential since the DCP appears in a very limit-
ed temperature range with a severely temperature
sensitive intensity.

The crystal was cooled to approximately 0.2 K
below T,+ and allowed to come to thermal equilibri-
um. ' The transition temperature T,+ was estimated
by noting when the DCP first appeared upon cooling.
The temperature was then slowly increased by small
increments. After each temperature increment, the
crystal was allowed to come to thermal equilibrium as
indicated by the thermometer. This would take typi-
cally 20—30 min. Once the temperature stabilized,
the scattered light was scanned by the piezoelectrical-
ly driven 25-cm spherical Fabry-Perot interferometer
(FPS). The spectra were recorded by a PDP-8E
minicomputer. At each temperature three separate
spectra were taken. This procedure was continued as
the temperature was gradually increased up through
the transition. The transition temperature T, was
taken to lie between the temperatures corresponding
to the last spectrum exhibiting the DCP and the first
spectrum with no DCP.

The digitally recorded FPS spectra were transferred
to the PDP-10 computer and subsequently analyzed
by convoluting an experimentally measured instru-
ment profile with a parametrized theoretical function
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FIG. I. Log-log plot of the dynamic central-peak relative
integrated intensity as a function of the temperature differ-
ence below the transition temperature T, . The ordinate axis
is expressed in terms of the differential scattering cross sec-
tion per unit volume R. The solid line is the prediction for
R(DCP) expressed by Eq. (23). The data points, shown by
the opened and closed circles, have all been rescaled by
matching the prediction and experimental data point indicat-
ed by the arrow. The intensity and temperature error bars
are discussed in the text,

representing the DCP." These parameters were
varied in a nonlinear least-squares-fitting routine to
produce the best fit to the experimental data. The
instrument profile was conveniently measured by
recording the spectrum of 'the SCP just above the
transition, since it is known that this is an elastic
feature (as discussed above). The computer analysis
of the spectra yield two principle q'uantities: the in-
tegrated intensity and the linewidth.

In Fig. 1 the relative integrated intensity of the
DCP as a function of T,-T is presented on a log-log
plot. These intensities were measured relative to the
laser intensity entering the light scattering Dewar.
Shown are the results for two separate experiments.
indicated by opened and closed circles, performed on
the same crystal under identical experimental condi-
tions. The solid line and the differential cross section
per unit volume, R, will be discussed below in the in-
terpretation.

Several nonlinear least-squares-fitting runs, with

different initial parameter values, were made on each
of the three spectra corresponding to a single tem-
perature. The best fits for each of the three spectra
were retained. The intensity error bars correspond to
the standard deviation of the intensities of these
three fits. The temperature error bars primarily
result from the uncertainty in the transition tempera-
ture which for these two experiments was +0.005
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FIG, 2. Dynamic central-peak linewidth data (full width at half maximum) ts a function of temperature difference below the
transition point. The open and closed circles represent two sets of data. The error bars are determined in the same manner as
those in the intensity measurements.

and +0.010 K. The DCP intensity is seen to increase
by approximately 20 times over the observable tem-
perature range.

The linewidth measurements (full width at half
maximum) afe presented In Flg. 2. The llnewldth
variation with temperature is seen to be relatively flat
with values lying in the range of approximately 60 to
85 MHz. These measurements were performed with
a 90' scattering angle in the x +z(y, x+z) —x+z
geometry. The construction of the light scattering
Dewar did not permit a variation in the scattering an-

gle so that we were unable to verify the expected q'
dependence to the DCP linewidth.

III. EQUILIBRIUM PROPERTIES

ables are linearly coupled in the simplest approxima-
tion. In the Landau-Devonshire theory" '8 "of the
ferroelectric transition in KDP, the free-energy densi-
ty is expanded in terms of the order parameter: the
polarization along the crystallographic z direction, P3.
Since the crystal is piezoelectric with P3 coupling to
the e6 shear strain, terms representing the elastic
contribution to the free-energy density are included.
The Helmholtz free-energy density may then be writ-
ten

1 2 ]

z ~P3 + ( z ~6Ve6 n36e6P3)

+$(P3) +
2

K ~i'7P3~z+A )(T)

In the usual Landau approach, the coefficient a is as-
sumed to have the following temperature depen-
dence:

In a piezothermoelastic material the thermodynam-
ic state variables, which for the purposes of this
presentation are taken to be the polarization P, the
elastic strain tensor e, and the scalar temperature T,
are all interdependent. " In general, there is a total
of ten state variables: three polarization-vector com-
ponents, six strain-tensor components (excluding ro-
tations), and the scalar temperature. The equilibrium
state of the crystal may be found from the Helmholtz
free-energy density A ( r ) which is a function of the
equilibrium state variables:

A (r) =A (P, e, T)

The particular values of the state variables are deter-
mined by minimizing the free-energy density. The
piezoelectric ferroelectric crystal in the polar phase
represents a particularly simple example of a piezoth-
ermoelastic substance in the sense that the state vari-

where To is the clamped Curie temperature. The
saturation function @ contains higher than quadratic
terms in P3 which are permitted by symmetry, C66 is
the background elastic constant associated with e6,
and a36 is the isothermal piezoelectric coupling coeffi-
cient. The damping of spatial fluctuations of increas-
ing wave vector is expressed in the gradient term'9
and contributions to A due to lattice degrees of free-
dom that do not participate in the transition, are con-
tained in A ~. In the following it is assumed that the
spatial fluctuations of interest are of sufficiently long
wavelength that they do not significantly contribute
to A and are therefore neglected. For the stress-free
crystal, the free-energy density may. be rewritten in
the simpler form

A = —,a (T —ohio )P3z +/+A i

1
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where Tp is the free Curie temperature

g T 2

Tp =T()+— 36

epC"

and the strain is proportional to the polarization

T

p, P3
C66

Since the transition is first order, the transition oc-
curs at the higer temperature T, .

The constitutive equations are material-dependent
relations between the state variables and the conju-
gate variables. The variables conjugate to the polari-
zation P3, strain e6, and temperature T are the elec-
tric field E3, stress o6, and entropy S, respectively.
These constitutive equations for KDP are determined

by the free energy A and are constructed in the Ap-

pendix.

The constitutive equations show that the fluctuations
in the electric field can be decomposed into contribu-
tions from the polarization, strain, and temperature.
Use of Eq. (7a) and the definition of the polarization
yield the following equation of motion for the polari-
zation:

Q 'SP + P' SP +d Se + t 'ST =—SE' (9a)

where Q = NQ'/M. In the absence of piezoelectric
and electrothermal coupling, this model is equivalent
to a simple harmonic oscillator in which the charge
oscillates with a harmonic resonant frequency
squared proportional to the clamped isothermal
dielectric impermeability cu»2 = Q p'r.

The equations of motion for the strain and tem-
perature proceed from more fundamental considera-
tions. The dynamics of the strains are governed by the
elastic wave equation. " For the specific case of the
e6 shear strain propagating in the x direction with

wave vector q, the wave equation is

IV. FLUCTUATIONS AND THE EQUATIONS
OF MOTION

8 Su»(r. t) BSe»( r, t)
p +

2 Bx
(10)

pe TSP + dp'rSe + fe,eST +SEep

$(7 =d~ gp+ gp~ge+pp. ~gT+$~~P

(7a)

(7b)

The state variables will spontaneously fluctuate
about their equilibrium positions. " It is assumed
that the constitutive relations for the time-dependent
fluctuating components have the same form as those
for the equilibrium values:

where p is the density of the material and u»( r, t ) is

the local displacement field in the y direction. The
strain and displacement are related by e6 =iqlly. Here
use has been made of the plane-wave approximation
and the definition of the e6 shear strain. This, along
with Eq. (7b) yieid the equation of motion for the X»
shear strain

CSS = r"SP+ f"Se + S T+SS~~
T

(7c)

MSz'( r, t) + QSE( r, t ) =0 (8)

The fourth terms on the right-hand side of Eqs. (7)
represent fictitious applied fluctuations in the conju-
gate variables which serve to "drive" the naturally

occurring thermodynamic fluctuations. These rela-
tions implicitly assume that the responses are instan-
taneous, since no retardation effects are included,
and that the fluctuations are small since the suscepti-
bilites are assumed to be unchanged by the fluctua-
tions.

The polarization dynamics may be formulated in a
model calculation that has met with considerable suc-
cess in characterizing the Raman spectrum. Fluc-
tuations in the polarization SP( r, t) are represented
by the displacement of an effective charge Q of mass
M through a distance Sz ( r, t ) along the z axis. If N

is the number density of such charges, then the po-
larization resulting from such a displacement is:
SP = NQSz. The displacement of the charge Q will

be accompanied by a fluctuation in the local electric
field SE ( r, t) which thereby exerts a restoring force
Hence, the equation of motion for the charge is

+/qfp, e BST, SSo (9b)
8X 9x

The rate of change in entropy S ( r, t ) is related to
the heat flux j ( r, t ) by the heat diffusion equation
in local form":

TSS(r,t) =—9 j (r, t)

Fluctuations in the temperature produce a flow of
heat governed by Fourier's law of heat conduction:

j (r, t) =—)t OST(r, t)

where A. is the thermal conductivity tensor. This re-
lation is simplified by assuming that the conductivity
tensor is both isotropic and constant, in which case
we have

j (r, t) = hoUST(r, t)

Constitutive Eq. (7c) shows that changes in entropy
are induced by polarization and strain fluctuations,
via the heat of polarization and heat of deformation
effects, respectively, as well as by temperature fluc-
tuations. Hence the complete heat-conduction equa-



DYNAMIC CENTRAL-PEAK-LINE%IDTH RENORMALIZATION. . . 3143

tion is

Tt'TSP+ Tf P~he+C ' 5T+ V25T = —88"~,
CP, e

t

(9c)

~here 5 H"~= TSS is the fictitious applied heat
source expressed in units of power.

Equations (9) may be put into more suitable form
by taking the space-time Fourier transform of the

state variables, represented collectively by q
p+oo

g(q, ru) = J dr e '"'

d r e''"q( r, r)

The three equations of motion (9) may now be writ-
ten in compact matrix notation as

&"( q, ru) = [6( q, co ) ] i X ( q, «u )

where [G] ' is the inverse piezothermoelastic sus-
ceptibility of the ferroelectric system and is given by

[G(q, ~)l '=
[Gpu( q, ru)1

—d'

i' Tf *

[Gu(q, cu)] '

I OP Tf '

f P, e

[Gru( q, ~) ] '

The state vector X and the driving vector V are

T

SP(q, «))

X(q, «)= Se(q, ~)
ST(q, ru)

SE'~(q, rv)

V"(q, ru) = So'~(q, ~)
SW'~(q ru)

(14)

The uncoupled polarization, elastic, and thermal sus-

ceptibilities are, by definition: polarization

that the heat of deformation coefficient f' and the
thermal pressure coefficient fP' are both zero while
the electrothermal coefficient tP' and the heat of po-
larization coefficient t'~ are equal in magnitude and
opposite in sign with t '=aoP. Therefore, tempera-
ture fluctuations directly couple only to the polariza-
tion fluctuations in the ferroelectric phase where P is
nonzero. The piezoelectric coefficient dP ~ is equal to
—a~and d'~ is equal to +a~.

V. SPECTRUM OF SCATTERED LIGHT
SP(q, cu)

SE'~(q, «u) &r

~2 Qpe, r
QP Qjp

(15a)

The light scattering spectrum is given by the classi-
cal fluctuation-dissipation theorem together with the
far-field dipole approximation as24

elastic

o(-
SouP(q «u) PT

l, (q, ru, r) =nK QP, PJ lmGa(q, «u) . (16)
kBT
Vi CO

P
2'

QJ Gtl g

CP, T

q', (15b)
P

Gu( ) ST(q, N)

S W'~(q, co) P'

7/C '
1 —i QPV'

&-t DP, eq2 DP, e .o
-P,e

(15c)

The background thermal diffusion relaxation time
is ~ and the background thermal diffusivity is DP'.
The free-energy expansion discussed above predicts

I, is the intensity of light scattered with wave vector

q and frequency ~, and detected at a distance f from
the scattering center. n is a numerical factor resulting
from the specific scattering geometry which for these
experiments is n = —,. The constant A' is determined

by experiment and is IC = rr'lu V'/L~r~, where lu is

the incident laser intensity, A. is the laser wavelength
in the medium, and V is the scattering volume. The
optical coupling coefficients P; connect the fluctua-
tions in the optical dielectric constant to the fluctua-
tions in the state variables. The dynamics of the cou-
pled mode system are contained in the tensor com-
ponents G;;(q, «u) which are the susceptibilities of the
ith state variable to driving by the jth conjugate vari-

able. The complete 3 x 3 tensor 6( q, ~) is obtained
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Gpp(q, «s) = OJ —
COp

2 2
}

a2q2/p + i«srh2

QJ —QJ+ 1 I M7
. (18)

Here we recognize the "adiabatic correction term, "
52 = rso TP /CPe, which reflects the stiffening of the
adiabatic responses. " This susceptibility represents

by taking the matrix inverse of Eq. (13). Previously
we have shown that the dominant scattering mechan-
ism results from electro-optic coupling, in which case
(16) reduces to

s

l, (q, «s, r ) = —K Pp ImGpp(q, «s)
k, T

1fQJ
s

where p62 ——Pp/no4 is the electro-optic coupling coeffi-
cient, no is the ordinary refractive index, and

Gpp(q, «s) is the polarization response to electric field

driving:

G ( )
5P(q, «2)

(q «s) sa

the response, without approximation, over the entire

frequency range, as predicted by the equations of
motion (9).

At this point it is worthwhile to pause a moment
and examine the polarization response function (18).
The intensity spectrum of the scattered light may be

approximated by investigating the three principle fre-

quency ranges; the thermal diffusion range («sr -—1),
the acoustic phonon range («s2= «s2), and the optical

phonon range («s2= «sp2). The spectrum predicted by

Eqs. (17) a'nd (18) will exhibit five peaks; a quasielas-

tie Rayleigh component whose linewidth is deter-
mined by the renormalized thermal diffusion mode
relaxation time T'= (p /p )T, two Brillouin side-

bands whose renormalized harmonic resonant fre-

quenCy Squared iS «s,'2= (p S/p'S)«s, ', and tWO Ra-
man sidebands whose renormalized harmonic
resonant frequency squared is «sp2= ( p' s/p' T) «sp2.

By introducing phenomenological damping coeffi-
cients I', and I'p for the acoustic and Polarization

modes, respectively, the complete light scattering
spectrum may be approximated by

' DCPs s

k T I 2 P, T Cd I
2 sr pa, Tpa, S I +(~T')2 peSpsrS i (~2 '2)2+( r )2

0I'p
(«s2 «s,2)2+(«srp)2 R

(19)

j DCP pTD (20a)

The quasielastic component (first term on the right-
hand side) is recognized as the DCP resulting from
the interaction of the ferroelectric soft mode and the
thermal diffusion mode. Here we have the crucial
result that the DCP linewidth is equal to the renor-
malized thermal diffusion mode linewidth

tively slow strain fluctuations. The renormalization
of the harmonic polarization resonant frequency
squared, so~, indicates that these rapid fluctuations
occur adiabatically.

The DCP integrated intensity, expressed via the
Rayleigh ratio R, may be found by direct integration
over frequency of the quasielastic component in Eq.
(19):

where

rro = I/~. . (20b)
ocp l,o"(int),

I V

The linewidth renormalization coefficient p, is equal
to the ratio of the isothermal to adiabatic-free dielec-
tric impermeabilities

2 Q2

4 no (po'2T) Vka T
2A, pQ', Tpg, $

s

(22a)

pO's T

jx = (21a)
where

pa, S pa, T i.g2 (22b)

The renormalization of the acoustic harmonic
resonant frequency squared, cu,2, means that the velo-
city of sound is determined by the adiabatic elastic
constant at constant electric field (as opposed to con-
stant polarization). Physically, this reflects the fact
that the rapid polarization fluctuations are able to
maintain thermodynamic equilibrium with the rela-

2 I
2 2

go(p sr 8 ( e, T)2 SP k82
2g4"' ~63

gy
(23)

By use of several thermodynamic identities, ' it may
be shown that Eq. (22a) is equal to our previous
result
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where C '
is the specific heat per unit mass at con-

stant stress and field. The ratio of the DCP intensity
to the total intensity resulting from the polarization
fluctuations is'

R ocp pn, s per, rr=
g tot a,S

This leads to the simple connection between the in-

tensity ratio r and the linewidth renormalization coef-
flclent p, '.

thereby relating two experimentally accessible quanti-
ties.

VI. COMPARISON %ITH EXPERIMENT

The DCP linewidth measurements as a function of
temperature are tabulated in Table I in the first two
columns. In the third column are the linewidth
results for the DCP linewidth renormalization coeffi-
cient p, determined by the ratio of the DCP and TD

mode linewidths. In the absence of a direct linewidth
measurement, the bare TD mode linewidth is es-
timated from the thermal conductivity and back-
ground specific heat to be I TD = 320 MHz, 28 By a
thermodynamic identity, p, may also be expressed by
the ratio of the specific heat at constant polarization
and strain and the specific heat at constant field and
stress:

~P,e(~E, o

Specific-heat results for p, were taken from the mea-
surements by Reese and May' and are listed in
column four. I have assumed that the transition
temperature in the specific-heat experiments corre-
sponds to the peak in the data. It is seen that the
agreement between the specific-heat measurements
and the DCP linewidth measurements is quite good.

The DCP linewidth renormalization lends itself to a
rather simple physical interpretation. In the paraelec-
tric phase, the TD mode is not coupled to the order
parameter so that its relaxation time r is proportional
to the background specific heat (C ') associated with
lattice modes not participating in the transition.

TABLE I. DCP linewidth measurements as a function of temperature and renormalization coef-
ficient p, .

1 DCP

(MHz) 1 DCP/I-TD CP'e(CE,

3
9+ 10

10+ 7

ll + 10
13
13 f6
23
24+ 10-

26+ 7

28 + 10
33
38+7
43
46+ 6
53
53+6
63
69+ 10
73
83
84
93

103
113+7
123

58+6
67+ 10
58+3

74+ 3

83 + 10

70+ 6

0.18 + 0.02
0.21 + 0.03
0.18 + 0.01

0.21 + 0.02

0.20+ 0.01
0.22 + 0.01
0.21+0.01

0.23 + 0.01
~ ~ ~

0.26 + 0.03

0.27+ 0.02

0.22 + 0.02

0.23+ 0.03

0.26+ 0.02

0.13

0.15

0.16

0.17

0.19

0.19
0.20

0.21
0.21

0.22
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However, in the ferroelectric phase, the slow tem-
perature fluctuations must be accompanied by
changes in the highly temperature-sensitive order
parameter I' whose dynamics are relatively fast.
Therefore an excess specific heat, associated with the
ordering in the crystal, is introduced which increases
the total specific heat to C ' . This correspondingly
increases the systems "thermal inertia" and slows
down the temperature fluctuations so that the ap-
propriate relaxation time is v'. The ratio of the bare
and renormalized relaxation times (r r') is. simply
equal to that of the two specific heats (C ': C ' ), or
equivalently to the DCP linewidth renormalization
coefficient p, .

The intensity predicted by Eq. (23) is expected to
grow as the transition is approached from below.
This is primarily due to the increasing strength of the
pyroelectric coupling (p ~=BP/STl s) between the
polarization and temperature as the transition is ap-
proached. The DCP intensity is zero in the paraelec-
tric phase where this coupling vanishes. The solid
line in Fig. 1 is the prediction of Eq. (23) for the
scattering cross section per unit volume R.' Unfor-
tunately, in the scattering geometry used in these ex-
periments, the background in the spectrum includes
the e6 Brillouin components so that it is not possible
to extract values for the intensity ratio r. A scatter-
ing geometry probing only polarization fluctuations
would facilitate such a measurement and provide a
self-consistency check between the intensity and
linewidth measurements. "

that this spectral feature is expected to have a
strength comparable to that of the longitudinal acous-
tic phonon sidebands which appear in the Brillouin
spectra. Therefore it may be possible to directly mea-
sure the TD mode linewidth and determine p, solely
by the light scattering experiment. Such a measure-
ment would provide a useful test of the free-energy
predictions for p, in the very sensitive DCP tempera-
ture region.
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APPENDIX: CONSTITUTIVE EQUATIONS FOR
THE FERROELECTRIC MATERIAL KDP

VI. CONCLUSION

Detailed DCP linewidth and relative intensity mea-
surements within 0.1 K of the structural transition in
ferroelectric KDP have been presented. Construction
of the piezothermoelastic equations of motion have
lead to predictions-for the DCP linewidth and intensi-
ty which agree satisfactorily with experiment. It is
seen that the specific-heat anomaly, just below the
transition temperature, slows down the thermal diffu-
sion mode relaxation time resulting in a renormaliza-
tion of the DCP linewidth. The increase in DCP in-

tensity, as the transition is approached from below, is
attributed to the anomaly in the pyroelectric coeffi-
cient p ~ and reflects the increasing DCP content of
the order parameter fluctuations. The values of the
linewidth renormalization coefficient p, have been
determined from the DCP linewidth measurements
and estimates for the TD mode linewidth based on
thermal conductivity and specific-heat measurements.
Predictions for the TD mode light scattering intensity
just above the transition (see Fig. 3 in Ref. g) show

The Helmholtz free energy is by definition

A =U —TS (A l)

where the internal energy U for KDP is given by

U = TS —a-6e6+ E3P3 (A2)

The differentials of the internal energy and, conse-
quently, the Helmholtz free energy are

dU = T dS —o-6de6+ E3dP3 (A3)

dA = —o.6de6+E3 dI'3 —S dT (A4)

These imply that the equilibrium values of the conju-
gate variables may be found by taking the appropriate
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derivatives of the Helmholtz free energy

gA

QP3 er '

06=—
~~6 P~

(A5a)

(A5b)

(A5c)

Imagine that the ferroelectric system is in a natural
state of thermodynamic equilibrium characterized by
the triplet of state variables (Po, e', T") in response to
the surrounding 'conditions. This natural state corre-
sponds to an absolute minimum in the free energy
whose value is: HO=A (Po, eo, To). e can also con-
sider a neighboring state of thermodynamic equilibri-
um described by (P, e, T). The free energy for this
neighboring state may be expressed in terms of a
Taylor-series expansion about the natural state

r

A (P, e, T) =30+———; (P3 —P3 ) +, (e6 e6 —) +, (T —T ) +2-923 O'W 0 2 a'~ 02 9A
8P 0 88 0 QP 8P 88

9Ax(P P,")(e ——e')+2 (P —P3')(T —T')+2 (e —e')(T —T') +9PQT 0 /PENT 0

(A6)

where the ellipsis represents hjgher-order terms. The fjrst dcrjvatjves of 3 evaluated at the natural state arc zero
since A is a minimum at that point. Higher than second-order terms in the expansion are assumed to make
negligible contributions to A. The three Eqs, (A5) and the expansion (A6) together yieid the three constitutive
relations connecting the state and conjugate thermodynamic variables. The connecting coefficients are expressed
in terms of the appropriate second-order derivatives of the free energy. For reasons that will become clear belo~,
Pp and eo are taken to be zero and, hT represents the temperature change. These three relations are written in
matrix form below

92A Q2A

Qp o 8p8e o

9 A 92M

QP Qp 0

Q A $23
gP QT 0 Q8 QT 0

923
QPQT o

$23
QCQT 0

$23

QT 0,

(A7)

Following Nye, the above 3 x 3 coefficient matrix, denoted by M ', is expressed jri the notation given below
along with the associated physical process

f

pe, r

M ' d'63

dPT «Pe
36 3

lt P, t ye, e

r

dielectric converse piezo —electrothermal

impermeability elect. coeff. coeff.

direct piezo — elastic stiffness thermal pressure
elect. coeff. constant coeff. {AS)

«e T yPT
~

6'
T

heat of

,polariz'ation

heat of
deformation

heat capacity

The I.andau-Devonshire free-cncrgy expansion about the transition point feprescrlts a particular choice for the
free energy A and leads to the following coefficient matrix:

ao(T —T(') ) + 8 rtr

gp2
CPT 0

j CPe
T



3148 MARC D. MERMEI.STEIN 23

Present address: Kibbutz Ha'ogen, Doar Na Lev
HaSharon, Israel.

'R. A. Cowley, J. Phys. Soc, Jpn. Suppl. 28, 239 (1970).
~T. Riste, E. J. .Samuelson, K. Otnes, and J. Feder, Solid

State Commun. 9, 1455 (1971).
3R. Blinc, Ferroelectrics, 19, 1 {1978).
4N. Lagakos and H. Z. Cummins, Phys. Rev. B 10, 1063

(1974).
5L. N. Durvasula and R. W. Gammon, Phys. Rev. Lett. 38,

1081 (1977).
E. Courtens, Phys. Rev. Lett, 41, 1171 (1978).

7See, e.g. , J. D. Axe and G. Shirane, Phys. Rev. B 8, 1965
(1973); B, I. Halperin and C. M. Varma, ibid, 14, 4030
(1976); and A. P. Levanyuk, V. V. Osipov, and A. A. So-
byanin, in Theory of Light Scattering in Condensed Matter,
edited by B. Bendow, J. L, Birman, and V. M. Arganovick
(Plenum, New York, 1976), p. 628, as well as other au-
thors cited in Ref. 3.

M. D. Mermelstein and H. Z. Cummins, Phys. Rev. B 16,
2177 (1977).

9M; D. Mermelstein, Ph. D. thesis (City College, City
University of New York, 1979) (unpublished); and E,
Courtens, R. Gammon, and S. Alexander, Phys. Rev.
Lett. 43, 1026 (1979).

'OE. Pytte and H. Thomas, Solid State Commun. 11, 161
{1972).

"I.Ohnari and S. Takada, Prog. Theor. Phys. 61, 11
(1979).

'~E. Courtens and R. Gammon, Ferroelectrics 24, 19 (1980).
' Lasermetrics, Inc. , Teaneck, N.J.
'4The transition temperature measured during cooling is

denoted by T,+ and that measured during heating is T, .
All experimental d fata are presented relative to T, . No
«ttempt was made to measure hysteresis in the DCP.
Dielectric measurements indicate a thermal hysteresis of
about 0.010 K, see H. Sugie, K. Okada, and K. Kan'no, J.
Phys. Soc. Jpn. 33, 1729 (1972).

'~See Ref. 8, Eq. (1).
'6A complete discussion of the equilibrium properties of

piezoelectric crystals is given by J. F. Nye in Physical Prop-
erties of Crystals {Oxford University, Amen House, Lon-
don, 1957), especially Chap. X. The theory of dynamic
thermoelasticity and piezothermoelasticity is developed,
from an engineering point of view, by W. Nowacki, in

Dynamic Problems of' Thermoelasticity (Noordhoff, Leyden,
The Netherlands, 1975).

'~L. D. Landau and E. M. Lifshitz, Statistical Physics (Per-
gamon, New York, 1969), Chap. XII,
A. F. Devonshire, Adv. Phys. 3, 86 (1954). This theory
is designed for homogeneous deformations. The assump-
tion implicit in Eq. (2) is that this free-energy expansion,

together with the gradient term discussed below, applies
locally to inhomogeneous deformations.

'9M. E. Lines and A. M. Glass, Principles and Applications of
Ferroelectrics and Related Materials (Clarendon, Oxford,
1977), Chap. 11.

I. P. Kaminov and T. C. Damen, Phys. Rev. Lett. 20,
1105 (1968). For the deuterated isomorph, KD*P, see R.
L. Reese, I. J. Fritz, and H. Z. Cummins, Phys. Rev. B 7,
4165 (1973). In fact, the polarization mode, as revealed
by Raman measurements by Kaminov and Damon, is a
heavily overdamped mode. The damping is not explicitly
included here. Damping of the polarization and acoustic
modes will be introduced phenomenologically below.

'C. Kittel, Introduction to Solid State Physics, 3rd ed. (Wiley,
New York, 1966), Chap. 4.

~ See W. Nowacki, Chap. I, in Ref. 16.
The resonableness of these two assumptions is justified by
the conductivity measurements by Y. Suemune, J. Phys.
Soc. Jpn. 22, 735 (1967). The isotropy is illustrated in

Fig. 1. Over the DCP temperature range, A, is estimated
to change by less than 1% and is therefore taken to be
constant and equal to its value at the foot of the rise ac-
companying the ferroelectric phase.

~4For the far-field dipole approximation see Bruce J. Berne
and Robert Pecora, Dynamic Light Scattering (Wiley, New

York, 1976), Chap. 3. For the classical fluctuation-
dissipation theorem see Ref. 17.

~5E, M. Brody and H. Z. Cummins, Phys. Rev. B 9, 179
(1974).

Several thermodynamic identities, frequently used, are
presented here for convenience. They all follow directly
from the constitutive relations Eqs, (A9). Free and
clamped isothermal dielectric impermeabilities:
10~ "=P'~ —a /C . Adiabatic- and isothermal-free
dielectric impermeabilities: P~ =P~ + 6 . Pyroelectric
coefficient p~ ~= —noP/P~, and specific heats

opECP+Pcr, T(popE)2

See, e.g. , J. Feder, Solid State Commun. 9, 2021 {1971);
and I. Ohnari and S. Takada in Ref. l l.
I is found from Eqs. {15c)and {20b) with

C =1.03x10 erg/cm K taken from data in Ref. 29 and
~0= 15.6 x 10 erg/K cm sec taken from data by Y. Sue-
mune in Ref. 23.

W. Reese and L. F. May Phys. Rev. 162, 510 (1967).
30The temperature dependence represented by the solid line

in Fig. 1 is estimated from Eq. (23) with p~~ estimated
from data of J. W. Benepe and W. Reese, Phys. Rev. B 3,
3032 {1971),and C ' is taken from Ref. 29.

'For a discussion of the scattering geometries see Reese
et al. in Ref. 20.


