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%e have calculated the electronic energy-band structures of the noble metals —Cu, Ag, and Au—by the linear-

augmented-plane-wave (LAP%) method. The potentials were constructed using the local approximation to the
density-functional formalism and calculated self-consistently by the atomic-sphere approximation to the linear-

mu5n-tin-orbital (LMTO) method. Relativistic band shifts were included but spin-orbit coupling was neglected. The
band structures are analyzed in terms of canonical bands, which describe the dependence on the crystal structure,
and potential parameters. The latter are derived from the potential in a single atomic cell and specify the positions

and widths of the various bands, and hence the degree of hybridization between them. The efFect of the relative band

positions on the anisotropy and neck radius of the Fermi surface is discussed. Empirical logarithmic derivatives

deduced from de Haas-van Alphen measurements are used to evaluate a number of different potentials, and we find

that our potentials account for the Fermi surfaces comparatively satisfactorily. It is emphasized that relativistic

band shifts are significant for all three metals, and that the neck radius is not, in itself, a good criterion for evaluating

how well a potential reproduces the overall shape of the experimental Fermi surface. Optical measurements of
excitation energies are compared with calculated differences in band energies and it is discovered that no existing a
priori potential is able to account satisfactorily for all of the experimental evidence. The main discrepancies are due

to the diNculty of placing the d bands consistently, and it is suggested that many-body corrections to the excitation

energies may be particularly important when d electrons are involved.

I. INTRODUCTION

The understanding of the electronic structure of
the noble metals Cu, Ag, and Au is a classicprob-
lem in solid-state physics. The first satisfactory
technique for calculating energy-band structures
for metals with d electrons in the conduction bands
was developed by Slater. ' His augmented-plane-
wave (APW) method has since been used for the
majority of ealcul3tions on transition metals.
Chodorow' applied it to Cu, using a semiempixi-
cal potential, and detex mined energy eigenvalues
at the symmetry points I', X, and L, of the fcc
Brillouin zone, shown in Fig. 1; From these re-
sults it is possible to infer that the theoretical
Fermi surface probably contacts the zone bounda-

ry near 1., but it was not until the development of
electronic computers allowed the calculation of
the full band structure by Burdiek' and Segall~
that the remarkable success of Chodorow's poten-
tial, which gives Fermi surface dimensions within
a few percent of the most accurate experimental
values, became apparent.

It is interesting that the pioneering measure-
ments of tusti and Seheffers' on the magnetore-
sistance of pure single crystals of Au clearly
show, with the benefit of hindsight, that its Fermi

surface must be open. However, it was the anom-
alous skin-effect expex iments on Cu by Pippard, '
from which he deduced the first complete descrip-
tion of the Fermi, surface for any metal, which
provided the impetus for rapid progress in the
study of the electronic structures of the noble me-
tals. Although the shape which he derived differs
somewhat from that later deduced from more pre-
cise experimental methods, it included the essen-
tial feature of contact with the zone boundary which

FIG, l. Brillouin zone for the fcc structure.
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gives rise to many interesting effects, especially
in a magnetic field. This feature was shown to be
common to all the noble metals by the de Haas-van
Alphen measurements of Shoenberg, ' and in the
following years the Fermi surfaces were studied
in great detail by a variety of methods. Succes-
sive improvements in the precision with which
de Haas-van Alphen (dHvA) frequencies and am-
plitudes can be measured have led to the deter-
mination of the extremal areas in all three metals
with a relative accuracy' of about 1 in 10', while
the effective masses have been measured' to with-
in 0- Sflo.

The potentialities of electromagnetic radiation
for exploring the band structure away from the
Fermi level were first clearly revealed by the op-
tical-absorption measurements of Ehrenreich and

Philipp, "the photoemission experiments of Spicer
and Berglund, and the piezo-optical studies of
Qerhardt. " Angle-resolved photoemission from
single crystals has now been developed to the
point where the energy bands may be plotted with
great precision, especially in symmetry direc-
tions, as in the recent work of Knapp gt g$."and
Thiry et al. '

This abundance of detailed and accurate experi-
mental information presents the challenge of ex-
plaining it by means of first-principles calcula-
tions. The computation of the electronic band
structure and Fermi surface from a given poten-
tial provides no fundamental problems but, in the
construction of such a one-electron potential, dif-
ficulties of both a conceptual and practical nature
are encountered. The local-density theory of
Hohenberg, Kohn, and Sham ' provides a justifi-
cation for the use of a one-electron potential in
the calculation of ground-state properties, such
as the Fermi surface, and a prescription for con-
structing it. The energy bands to which it leads
are not, however, immediately applicable to the
determination of optical excitation energies.

A number of such one-electron potentials have
been constructed since Chodorow's pioneering
work. A prescription which has met with great
success in the calculation of transition-metal band
structures is based upon the approximation of cal-
culating a spherically symmetric charge distribu-
tion within the signer-Seitz cell by superposing
atomic charge densities centered on neighboring
lattice sities. " The electrostatic contribution to
the potential may then be determined from Pois-
son's equation and the exchange and correlation
treated through Siater's" local. -density approxi-
mation. This non-self -consistent potential is
frequently known as the standard potential. A
thorough investigation of the band structures of
all the noble metals using such standard potentials,

and including relativistic effects, has been
carried out by Christensen. "

A modification of this procedure consists in
multiplying the exchange-correlation term by a
parameter ~, giving the so-called Xe potential.
Janak eg g$."used such a potential in self-con-
sistent calculations on Cu, adjusting n empirical-
ly to obtain a Fermi surface with a neck size in
agreement with experiment (a =0.77). They later~
introduced another parameter, which has the effect
of increasing all band energies relative to the
Fermi level by 8%, in order to obtain better
agreement with photoemission experiments.

The very precise data on Fermi-surface areas
contain implicitly information on the crystal po-
tential. Segall and Ham" suggested that these
areas should be fitted empirically by means of a
calculation in which the partial-wave phase shifts
of the potential, evaluated at the Fermi level, are
used as a small adjustable parameter set. This
method has been extensively applied to transition
metals and, in particular, Shaw gg g/. 22 have made
a very accurate fit to the extremal areas in the
noble metals with adjustable s-, p-, d-, and (for
Cu} f-phase shifts in a least-squares parametri-
zation scheme. Chen and SegalP' extended this
idea by parametrizing the logarithmic derivatives
(equivalent to the phase shifts} over a range of
energies, in order also to fit optical and photo-
emission data. Kith two parameters for each of
the s- and p- and three for the d-logarithmic de-
rivatives, they were able to obtain a very good
empirical fit to the most reliable experimental
information on the band structure available at the
time of their work.

The principal aim of this paper is to make a
critical examination of the extent to which the
available experimental. information on the elec-
tronic structure of the noble metals, especially
Gu, can be accounted for by a one-electron band
structure, and to evaluate some of the potentials
which have been used in calculations. To this end,
we have added yet another set to the plethora of
band-structure calculations on the noble metals
which already exist. W'e have used the potential
construction which is conceptually perhaps the
most satisfactory yet proposed, the scheme de-
veloped by Hedin and Lundqvist'~ from the local-
density theory. " This local-density potential has
the advantages of being self-consistent and con-
taining no adjustable parameters, and it is fur-
thermore susceptible to improvement in a system-
atic way. It has proved remarkably successful in
accounting for the ground-state properties of a
variety of metals. "

To anticipate our conclusion, we find that no ex-
isting band structure (including our own) can ac-
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count satisfactorily both for the ground-state
properties of Cu, particularly the Fermi surface,
and the optical excitation energies, if these are
associated with energy differences in the calcu-
lated band structure. The root of the difficulty in
all the noble metals seems to lie in the position-
ing of the d bands. It furthermore seems ques-
tionable whether it is possible to construct from
local-density theory a one-electron potential
which can reconcile the different experimental
results, without considering many-body correc-
tions to the excitation energies. These conclu-
sions, though not perhaps surprising, differ some-
what from those which may be found in some pre-
vious discussions of the electronic structure of
the noble metals.

We begin in the next section by describing
briefly the method which we used to calculate the
energy bands, and define the parameters which
characterize the crystal potentials. In Sec. III,
we discuss how these potential parameters and
the canonical bands may be used to construct the
complete band structures from their components.
The results for the three metal. s are presented
and compared. The comparison of the theoretical
and experimental Fermi surfaces, with special
emphasis on Cu, is taken up in Sec. IV where we
make use of a novel method" for evaluating quan-
titatively the success of a variety of potentials in
reproducing the measured Fermi surfaces. In
the following section, the excitation energies de-
termined from optical and photoemission experi-
ments are compared with calculated energy dif-
ferences in the band structures. Finally, the
principal conclusions of this work are summarized
and ways by which the theoretical description of
the electronic structures may be improved, to ac-
count for all of the available experimental infor-
mation, are considered.

closely packed solid is approximated by a sphere
of radius s = (30/4gr)'r3, where g is the volume of
the Wigner-Seitz atomic cell. This reduces the
band-structure problem to that of finding the
eigenvalues and eigenfunctions for a single atomic
sphere, subject to a k-dependent boundary condi-
tion imposed by the surroundings. The informa-
tion about the crystal structure is carried by the
structure-constant matrix Sr ~, (k) (where l and
m are the usual angular momentum quantum num-
bers) which is canonical in the sense that, con-
sidered as a function of kg, it is independent of
the scale of the structure.

The spherically symmetric potential in the
atomic sphere is-characterized by the logarithmic-
derivative functions

D,(E) = srjg,'(E, s—)/gIg, (E, s),
where pr (E, s) are the solutions of the radial
Schrodinger equations for the energy E, evalu-
ated at the sphere boundary p. I'he energy depen-
dence of a radial wave function and a logarithmic-
derivative function over a range of energies about
a fixed but arbitrary energy p„may be accurately
described by the first few terms of a Taylor-
series expansion of pr(E, s). The definition of the
parameters used in such an expansion may be
found in Ref. 27. In our discussion, we shall make
use of the following descriptive potential parame-
ters, which may also be derived from the expan-
sion coefficients: The center of the ) band and its
square-well pseudopotential are the energies at
which the logarithmic derivatives are, respec-
tively, -/ —1 and /, i.e. ,

Cg ——E(Dr =-l —&) and Vr = F(Dg =l).

In particular, p, is the bottom of the g band. The
corresponding intrinsic band masses are

II. METHOD OF CALCULATION and

In this section, we mill describe briefly the
methods which we used to calculate the energy
bands for the noble metals. Since these methods
have been discussed extensively elsewhere, ""we
will restrict ourselves to an outline of the proce-
dure and a description of the potential parameters
used to characterize the various potentials which
we will consider.

aur potentials were constructed using the local
approximation of Hedin and Lundqvist'4 to the den-
sity-functional formalism. The one-electron po-
tentials were calculated self-consistently using
the linear muffin-tin-orbital (LMTO) method of
Andersen. " In the atomic-sphere approximation
(ASA) to the LMTO method, the unit cell for a

and they are inversely proportional to the prob-
ability density at the atomic sphere, and to the
width of the l band. For free electrons t/', =0 and
7., = p., = 1 for all values of ) and g. The relative
dimensionless band positions are given by

&rr =(Cr C, }s'.
The potential parameters for the noble metals

in Table I were calculated self-consistently in the
ASA, truncating the I expansion after l= 3. Rela-
tivistic band shifts were included in the calcula-
tion, but spin-orbit coupling, which has very little
influence on the Fermi surfaces, was omitted.
The k-space integrations were performed by the
tetrahedron method, "using 715 k points in the
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irreducible Brillouin zone, and the self-consis-
tency iterations were continued until all energies
were converged to better than 1 mBy. The values
of g„, were chosen at the center of gravity of the

occupied parts of the $-projected density of states.
The self-consistent potentials so constructed

were used in calculations of the energy bands by
the linear augmented-plane-wave (LAPW) meth-
od" which is more accurate than the LMTO-ASA
method. The energies near the Fermi energy
were obtained with high accuracy by using values
of g„, close to E~. A detailed calculation of the
Fermi surface was performed for Cu using 715
k points in the irreducible zone, while the energy
bands for Ag and Au were obtained along all of the
symmetry lines in the zone.

TABLE I. Potential parameters for the noble metals,
calculated with self-consistent local-density poterkials.
Energies relative to the electrostatic energy at the
atomic sphere.

III. THE ENERGY BANDS

To comprehend the essentials of the noble-metal
band structures, it is useful to start with the
canonical bands for the fcc structure, shown in
Fig. 2. . The energy bands for the individual me-
tals may be derived by placing, scaling, and

slightly distorting the canonical bands" using the
potential parameters of Table I, and allowing them
to hybridize. The effect of d hybridization on the
Cu band structure is illustrated by a comparison
of Figs; 3 and 4. In the former, zp hybridization
is included but the d-band mixing is omitted. This
is accomplished by setting the hybridization
blocks of the structure constants (l=2 and f' g2,
and vice versa) equal to zero in the LMTO method.
The radius k, of the free-electron sphere is shown
in the [100] and [111]directions in the figure and
it is apparent that, without d hybridization, the
Fermi surface of Cu would be almost spherical.
If we consider only the s and p bands, a parame-
ter which indicates the sphericity of the Fermi
surface, taking into account that a uniform scaling
of the bands does not alter its shape, is

s (a.u.)

~(s) (Ry)

E„(Ry)

co (Ry)

10sc~ {Ry)

29

2.669

-0.766

-0.546

-0.404

-0.358

0.300

0.105

0.960

0.011

3.543

3.325

3.162

0.174

3.613

0.845

0.671

d -0.028

p

d

0.535

4.190

5.913

0.612

f 11.203

3.005

-0.706

-0.544

-0.450

-0.508

-0.502

0.088

0.879

0.000

3.384

2.702

2.705

0.220

2.958

0.850

0.693

0.056

0.556

3.556

5.332

0.876

9.085

79

3,002

-0.755

-0.638

-0.491

-0.471

-0.465

0.027

0.911

0.002

3.182

2.562

2.796

0.325

2.826

0.843

0.700

0.088

0.544

3.304

5.619

0.909

8.663
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FIG. 2. Unhybridized canonical bands for the fcc
structure.

P = 0 for the free electron gas, and the values for
the noble metals are given in Table II. For com-
parison, calculations with the standard potential"
give P = -0.10 and 0.15 for, respectively, Na and

K, whose Fermi surfaces are close to being per-
fect spheres. We can therefore conclude that, in
the absence of d hybridization, the hypothetical
Fermi surface of Cu would be almost spherical,
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FIG. 3. Band structure of Cu when hybridization be-
tween the sp bands and the d bands is omitted. k, is the
radius of the free-electron sphere.

while that of Ag would be somewhat distorted and
that of Au substantially distorted. We shall return
to the question of the distortion of the Fermi sur-
faces in the next section.

As may be seen in Fig. 4, the d hybridization
affects the band structure of Cu profoundly. Strong
hybridization, occurring when unmixed bands of
the same symmetry cross, produces energy gaps
throughout the zone, and hence raises the Fermi
level. Since the L„. level is little affected by hy-
bridization, being very slightly depressed by an
admixture of a high-lying 4f level, this increase
in E~ results in the formation of the neck in the
Fermi surface near L. Weak hybridization with
the d band also causes substantial shifts in most
of the gp bands. Of particular interest is the
raising of the I, level, which is predominantly a-
like with a small d admixture, and the resulting
increase in the L,-L,, separation (the "L gap")
which, as we shall see, can be accurately mea-
sured.

The band structures along the symmetry lines
in the zone are shown for Cu, Ag, and Au, re-
spectively, in Figs. 4, 5, and 6, and the eigen-
values at symmetry points are tabulated in Table

TABLE H. Theoretical parameters for the noble
metals, calculated with self-consistent locai&ensity
potentials. The values in parenthesis were calculated
from standard potentials. N, (Ez) and n, are, respec-
tively, the projected state densities (in states/atom By)
at the Fermi level and numbers of occupied states per
atom. For comparison, results of the free-electron
(FE) model are included.

~s
pp

Pd

P
N~(E~)
N, (E~)
&,(E&)
Nf(E~)
S$

Sp

nd

Plf

6.93(6.89)
0.67 (0.56)
0.85 (0.85)
0.96 (0.97)

16.2(16.9)
-0.14

0.28
0.74
1.08
0.02
0.70
0.74
9.50
0.06

7.99(7.72)
-0.47(-0.91)

0.82(0.84)
0.82(0.90)

10.1(10.3)
0.27
0.38
0.90
0.56
0.02
0.69
0.67
9.56
0.09

Au

9.29 (8.86)
1.28 (1.07)
0.87 (0.91)
0.79 (0.89)
6.8(7.1)
1.18
0.34
0.60
1.05
0.02
0.80
0.78
9.28
0.14

FE

7.40
17.70
1
1

0.00

III. The general features of the energy bands can
be understood with reference to the potential pa-
rameters of Table II.. The relativistic band lower-
ing, which decreases with increasing ), causes
the z-p separation to increase substantially with
atomic number. Although the gp bands resemble
those for free electrons, their masses are signi-
ficantly less than one. The d-band positions re-
flect the atomic d-energy levels, being relatively
low in Ag, while the d masses decrease as the
principal quantum number increases.

The density of states &(R~) for Cu is shown in

Fig. 7. Although the high peaks associated with
the d bands fall well below the Fermi level, hy-
bridization gives rise to a large d contribution to
the state density at &~, even for Ag, as shown in
Table II. Concomitantly, the d states are incom-
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~ 0.6—

12
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0.2
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1 1

X Z W

25I
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FIG. 4. Energy-band structure of Cu.
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FIG. 5. Relativistic band structure of Ag neglecting spin-orbit coupling.

pletely filled, and there is a substantial fraction
of a d hole per atom in all three metals.

IV. FERMI SURFACES

The Fermi surfaces in the noble metals may be
roughly characterized by two parameters, the ra-
dius k„of the neck and an anisotropy parameter

A = k [100]/0 [110].
The values of these parameters deduced from ex-
periment" and calculated with standard" and
local-density potentials are given in Table IV.
Since we only calculated energy eigenvalues along
symmetry directions for Au and Ag it was neces-
sary to estimate p~ by comparing experimental"
and theoretical Fermi-surface dimensions. The
Fermi level was taken as the average of the en-
ergies for which the theoretical k~[ 100] and

0~[110] coincide with the experimental values.
Since, as we shall see, our potentials are rather
successful in reproducing the Fermi surface, this

estimate could be made with an error of less than
about 5 mRy. In any case, P is very insensitive
to the exact value of g~, since the bands are ac-
curately linear over the energy range within
which it lies.

The Fermi-surface anisotropy A is increased
either by the enhanced d hybridization at p~ re-
sulting from an increase in ~„„orby increasing
a~, (or rather P} above the free-electron value.
The distortion of the Cu Fermi surface is almost
entirely due to d hybridization, which is less im-
portant in Ag because of the position of the d
bands. In Au, where the d bands lie closest to the
Fermi level and the relativistic lowering of the
s band is greatest, the anisotropy is also greatest.
The neck size is increased by increasing b,„,or
reducing A~„both of which tend to raise g~ rela-
tive to the p-like L,, level. The Ag neck is small-
er than that of Cu, both because of the relativistic
shift of the s band and the low-lying d bands,
while the Au neck size is comparable to that of
Cu, despite the large relativistic shift, because

1.4-
1.2-
1.0—

K 0.8

~ 0.6K
LU

QJ Oe4

0.2

EF

12

25'

0.0

-0.2
X Z W 0 L A I

FIG. 6. Relativistic band structure of Au neglecting spin-orbit coupling.

K X
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TABLE IIIIII. Calculated energies at s me y po TABLE IV ermi-surface anisotro an
in the noble metal E

opy and neck radii

and L and S the r
me s. E denotes the eexperimental values

e results of calculations based on
tively, local density and t dan s andard potentials.

Cu
E@=636

E~= 530

Au

E~= 610

-52
414
414
414
469
469

-52
185
185
185
259
259

-139
266
266
266
375
375

273
317
509
523
523
758

1155
1600
1600

49
73

315
336
336
655

1041
1319
1319

66
109
462
494
494
684

1046
1346
1346

325
378
378
466
523

1103
1103
1236
1285
106
163
163
258
336
986
986

1055
1140
149
228
228
361
494
962

1087
1087
1305

270
409
409
512
512
555
915

64
180
180
319
319
487
809

65
258
258
468
468
511
844

320
339
432
478
511
962

1051
1204

87
121
237
274
315
860
922

1066

120
169
327
394
460
893
964

1159

A =—ky I1001/ky f110l 1.11(E)
1.13(L)
1,10(s)
0,189(E)
o.21(L)
o.2o(s)

1.O9(E)
1.11(L)
1.o6(s)
0.136(E)
0.17(L)
o.1o(s)

1.20(E)
1.21(L)
1.14(s)
0.179(E)
O.19(L)
0.16(s)

tives at the atom'atomic sphere and plotted them as a
function of the assumed F.me g, relative to the muffin-
in zero, in Fi . 8.ig. . We have also calculated

D, (g) as a function of energy for se
and plotted them
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e. ' ey are:

potential w'
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potential of Janak et al!"' I U—g . ; I. U —our nonrelativis-

-consistent local-density potential; L(R)—
our relativistic local-density otent'

o ese are self-consistent and g and U

ether relativistic band shifts h

included or not.
s s ave been

g' potential should reproduIn order that a iven
the experimentalal Fermi surface precisely, the

ro uce

the d bands lie close to E~.
We have used the em iricpirical phase shifts deduced

y aw eP a)."from dHvA data to make a m
quantitative eevaluation of a number of diff

o m e amore

p. --. "-.ecause of the insensitivit of th
ergy bands to the e me interstitial. regions of the muf-

good fits to the experiment l
~ ~

fin-tin potential, they were able t bt 'o o ain equall
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en a results for a large

g ssumed Fermi energies. We h

verted their h

e ave con-
eir p ase shifts to logarithmic deriva-
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FIG. 7. Density of states for Cu.
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FIG. 8. Experimental and calculated lo ar
rivatives for Cu The labu. e labeling is explained in the text
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logarithmic derivatives derived from it must cut
the experimental curves at the same energy, which
is then the calculated Fermi energy. The extent
to which they do so is therefore a measure of the
success of the potential in reproducing the experi-
mental measurements. " The Fermi surface is
relatively insensitive to the f -logarithmic deriva-
tive, and a satisfactory fit can be obtained without
including it, as in Ag and Au which we discuss
later. We therefore ignore it in our comparison,
apart from noting that none of the calculated val-
ues agree well with the experimental values,
probably because the latter implicitly include
higher ) values, and therefore do not represent
the f -wave contribution alone.

At the top of Fig. 8, we have indicated, for
each potential, energies pertaining to the s-, p-,
and d-logarithmic derivatives. Since the density
of states at E~ is predominantly d-like, we begin
by marking the energy at which D~(E) cuts the ex-
perimental curve. Thereafter we determine the
energy shifts of the calculated D, (E) and D~(E)
required to make them cut the appropriate ex-
perimental curves at this same energy. Thus we
can conclude from Fig. 8 that, for the C(U) po-
tential for example, D, (E}and D~(E) must be
moved. downwards in energy by, respectively,
P,~ =15 mRy and 5~&

= 25 mRy to obtain agreement
with the experimental Fermi surface. These en-
ergy shifts, which decrease as the potential is
improved, provide convenient figures of merit
for a given potential. It is interesting that it is
essential to include relativistic effects, which
give rise to a relative lowering of D, (E) and, to
a lesser extent, D&(E), when making comparison
with experiment at this level of precision, even
for the relatively light element Cu.

It is perhaps at first sight surprising that the
Xz potential, which was adjusted to fit the experi-
mental neck size, does not give a particularly
good overall description of the Fermi surface
compared with, for example, the relativistic
local-density potential L(R). The neck size is not
however, in itself, an adequate figure of merit
for a potential. If we neglect hybridization of the
p-like Q, band near L, the error in the neck radi-
us is easily seen to be

N3(EJ ) f Np(E~) (Bg l
N(E ) " N(E ) )

with experiment, the calculated neck radii for
some of the potentials are in error by the follow-
ing percentages: C(U), -2%%uo,

' X(U), -~%; S (R),
5%%uo, L(U), 8%%uo, L(R), 11%%uo. These deviations can
be qualitatively understood, with reference to
Fig. 8, by the above considerations, as can the
errors in the neck radii for Ag and Au, which we
consider later. The neck size for the X(U) poten-
tial is correct because the effects of 5,~ and 5~„
tend to cancel, while for the L(R) potential,
which is otherwise superior in reproducing the
shape of the Fermi surface, they add. The inclu-
sion of relativistic effects has little influence on
the neck size, because the effect of the decrease
in g,„ is approximately cancelled by that of the
(smaller) decrease in 5~~. We conclude that the
neck radius is so sensitive to the band parameters
that it may be rather poorly reproduced by a po-
tential which gives an otherwise good account of
the Fermi surface and, conversely, the predic-
tion of the correct k„ is not, in itself, a sufficient
condition for a satisfactory potential.

We have used our calculated energy eigenvalues
for Cu to construct the Fermi surface, sections of
which are compared with those deduced from the
dHvA effect" in Fig. 9. As may be seen, the
agreement is very satisfactory, except in the vi-
cinity of the neck. Compared with experiment, the
calculated belly areas in the (100) and (111) planes
are, respectively, 0.28%%u~ too large and 0.29%%u~ too
small. The self-consistent X~ potential predicts
belly areas in the (100) and (111)planes which
are, respectively, 1.%& and 0.+p too small. "
Since the experimental (100) area is roughly 3%%uo

larger than the (111)area, the Xa potential un-
derestimates the Fermi-surface anisotropy,

k„ theref ore increases with g,~ and decreases,
relatively more rapidly, with 5~„. Weak hybridi-
zation with the d bands reduces substantially the
effect of a given shift of the p band on the neck
radius, but it is still greater than, and of opposite
sign to the effect of shifting the g band. Compared

FIG. 9. Sections of the Fermi surface of Cu in the
(100) and (110) planes. The 5xll line depicts the calcula-
ted surface and the points are deduced from de Haas-van
-Alphen measurements. The dashed line is the free-elec-
tron sphere.
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TABLE V. Experimental and calculated energy differences, in millirydbergs, in the noble
metals.

EJ;-Xs(X~ ) Xi(X~+)—X3(Xg+)

Cu
Experiment
Present work
Christensen d

Jannk et al. e

Chen and Segall f

Ag
Experiment
Present work
Christensen
Chen and Segail~
Au
Experiment
Present work
Christensen and

Seraphin

370+ 10
360
338
379
371

310+10
322
256
311

335+ 10
333

145+10""
113
118
143
144

280+ 10 ~

183
274
280

115+10
77

180 + 20, 205 + 10
206
209
226
221

240 +10
274
240
257

400 +10'
424

402

Reference 12.
Reference 13.

'Reference 14.
d Reference 18.' Reference 20.
Reference 23.

~Reference 33.
"Reference 34.' Reference 37.
j Reference 38.

eedure should lead to errors which are very small
compared with the experimental uncertainties. We
&rill comment on each metal in turn.

For Cu, our local-density potential. gives an I.
gap in good agreement with experiment, "but the
top of the d band apparently lies much too high.
Thiry et al. ' have determined the bottom of the
s band, I'„ to lie 630+30 mRy belom F~, which
is somewhat less than our value of 688 mRy.
IQ~pp et al-" have estimated that the predomi-
nantly z-like X, level lies 580 mRy above E~,
which is substantially greater than our value of
519 mRy, but their estimate is based principally
on the secondary-emission spectrum and suffers
from substantial uncertainty. The energy separa-
tion between a point on the empty 4, band and g„,
which they measure to be 780 mRy, is more re-
liabl. e, and is again greater than our calculated
740 mRy. However, the finite energy resolution
of their apparatus would tend to give too high a
value for this energy, as mell as producing the
kind of distortion in the spectrum which they ob-
serve, so the discrepancy may be l.ess than it
seems. It mould be useful to determine the reso-
lution function for photoemission spectrometers
and systematically deconvolute the experimental
data.

The calculations of Janak gt al. ,' in which the

bands are stretched by 8%%uo to simulate many-body
corrections, give an I. gap and d-band top in
agreement with experiment but the d bands are
about 10%%u~ too broad and their 1'„which is 735
mRy below g~, lies much too low. The standard
potential places the d bands too high and the I. gap
is too small, compared with experiment. The
empirical band structure of Chen and Segall" was
fitted to the experimental data, but the estimate of
Eastman and Cashion" for the d-band width, which
is about 10%%uo greater than the most recent mea-
surements, was used.

These variations, and the predicted Fermi-sur-
face anisotropies, can be understood with refer-
ence to the potential parameters of Table VI.
These were calculated via the logarithmic de-
rivatives from the corresponding a pyggyg poten-
tials. The empirical parametrization of the loga-
rithmic derivatives by Chen and Segall can readily
be converted into potential parameters, and are
given in the table (identified as P) for g~ = 588
mRy, which is close to the value for the Chodorom
potential.

The greatest variation occurs in the position of
the d bands. The L(R) and $(ft) potentials both
give rise to relatively high-lying 4 bands. The
hybridization with the s band, which is propor-
tional to the geometric mean of the bandmidths, is
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TABLE VI. Potential parameters for Cu from differ-
ent calculations, as specified in the text.

may be an experimental artifact due to the diffi-
culty of locating the Fermi level precisely. '~

c(U)
C (R)
S(R)
X(U)
L(U)
L(R)
P
FE

6.92
7.02
6.89
6.79
6.82
6.93
6.97
7.40

0.29
0.41
0.56
0.33
0.43
0.67
0.42

17.72

0.86
0.88
0.85
0.84
0.83
0.85
0.85
1

0.92
0.93
0.97
0.97
0.96
0.96
0.97
1

16.1
16.4
16.9
16.5
16.3
16.2
15.2
1

higher for the former, for which the mass is low-
er, and hence the L gap and Fermi-surface aniso-
tropy are relatively large, and in good agreement
with experiment. The low-lying d bands for the
X(U) potential give a smaller s-d hybridization at
and above Z~, so that the (uncorrected) I, gap is
too small, and the Fermi surface too spherical.
The empirical parametrization includes z-d hy-
bridization large enough to produce agreement
with experiment, despite the relatively small A~„
because the adopted value of p~ is significantly
smaller than the values calculated from the
g pyigyg potentials.

There is less experimental evidence on Ag, and
fewer calculations, but the situation seems fairly
clear. The L gap and the top of the d bands are
well determined from piezo-optical experiments"
and their analysis, "and the d-band width from
photoemission. '4 The L gap and Fermi-surface
anisotropy are well accounted for by our local-
density potential, but the d bands apparently lie
too high. The standard potential yields very-good
agreement with experiment for both the d-band po-
sition and width, but the reduced hybridization
leads to an insufficiently distorted Fermi surface
and too small an L gap. As in the case of Cu, the
empirical d bands of Chen and Segall" are some-
what broader than the latest experiments would
indicate. It is interesting that the fine structure
in the x-ray absorption near the K edge" is very
well accounted for by the energy bands up to sev-
eral By above Z~ calculated from the standard
potential, ' if they are empirically broadened, but
not shifted.

The situation for Au is very similar to that for
Ag. Again our local-density potentia1. accounts
mell for the experimental Fermi surface and
L gap, but not for the apparent position of the
d bands. These are well described by the standard
potential, but the L gap is then too small and the
Fermi surface too spherical. There are some
indications from photoemission experiments" that
the d bands in Au might lie even lower, "but this

VI. DISCUSSION

The aim of the work presented in this paper has
been to explore the extent to which calculated one-
electron band structures can account for the de-
tailed and precise experimental information which
is available on the electronic structure of the
noble metals. We have considered the shape of
the Fermi surface, a ground-state property, and
the excitation energies determined from optical
and photoemission spectra.

By examining the way in which the band struc-
tures are assembled from their component parts,
we have shown how the form of the Fermi surface
is influenced by the relative band positions. In
particular, the Fermi-surface anisotropy in-
creases with the d-band energy because of hybrid-
ization with the states at the Fermi level, which
thereby acquire a large d component, and with
the g-p separation, which increases with atomic
number due to relativistic band shifts. The forrn-
er effect also increases the size of the Fermi-
surface neck, while the latter reduces it, so that
the overall shape of the Fermi surface is deter-
mined by a number of factors. We have argued
that the most satisfactory method of evaluating
the quality of a potential in reproducing the ob-
served Fermi surface is by using empirically
derived logarithmic derivatives at g~, such as
those determined by Shaw et p$." By this crite-
rion, our relativistic potential, which has the
form derived by Hedin and Lundqvist'4 from local-
density theory, "is comparatively successful for
all three metals. Because of the above-mentioned
competing factors, the neck radius is not, in
itself, a. good figure of merit for a potential. Even
for Cu it is essential to include relativistic effects
when comparing theory and experiment at the level
of precision which is now possible. The standard
potential, which is constructed from a superposi-
tion of atomic charge densities' and has been very
successful in describing the electronic structure
of the majority of the transition metals, is less
successful for the noble metals, predicting Fermi-
surface anisotropies which are consistently too
small.

If the excitation energies are interpreted as en-
ergy differences in the calculated single-particle
band structure, none of the a pyjoyz potentials
which we have examined give a good quantitative
account of the optical properties, even though
they all agree qualitatively with the observations.
Our local-density potential seems to be fairly
satisfactory for the predominantly sp bands, and
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in particular gives values for the (L,-I,i) gap
which agree well with experiment, but the 4 bands
apparently lie much too high in all three metals.
Conversely, the standard potential gives 4 bands
in good agreement with experiment, particularly
for Ag and Au, but the L, gaps in all cases are
substantially too small.

It seems doubtful whether a local single-particle
potential P'(I') can be constructed which will re-
concile the various experimental data within this
interpretation. The principal effect of variations
in such a potential is to change the relative posi-
tions of the bands. If we take Au as an extreme
example, we may start with our band structure
and attempt to adjust it in this way to fit the ex-
periments. The greatest discrepancy may be re-
moved by lowering the d band, but this will reduce
both the L, gap and the Fermi-surface anisotropy
below what is observed. The latter may be cor-
rected by making use of the other degree of free-
dom and increasing the s-p separation, but this
further reduces the I, gap. It seems reasonable
to take the viewpoint that our local-density poten-
tial gives a good account of the ground-state prop-
erties, "including the Fermi surface, as it is
constructed to do, but that the calculation of the
excitation energies requires self-energy correc-
tions which may be substantial. The uniform
stretching of the bands suggested by Janak et al. '
for this purpose has been shown by recent experi-
mental results to be inadequate. Qur calculations
suggest rather that the corrections are l dependent
and, perhaps not surprisingly, are largest for the
relatively localized 4 electrons.

Chen and Segall" have demonstrated that it is
possible to account for the electronic properties
within a single-particle picture by parametrizing
the logarithmic derivatives over a range of ener-
gies. Their published band structures are not

fully in accord with the most recent measurements

of d-band widths in Cu and Ag but, since the E(k)
at a particular energy depend only on the D, (E) at
that energy, it is always possible to remove any
discrepancies with experiment. Their method is
an ideal parametrization of a large amount. of ex-
perimental data, with a small parameter set.
However, as they point out, there is no immediate
justification for considering the parametrized
logarithmic derivatives as derivable from an /-
dependent potential which may in principle be
deduced from the local density, and applied to the
calculation of such ground-state properties as,
for example, the cohesive energy.

We conclude that further progress on this prob-
lem will probably result from a combination of
more experiments, especially with angle-resolved
photoemission, and an attempt to make realistic
calculations of the self-energy corrections to the
excitation energies. Such calculations should also
provide an interpretation of the lifetimes of the
excitations, recently observed by photoemis-
sion. "' Although they have been studied more
intensively than any other metals, it is apparent
that the last word has not yet been said about the
electronic structure of the noble metals.
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