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The real-space dynamic renormalization group method developed in previous papers'is applied
to the kinetic Ising model defined on a square lattice. In particular we extend the formalism to
the calculation of space- and time-dependent equilibrium averaged correlation functions. We
find that conventional methods for implementing the real-space renormalization groﬁp via cum-
ulant expansions in terms of the intercell coupling lead to correlation functions which decay
algebraically in space at large distances in the disordered phase in qualitative disagreement with
the known exponential decay. We indicate how one can develop new perturbation theory ex-
pansion methods which lead to the proper exponential decay at large distances and also lead to
good quantitative results for other observable quantities like the magnetization, susceptibility,
and single spin time autocorrelation function. As the result of a first-order calculation we ob-
tain excellent results for the static critical exponents and a value of - = 1.79 for the dynamic crit-
ical exponent. The critical exponents obtained from the correlation functions calculated using
this method satisfy the proper static and dynamic scaling relations.

I. INTRODUCTION

In this paper we discuss the extension of the real-
space dynamic renormalization group (RSDRG)
method introduced by us earlier'™ to the central
problem of the calculation of time and space depen-
dent correlation functions. In particular, we will
study the statics and dynamics of a two-dimensional
kinetic Ising (KI) model defined on a square lattice.
These calculations, which were summarized else-
where,’ represent, to the best of our knowledge, the
first results, using the real-space renormalization-
group (RSRG) method, of dynamical properties other
than critical indices.

It has been understood® from the very beginning of
its development that the RSRG method could be
used to calculate thermodynamic quantities over the
whole thermodynamic plane—not just near the criti-
cal point. Thus there exist accurate calculations for
the spontaneous magnetization’ and the specific
heat”-? for two-dimensional Ising models. There has,
however, to our knowledge, been essentially no prac-
tical development of a way of using these methods to
compute space and time dependent correlation func-
tions over the complete range of temperature and
spatial separations. In this paper we carry out a for-

2

mal analysis that allows us to relate a correlation
function defined for the original lattice model to a
correlation function defined for a coarse grained or
renormalized lattice. We then restrict ourselves to a
rather straightforward approximate analysis of these
formal results. One can learn a great deal in this
simple analysis about the general structure of pertur-
bation theories as carried out in the context of the
RSRG. One finds, for example,’ that a straightfor-
ward cumulant expansion of the type developed by
Niemeijer and van Leeuwen® leads to algebraically
decaying correlation functions for all temperatures in
the disordered phase! The development of expansion
techniques which lead to the correct exponvential de-
cay of correlation functions at large distances led us
to a number or rather general insights concerning the
appropriate couplings to be used in treating uncou-
pled cells as a zeroth-order theory, and also into the
fundamental structure of the recursion relations.
These insights have led to a substantial improvement
in the quantitative accuracy of our theory.

The main practical results of this paper are: (1)
The derivation of a simple set of recursion relations
relating time and space dependent correlation func-
tions defined on lattices with different lattice spacing;
and (2) the solution of these recursion relations for
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various physical quantities like the magnetization, the
susceptibility, the single spin time autocorrelation
function, and finally time and space dependent corre-
lation functions. We can easily extract various critical
properties from these quantities. We obtain excellent
results for the static critical indices v =1.011(=1 ex-
actly), 8=0.122(=0.125 exactly), and the critical
coupling tanhK, =0.4150(=+/2 — 1 exactly). The
dynamic critical index z we obtain is 1.79 which is
within the range of known possible'? and approximate
values.!! The various critical indices are found to
agree with the known scaling laws. It seems equally
important to us, with an eye to eventual comparison
with experiments, that we are able to calculate vari-
ous physical quantities over a wide range of tempera-
tures, times, and distances. The calculated magneti-
zation and susceptibilities are in excellent agreement
(see Sec. VI, Figs. 4 and 5) with known results over
a wide range of temperatures. Most surprising is that
our simple theory reproduces the maximum in the
static structure factor at temperatures above the criti-
cal temperature pointed out by Fisher and Burford!?
(see Sec. VI, Fig. 6).

We do not believe that this paper is the last word
on perturbation theory calculations within the
RSDRG. Indeed we know of more systematic ways
of proceeding. These very systemative procedures
are rather technically involved and to some degree
hide some rather important general features associat-
ed with a quantitative application of the RSDRG.
Consequently this more sophisticated analysis will be
presented elsewhere. In this paper we will follow a
more pragmatic and straightforward approach.

In Secs. II and III we describe the form of the KI
model that we have studied and briefly review the
RSDRG formalism. In Sec. IV we introduce the for-
mal structure necessary to relate correlation functions
on the original lattice and those defined on the coarse
grained lattice. We also look at these interrelation-
ships using a very simple approximation scheme.
Some of the insights gained in this section are then
used in Sec. V to develop a perturbation theory ex-
pansion for explicit implementation of the RSDRG
that we believe will lead to quantitative results at low
order. In Sec. VI we explicitly discuss the result of a
direct calculation of various physical quantities.

II. RSDRG AND THE KINETIC ISING MODEL
A. Kinetic Ising model on a square lattice

Let us consider a system of N Ising spins set on a
two-dimensional square lattice. Let / label the lattice
sites and let o stand for a given spin configuration
o=lo, 09 ...,0,...,0x8). The equilibrium
probability distribution for this system is assumed to

be given by
Hlal
7 ,

e

Plol= 2.1)
where H [ o] is the Ising Hamiltonian (multiplied by
—B) and Z is the partition function. The Hamiltoni-
an can be written as

P
H[or]=-5- 33 0048, 2.2)
jm | gl

where K is the nearest-neighbor coupling constant
and the 8’s are basis vectors connecting a spin at site
i with its four nearest neighbors (see Fig. 1).

We assume that the dynamics of our system is
driven by a spin-flip operator (SFO) D, such that the
time dependent spin-spin correlation function is given
by

c,(0=3Ploloe s, . (2.3)

The various properties of the operator D are dis-
cussed in Sec. II of Ref. 3. In this paper we consider
a one-spin flip operator of the form given by

D[U‘l(]"]='—% zAfri]a_/m[U'](T,'O'," , 2.4)

where « is an inverse spin flip time; A(‘r""v, sets
o;=o; except at lattice site /, and W;[o] is essential-
ly the spin-flip probability. The form of W;[o] is re-
stricted by stationarity and detailed balance conditions
[see Egs. (2.16) and (2.19) of Ref. 3] and demands
of locality. In this paper we consider a W,[a] of the
form

~0,E;lo]

Wilol=e Vilel , (2.5
where
E,[U'} =K E(Ti+5a (26)

is the coupling of the spin at site / to its environment.
The factor V;[¢] in Eq. (2.5) is required to be in-
dependent of the spin at site i. We will also assume
that ¥;[o] is a symmetric function under interchange

FIG. 1. Basis vectors on the original o lattice.
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of the four nearest neighbors about the spin at site /.
The spin configurations formed from the four nearest
neighbors of the spin at site / that are symmetric
under interchange are

o.is=zgiﬂn , (2.7a)
a
of'= 2 Ti+s, Ti+d, . - (2.7b)
a
1
(T,'”"="2‘ Z(T;+8a()'i+5a+2 , (2.7¢)
a .
r
o= 20‘i+aa_,0'i+xsa(7i+aa+l . (2.7d)
a
of= Ti+s, _ Ti+s, Ti+s, , \ Ti+s, ., - (2.7¢)

1, 0% o" o™, o, and of form a closed set under
multiplication. This means that any function of these
symmetric functions can be expressed as a linear
combination of this complete set. Then since V;[o]
must be an even function under flipping of all the
spins we have

Vilal=Vy(1+b,o/+ b0+ bsof) . (2.8)

The ‘‘dynamic” parameters Vy, by, b,, and b3 are
free up to the constraint that system is locally stable.
It is straightforward to expand the exponential factor
in Eq. (2.5) in terms of the set of functions defined
by Eq. (2.7). It is then a simple matter to multiply
this result times V;[o] to show that W;[o] is gen-
erally of the form

Wilol=1+4 0,0/ + A0 +A4;0/"
+A3(T,‘(T,‘T+AA(T,'C » (2.9)

where the constants A4; can be expressed in terms of
the b’s and K. Note that any overall constant can be
included in a.

Under our first-order RSDRG analysis we wii! find
that we generate a coarse grained W, of the same
form as Eq. (2.9) above, but with

Azl =A3==A4=0 .

An easy calculation reveals that the spin-flip probabil-
ity

Wilol=1+4+A4,0,0f+A0" (2.10)
satisfies the stationarity condition if we choose

Ay=—7 tanh2K (2.1

and
A2=A|2

This particular form for W,[o], which we call the
““minimal coupling’ form, is very convenient since it
involves only next-nearest-neighbor couplings (note
that the general W;[o] involves third and next-

nearest-neighbor couplings). In our detailed calcula-
tions later in the paper we assume that we start with
the minimal coupling operator.

III. REAL-SPACE DYNAMIC
RENORMALIZATION GROUP

A. Basic formalism

Let us briefly recall some of the fundamental
results for the RSDRG. The basic idea is to intro-
duce a coarse graining transformation T[u|o] which
projects a set of spins o onto a new set of Ising spins
p defined on a lattice with a lattice constant s times
larger than that for the original lattice. The equilibri-
um probability distribution describing the new set of
spins is related to the old distribution by

eHlul

V4

Plul =3 PlolTlulol , 3.1

where H[u] is the new Hamiltonian governing the
coarse grained spins. In order that the partition func-
tion be invariant under this transformation we re-
quire that the mapping function satisfy

S Tlulal=1 . (3.2)
m

In treating dynamic problems we want to have a pro-
cedure for determining the new spin-flip operator
governing the time evolution of the coarse grained
spins. In order to avoid very unpleasant non-
Markovian effects and in order to obtain a new spin-
flip operator of qualitatively the same type as we had
before renormalization we introduced the eigenvalue
condition?

D,Tlplel=D,Tlulo] , (3.3)

which leads to a self-consistent determination of the
new spin-flip operator D~M and the mapping function
Tl{ulo]. Note that D, is the adjoint of D,. This
equation must be supplemented by the normalization
condition

EP{O']T[;LIO']T[,M'M]=8“'“,P[p.] . (3.4)

The implications and benefits of the eigenvalue equa-
tion formulation of this problem are discussed in de-
tail in Ref. 3.

In the problem we investigate here we want to in-
troduce block spin variables associated with cells par-
titioning the original system. We will use the simple
division shown in Fig. 2 where we put four spins in
each cell and locate a block spin (specified by an X in
Fig. 2) at the center of a cell. Let us assume that the
center of the /th cell is labeled by a vector T, and
each spin in that cell by basis vectors E,
(a=1,2,3,4) as shown in Fig. 2. Then each spin is
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° ° ° ° ° ° ° °
X X X X

° ° ° ° ° ° ° .

° ° t)2 2 ° ° ° .
X 'r',-» b1 X X

° ° b3 b4 ° ° ° °

° ° ° ° ° ° ° °
X X X X

° ° ° ° ° ° ° °

° ° ° ° ° ° ° °
X X X X

° ° ° ° ° ° ° °

FIG. 2. Basis vectors connecting block spins (denoted by
%) to o spins (denoted by dots).

labeled by the set (i,a). The nearest neighbors of
the spin (i,a) in the same cell are given by (i,a +1)
and (i,a —1). The nearest-neighbor cells are labeled
by the set of basis vectors 8, shown in Fig. 3. The
nearest neighbors of (i,a) outside of cell i are given
by (i +8;,a—1) and (i +8,_;,a +1) (see Fig. 3).
We will use the abbreviated notation o, for a spin in
cell / at site E,,.

B. Zeroth-order theory

We want to solve Eq. (3.3) approximately in a per-
turbation theory expansion where we treat the case of

(i,a+1)
(i) (i+83)
X X
(i,0-1) (i,a)  (i+8g,0+1)

(i+8g-1,041)
[ ]
(i+80-1)
x

FIG. 3. Specification of nearest-neighbor block and o
spins with respect to a o spin at site (i,a).

uncoupled cells as our zeroth-order approximation.
Ignoring any coupling between cells we have a
zeroth-order probability distribution

Polol=e"""z, | 3.5)
ZO=2eH0lol ’ (3.6)
where
Ho 3 Hiy - (3.7
H) = zKl)o'i,ao'i,aH . (3.8)
a

We allow for the possibility that the intercell coupling
for a system of uncoupled cells may be different than
that for the coupled system (K, K). The cell aver-
ages that will enter into our analysis are

1- 12
= P[ ] i i = . Lo -=—
r ; 0L010a0ia+1 (o'l.aal,a+l>0 1+6Y0+Y02
3.9
1-Y3)
R WO Lt LA 3.10
$ = {ThTian)o= Ty (3.10

—4K
where Yo=e °

We assume that the appropriate ‘‘cell”” SFO is of
the form

Dylola'l=3 (A )Dolalo’] G.11)

where AL’"G, sets o =o' at all sites except those in the
ith cell, and
Dylolo’] =—%‘l gAggg,a,.,,,a,j, wialol ,  (3.12)

where

wialal=1 +100a(Tigr1 + 0i01) +J20,041010-1 .

(3.13)
The condition that Py be invariant under time
translations, DJPylo]1=0, is satisfied if
Ji=——2 (1 +Jy) (3.14)
! 1+ud 2 ’
where
H()'—-—'-tal'lhK() . (3.15)

In this most naive decomposition of D, into intercell
and intracell contributions one would directly identify

a=a , (3.16a)
aodi=ad; (3.16b)
apdy=ads . (3160
Ko=K . (3.164)
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This identification implies simply cutting any bonds
in Eq. (2.9) connecting different cells. A main point
we intend to make in this paper is that this naive
identification of D~2 is not sufficient for developing a
quantitative theory. It will be necessary to develop
more sophisticated methods for determining the
parameters ag, J,, and J,.

Note that in general W{* [o] could contain the
additional couplings J30,0 442, J40442(0a41+ 0a-1),
and Js0,0,410,+204,-1. We will not consider this
more general form for W{*® [o] in this paper in
view of the form of Eq. (2.10).

The solution of the zeroth-order eigenvalue prob-
lem

DoTolulal=D2T lulo] (3.17)
has been dicussed in Ref. 3. We easily find that T is
of the form

Tg[#|0]=HT(§” (ulol . (3.18)

To find T{§" it suffices to solve the eigenvalue equa-
tion

D'yim(a) ==rp " () (3.19)
and we then can choose
T [/L|0']=%[1+u,-w,“)(tr)] . (3.20)

where ¢, is the odd eigenfunction g correspond-

ing to the smallest nonzero eigenvalue A\;=\. The
associated coarse grained SFO is given by

a$ ’ A i ’

Dolulu ]=—7 IZAL_‘“,,L,-,L,- . 3.21)
We solve the eigenvalue problem Eq. (3.19) in the
Appendix and show that

l‘l,'“)(ﬂ')=N(0',’s+/,0','T) , (322)

where N and f are functions of J, and J, and given
by Egs. (A15) and (A16). It is easy to show that in
this approximation we can evaluate the sum in Eq.
(3.4) to obtain

Polul=—1 | (3.23)
2N

where N'=N/4 gives the number of éells and

gl’g[a]To[p«lG]To[p'la]=6“.“,Po[p] (3.24)

so that the normalization condition given by Eq.(3.4)
is satisfied.

The form for Tolu|o] given by Egs. (3.18),
(3.19), and (3.22) is identical to that used in a
number of RSRG calculations. We know from the
work of Kadanoff and Houghton,'® and Barber'* that
a good ‘‘choice” for the parameter f (near the critical
temperature) is f ~ —% for the square lattice. In
particular, this choice for f leads to good first-order
results for the thermal eigenvalues.

The choice _f'=—% for the square lattice is analo-
gous to the majority rule choice for triangular lattice.
Thus with f=-—% and N =% one has

lulo] =6“’Sgn(vs,, ogt#Z0 .,

(3.25)
Tlulo] =%. =0 ,
where o is the sum of the four spins in a cell. Un-
like the majority rule for the triangular lattice this is
not a possible 7° within the constraints of the
RSDRG because it does not satisfy the normalization

condition given by Eq. (3.24). If one fixed f=—%

then the normalization condition (3.24) requires that

3

N=2[2(5+4,__S)]1/2 (3.26)

which ranges between 3/2/10 at high temperatures
and -;— at low temperatures.

We see in the case of the RSDRG that N and f are
fixed once we specify the parameters J, and J,
characterizing the cell SFO.

C. First-order'RSDRG calculation

As explained in Ref. 3 in carrying out higher-order
calculations, rather than solving Egs. (3.3), (3.2),
and (3.4) directly, in practice it is easier to first solve
an auxiliary eigenvalue equation

D,Tlulel=D,Tlulol , (3.27a)

where T [ulo] satisfied the normalization conditions

3 PololTolulal Tin' o] =5, Polu'] (3.27b)
We then perform a rotation in u space

Tlulol=3Slulp'1Tu o] (3.28)
w o

such that Tlu|o] does satisfy Eq. (3.4). We must
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simultaneously rotate the eigenvalue 5“:

Diulp'l=3 SlplglDIalz'1s & 1] .

e

(3.29)

After performing the rotation, we have then con-
structed the full solution to Egs. (3.3), (3.2), and

D" plp1Plu'l= 3 Pola 1 Tolu'lo 10, Tolplo]

_ﬁ [l ' ' o li
T IZA“_“'M:‘IL/'PO{M 1- 3 ;;A“,

where
AU =2a(W +24 W, +4,Wy) —\ , (3.33)
Ri=v(gA,+3A,) , (3.34)
R2=121WA2 , (3.35)
and
v=Ao "N o=N{1+2r+s+2f (r+s)] , (3.36)
q=(oaby;")o=2N11+/ (s +2r)] , (3.37)
G=(oa MUY =2NTr +£(r+29)] ,  (3.38)
W= (p'VAp Y e=2NIv+3fvi] , (3.39)
Wi= (gAY o0, £1)0=2NIv(1 +2/) + fvs] ,
(3.40)

Wi= (VAP 00410a-1)0 =2N[v3(14+2f) +vf] |

(3.41)
v3= (" o,0.410442)0
=N[2(r+s)+f(Q2r+s+1] , (3.42)
and
AV =y V(o) = ¢V (a;—0a,) (3.43)

where ( ), indicates an average over Polo] and r
and s are defined by Egs. (3.9) and (3.10).

A rather involved calculation leads to the result
that the rotation S [u|u’], evaluated to O (¢), leads
to no change in D [u|u'] and we obtain

Diulw'l1=Dlulp'l . (3.44)
Notice then that
Diulp'1=Duln'l +eDV[ulu'] (3.45)

is of the minimal coupling form given by Eq. (2.10)
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(3.4). Quite generally, we can assume that S [plu"]
is symmetric. If we write

~1

D,=D.=ebl, | (3.30)

where € is an ordering parameter we set equal to one
at the end of the_calculation, then the first order in €
contribution to D [ulu'] is given by

(3.31)
] ’ o 1 ’
“'(RIMMHB; +R2l‘«i#«iﬂ-,+5;#,+5;_l)P0[M 1, (3.32)
]
with new parameters
R
4 =124 0() (3.46)
R
4;=22 40 (3.47)
o =2a(W +24, W+ A4,W,) =X , (3.48a)
r=Aa . (3.48b)

We easily see however 4; #= (4 )? as required if the
Hamiltonian is given by Eq. (2.2).

What is happening here is that new static interac-
tions are being generated by the renormalization
group (RG). The symmetry of the problem dictates
that we must generalize our initial Hamiltonian to in-
clude a four-spin coupling:

H =£2‘ PTG +—[;‘- Suin’G) . (3.49)

The stationarity condition with this Hamiltonian gives
rise to

A{=—7tanh2(K'—L") , (3.50)
. 1]2tanh2(K'—L")
Ay=—|——"7F77—-—--1}, 351
: 4[ tanh4(K'+L") (3.3
which can be inverted to obtain
ol (1=247) L (1+44) —4a]
K'=—=1 = Inj|—————1] , (3.52
8[" Tv247 ) T Traasvaag )| G52
1 1=240) | [1+44}—44;
JA TP Rl Buh it | g
8[ M 247 |72 T +4a; +4a]
(3.53)
We can then use the equation
DOP[ul =—D WPyl (3.54)
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valid to O (€), to compute the first-order contribu-
tion to Plul as

Pipl=Polul 33 5K minise, (3.55)

i a
where the renormalized coupling is given by

—eaR 1

K'= +0(€?) (3.56)

and
L'=0(€) . (3.57)
If we insert Egs. (3.46) and (3.47) into Egs. (3.52)

and (3.53) and expand to lowest order in € we regain

Egs. (3.56) and (3.57).

In summary, to O (€), we have the recursion rela-
tions (3.48) and (3.56) and the renormalized 15” is of
the minimal coupling form. It is quite important to
realize that these recursion relations depend on the
intracell parameters «, J,, and J, which we must
now determine.

IV. CORRELATION FUNCTIONS AND THE RSDRG

A. General development

In this section we discuss how to compute dynamic
correlation functions within the context of the
RSDRG. It is this aspect of our formalism which we
believe is of particular interest. We are able to calcu-
late arbitrary space and time dependent correlation
functions over the entire temperature range. Close
J

to the critical point, the correlation functions calculat-
ed show the usual critical divergences with exponents
that satisfy the proper static and dynamic scaling laws
and coincide with the exponents deduced directly
from the recursion relations

We are interested in calculating a general time
dependent function of the form

Coa(D =3 PlolB(a)e "4 (o) . @.1)

Here, 4 (o) and B (o) are arbitrary operators de-
pending on the o spins. Alternatively we can look at
the Laplace transform

Cu(z) =3 PlolB(a)R(z)A(a) , 4.2)

where R (z) is the resolvent operator

R(z)=(z—=iD,)™" . : 4.3)

We wish to express the correlation function (4.1) in
terms of correlation functions of the new spins w.
For a given transformation T[u|o ], we define the
“‘coarse grained variables’ 4 () associated with
A(o) by

AwPlpl=3PlalTluleld (o) . (4.4)

Notice that the average of 4 () in u space equals
the average of 4 (o) in o space, i.e.,

2A(u)P[p.]=EA(0')P[a'] . 4.5)
" o

Next, we introduce the projection operator ®in o
space, defined by

P4 (o) =3 TlulolP ' [u] JPIGITIkITIA(T) =3 Tlulold (u) . (4.6)

» T

It is easily seen that ®is indeed a projection operator,
since®?=@®. Notice that this requires enforcement of
the normalization condition given by Eq. (3.2). The
projection operator selects that part of a given vari-
able 4 (o) which will be mapped onto the ‘‘coarse
grained’’ variable 4 (u). If the RG transformation is
so defined that it maps the slower degrees of freedom
in o space onto the new variables in u space, the
projection operator will select the slow part of a given
variable in o space. As an illustrative example take
for A (o) a single spin o,, and compute ®4 (o) to

J

Cos() =3Pl [P+ B (o)1 @ +2)4 (o)

I
lowest order. It is easily seen that

Coio=vy!"(a) , ‘ 4.7
where ¢! (o) is the slowest eigenfunction in cell /,
and v=(y;" () 0;4)0. The associated coarse
grained variable in u space is simply

Alp)=vp; . (4.8)

We now introduce also the complement of p in the
usual way

Q=1-0 . (4.9
and rewrite the correlation function (3.1) as

== zp[a][@B(o)]ebvbA (o) + zpla][QB(a)]e5°’9A (0)=Cap(1) +Cup(t) . (4.10)

The additional ‘‘cross terms’’ are readily seen to vanish. Now, the basic idea is to treat iteratively the long range
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(in space and time) part of C,5(f) (i.e., C4g) but to treat perturbatively the short-range part, C,5(1). C4g(1) can

be written as

Cig= ZP[O'][G’B(U)]eE"I[(PA (o)]=222Pl0]T[ulcrlB(u)é’b"'T[u"olA (n') =EP[MB(M)€’D“'A (n)

a'uu’

where we have used

gP[O']T[p.lcr]eﬁ"’T[p,'hr] =e5“'8‘m,P[/.L] . (4.12)

The important point is that C’ is the same correlation
function as C, but for the coarse grained variables
and the coarse grained D, while C represents a
correlation function for the short-range parts which
can be assumed to be amenable to perturbative treat-
ment. Equation (4.10) is then a recursion relation
for the correlation function. At each step C4p is re-
expressed in terms of correlation functions of func-
tions of the new spin variable and C,5 which is
evaluated explicitly within perturbation theory.
These calculations will be discussed in Sec. VI.

B. Spin-spin correlation function

We now specialize to the case of interest, where
A (o) and B (o) are spin variables. We want to
compute

bt
C‘a;j,al(,)=§P[a-]8(ri’ae Sa-j,al (413)

with
80 ,a=0ia—(0;q) . 4.14)

To lowest order in perturbation theory, the projection
of a spin variable is given by Eq. (4.7), and the asso-
ciated coarse grained variable by Eq. (4.8). For the
short-ranged part we have

Qo a=1=-Co, =0, — vy (o) . 4.15)

Expanding o;, in the complete set of cell eigenfunc-
tions of the cell-dynamical operator we obtain

Q0= (1=8,,)v, /" (o) (4.16)

with

va= {00 (a))o . 4.17) -

Note that only the odd-parity eigenfunctions contri-
bute to Eq. (4.16), and that v,=v. Using the ortho-
normality condition

W)™ () Yo=8pmy (4.18)
we obtain, combining Egs. (4.10), (4.11), and (4.12)

®

(4.11)

—
the recursion relation

Ci.a:j,a'(r) = VZCI':/'(t’)

+8,; 3 (18, v (a)v,(ade ™",

4.19)

where C/;(¢') is the spin-spin correlation function for
the w spins evaluated at t' = At and with dynamics
governed by the SFO D, =D,/A. Thus we have re-
scaled time so that D, and D, have the same time
scale a~!. Note that Eq. (4.14) satisfies the equal
time condition for the same site correlation function

Ci.a'.i.a(r =0)= <(ri,a0'i,a> =1, (4.20)
since

3 lvaa)2=1 . 4.21)

n

This is due to the completeness of the cell eigenfunc-
tions.
Equation (4.19), or its Laplace transform

C,p (D= (W/B)C()

vila)v,(a")

Ztin, » (4.22a)

+8,, 3 (1—5,))
n

Z'=z/A (4.22b)

are the basic equations of our approach. From them,
together with the recursion relation for K and «, dis-
cussed in the next section, we can obtain arbitrary
static and dynamic correlation functions by iteration.
For computing static correlation functions, we simply
set t =0 in Eq. (4.19). Defining

X ’=<80-i‘080-j.a’> B (423)

ha.ja

we have from Eq. (3.19)

Xogiia' =VXi;+8,; 3 (1-35,)via)v,(a’) . (4.24)
n
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We can rewrite Eq. (4.24) by noting that

Svila)v,(a') = (040 ,1)0

=9 ,+r(8 ' +d )+38
a,a a,a +l1 a,a —I|

aa'+2 '

(4.25)
where r and s are given by Egs. (3.9) and (3.10).
These expressions for single-cell averages follow
directly from a probability distribution of the form
given by Egs. (2.1) and (2.2). Replacing in Eq.
(4.24) we obtain

+

ia.j -1

I
X, al—V Xi’j+8i’j[aa,a’+r(8a,a’+l+60,al )

+s8 . —v] (4.26)

a.a'+2
and in particular, for the static susceptibility

1
X=— 2} Xiasa - (4.27)
ﬂ,ﬂl
we obtain the simple recursion relation

X=4v3(X'—1)+1+2r+s . (4.28)

C. Correlation functions and
recursion relations

We now come to a very important point: the form
of the recursion relation K'(K) determines the as-
ymptotic behavior of the correlation functions. In
particular, the fact that away from the critical point
the correlation functions must decay exponentially
“with distance places serious restrictions on the form
of the recursion relation for the parameter K.

To see how this comes about consider the correla-
tion function for two spins separated by a distance R
along the x or y axis. Let us first discuss the high-
temperature phase. We have from Eq. (4.24)

(goor) =vi{pmomrys) » (4.29)

where s is the length rescaling parameter (s =2 in
our case). Taking R =s", we obtain after iterating
Eq. (4.29) n times a nearest-neighbor correlation
function

n—1

(0'00'R> = H VZ(K,*)

i=0

(mom1)n - (4.30)

Here, K, is the coupling after / iterations. The
nearest-neighbor correlation function {uou), is
evaluated with the coupling K,. At high tempera-
tures, we have the lowest-order contribution in a
high-temperature expansion

(Mom)n =K, .

In general, v(K) will go a nonzero constant in the
high-temperature limit so that the first factor in Eq.
(4.30) depends algebraically on R:

n—I1
H)vz(x,)zw(onum . 431)

To obtain exponential decay with distance we need
therefore:

K, ~ K& =(K)" (4.32)

so that the recursion relation at high temperatures
should be

Ky =akK;$ . (4.33)

Recall that the usual cumulant expansions give K, 4
proportional to K, at high temperatures so that a dif-
ferent expansion procedure has to be used to obtain
the correct limiting form [Eq. (4.33)].

In a similar way, by using the low-temperature ex-
pansion result

(3podpi), e n (4.34)

we can show that to obtain exponential decay for
(80¢dog) at low temperatures, we need

K, ~ RK =s"K, (4.35)

so that the limiting form at low temperatures should
be

Kpsr=sK, . (4.36)

We conclude therefore that acceptable recursion rela-
tions must interpolate smoothly between the °
behaviors (4.33) and (4.36).

V. SINGLE-CELL PROBLEM

An important step in our analysis is the choice of
the zeroth-order operator D_, given D,. In Refs. 3
and 4 we treated the interaction between cells in the
Hamiltonian as a perturbation. Since the Hamiltoni-
an, in that case, appears in an exponential within the
SFO, the SFO depends on the perturbation expan-
sion parameters at all orders. The decomposition Eq.
(3.30), which we use here, avoids these problems.

We pointed out in Sec. III that in order to develop
a quantitative theory the ‘‘bond cutting’’ determina-
tion [Eq. (3.16)] of the cell parameters aqg, Ko, J, is
inadequate. Our task in the present section is two-
fold: first we must find the eigenvalues and eigen-
functions of DY, in terms of ag, J,, and J,; and
second, we must choose or determine the parameters
ag, Ky, J; in terms of « and K. The first is done, for
the odd eigenfunctions, in the Appendix, in which we
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make extensive use of the methods developed in Ref.
4,

The second question is more complicated. A de-
tailed discussion of a systematic way of determining
the cell parameters in perturbation theory will be
given elsewhere.!> For the purpose of this paper,
which, as stated in the Introduction is to show how
the correlation functions are calculated, we will sim-
plify matters by choosing the cell parameters K, o,
J, [note that J, follows from Eq. (3.14)], in the
manner described below. We shall be guided by the
principle that the cell parameters should be chosen in
such a way that the short-distance correlations are
well described. While doing so we must also consider
the recursion relation for K and its implications for
the asymptotic behavior of the correlation functions.
As we have seen in Eqgs. (4.33) and (4.36) their
asymptotic behavior requires (for s =2)

K'=aK? (K <<1) , (5.1a)
K'=2K (K>>1) . (5.1b)

A standard cumulant approximation on a square
lattice satisfies Eq. (5.1b) but not Eq. (5.1a), so, one
does not find the correct exponential decay in the
disordered phase. In our analysis K'(K) is given by
Eq. (3.56). That relation depends on «g, as yet un-
specified. OQur strategy in this paper shall be to find
another equation for K'(K), satisfying Eq. (5.1) and
then determine agy by using Eq. (3.56). We will ob-
tain the new relation from the correlation function
equations discussed in the last section. As the tem-
perature changes, the recursion relation must interpo-
late between the two known limits. A natural vari-
able to introduce is

d=eXtanhK . (5.2
Then, the recursion relation
¢ =¢? (5.3)

gives a proper interpolation. This gives us a large
hint on how to proceed. If we define €(n) as the
two-spin static correlation function for spins separat-
ed by # sites along the x or y directions, we have,
(for n > 1) from Sec. IV, €(2n) =v%€'(n). The ratio

e(4) _ €(2)
e(2)  €(2)

gives a relation between K and K'. In one dimension
this definition of K'(K) coincides with the result of a
decimation transformation. In our case, one cannot
explicitly solve for K'(K). We instead have used the
high-temperature results for e(#n) to determine the
coefficients {a;} in the expansion

(5.4)

o' =¢2+ f;a,h"+3 , (5.5

i=-0

where h =e *AtanhK. The results of this analysis
give ag=—4, a;=-42, a,=-396, a;=-3750, and
the fixed point properties tanhK,=0.4150 and ex-
ponent v™'=y;=1.011. These compare quite well
with the exact results tanhK,=0.4142; v~'=1.
Thus, it is seen that the corrections, to ¢'=¢? in Eq.
(5.5) are small near the critical point. If one defines

fu)y=(¢>—¢')/¢? (u =tanhK ) one finds that

f (u) has_a maximum of 0.195 for ¥ =0.10 and de-
creases rapidly away from its maximum: f (u)
=0.02 for u > 0.32. The relatively larger value of f
occurs away from any fixed points: one has

S (u)>0.1 only for 0.03 < u < 0.2, and

f (u.)=0.004. Therefore these corrections have

only a small effect on the iteratively computed values
of the correlation functions. If we look at the effect
of the correction terms on the critical indices (the
method of analysis is presented in the next section)
we find, for example,> 8=0.1215, z =1.796 with the
full recursion relation (5.5) while 8=0.1219,
z=1.791 for ¢' =2 That is, the correction terms
given by f (u)¢? near the transition [as reflected in
the dependence of 8, z, and T, on f (u)] are of or-
der 0.3%. Therefore we will, for simplicity, use the
recursion relation ¢’ = ¢? in our numerical work. We
believe, however, that the general form of Eq. (5.5)
and its range of validity merit further study.

Having done this, the condition that the recursion
relation Eq. (3.56) coincides with that obtained from
Eq. (5.5), as discussed above, determines the func-
tion a(K,KJ,). This procedure nicely decouples
statics and dynamics.

Next, we specify Ky and J,. The nearest-neighbor
recursion relation

6(1)=§+V§e'(1) (5.6)

gives the behavior of K, at high temperatures
Ko=2K (5.7

to lowest order in K [ r is defined in Eq. (3.9)]. A
similar analysis shows that Eq. (5.7) gives also the
low-temperature behavior of K,. Consider next the
parameter J,. This is analogous to the parameter &
of the second model in Ref. 4. In analogy with that
example, it is reasonable to require that Tolulo]
reduces to the majority rule at low temperatures.
This implies f =—5, J;=1as K —oo. As K —0,
we expect that J, goes as K§. We have used the sim-
ple interpolation formulas

Ko=2K — (tanh’K )/8¢q , (5.8

J,=tanh?(2pK,) , (5.9)

and determined p and ¢ simultaneously by demanding
that €(1) calculated from Eq. (5.6) yields the exact
result €,(1) =+2/2 at T =T, and that «, be as close
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to a as possible at 7,. This gives p =0.434 and
g =0.38. The operator Dy, and the recursion rela-
tions are then fully specified.

While the above determinations are not free of cri-
ticism, we should point out once more that our objec-
tive here is the evaluation of the correlation func-
tions, for which purpose the standard cumulant ex-
pansion is wrong. Rathér than choosing our zeroth-
order SFO by arbitrary bond cutting, it is clearly
better to choose its parameters from the short-range
recursion relations such as Egs. (5.4) and (5.6) which
would clearly be botched up by bond cutting. We do
not claim the details of our treatment to be defini-
tive, but only that they incorporate a number of
necessary physical principles which must go into the
calculation of the static and dynamic correlation func-
tions.

Results for these correlation functions are present-
ed in the next section.

VI. RESULTS AND DISCUSSION

The spin-spin correlation functions can now be cal-
culated by iteration of the first-order recursion rela-
tions given in Sec. [IVB. We use, at each iteration,
the cell operator parameters obtained according to the
prescriptions developed in Sec. V. That is: given the
initial value of K, we obtain K, aq, and J, as func-
tions of K. The new coupling K'(K) follows from
the recursion relation Eq. (5.5) or Eq. (3.56). The

0.8 —

0.7

0.6 — -
05 — ]
04 ]
03 [~ n
0.2 .

ol 7

0 Lo
02 03 04 05 06 07 08 09 10

u
FIG. 4. The spontaneous magnetization obtained in this

work. [u =tanh(K).] Itis virtually identical to the exact
result, see Ref. 16.

new local parameters ag, K¢, J, can then be ob-
tained. The odd eigenvalues of D’ are calculated at
each step.

Let us consider first time-independent quantities.
Consider, for example, the magnetization per spin,
for which the recursion relation is readily found to be

M=vM' (6.1)

Iteration of this recursion relation produces

M=y, ... vy (6.2)

It is easy to see that v=1 at T =0 and v=% at
T — oo. Since we always have K' < K at T > T, and
K'> K at T < T, we immediately find that M =0 at
al T > T,and M — 1 as T —0. In detail, the curve
for M (T) in Fig. 4 is obtained. It is practically ident-
ical to the known exact result'® at all temperatures.
Near T,, the exponent 8 is found to be 8=0.122.
This result for M (T) gives a strong indication of the
soundness of our approximations. Further confirma-
tion may be found below.

In Fig. 5 we plot the magnetic susceptibility X,.ob-
tained by iterating Eq. (4.28). Our results are in ex-
cellent agreement with the most reliable series
results'>'7 at all temperatures above T, and are only
somewhat different below 7,. The critical exponent

0.4 0.6
tanh K

FIG. 5. The magnetic susceptibility. Solid curve is the
present result: dashed curve, series expansion results (Refs.
12 and 17).
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v=1.756 is within 0.4% of the exact result 1.75.

It should be emphasized that the values of these ex-
ponents are not built in by our procedure for deter-
mining the zeroth-order parameters.

As a final static result, we present results (Fig. 6)
for the correlation function C (g) for several values
of |§]| in the temperature range around 7T.. The re-
cursion relation for C (g) is given by the spatial
Fourier transform of Eq. (4.26). We compare our
results with those of Ref. 17. It can be seen that the
plots are extremely similar. We also note that our
results are obtained with considerably less computa-
tional effort than used in Ref. 17. We obtain a max-
imum at ¢ #0 for T > T, corresponding to devia-
tions from the Ornstein-Zernike theory. At T =T,,
we have extracted the exponent n given by

n=—Inv¥(T,)/In2=0.244 . (6.3)

It is excellent concordance with the exact result
n=t

These static results illustrate the importance of
satisfying the conditions [Eq. (5.1)] and of the proper
choice of the static cell parameter K, [see Eq. (5.8)].
It is well known that the standard cumulant expan-
sion.% in which Ko=K and Eq. (5.1) is not satisfied,
yields very poor results for M (T). The fact that our
static results are good is due to the careful treatment
of the static parameters, and also, in the cases of X
and C (g) to the retention of the inhomogeneous

200

150

Clq)
100

50

/7,

FIG. 6. Static correlation function C (¢) (g, =g,) vs tem-
perature for various wave numbers g,a. Solid lines: our
results. Dashed lines: from Ref. 17.

terms which are not important in the critical region
but necessary elsewhere. Of course, dynamic con-
siderations, such as those leading to the eigenvalue
Eq. (3.3) do not come into play here. Indeed, if our
purpose was to study only static properties we would
write, instead of Eq. (5.5), an equivalent equation for
the parameter f (which, together with K fully deter-
mines v, r, and s) and then define the transformation
Tlulo] via Egs. (3.20) and (3.22) without any refer-
ence to a dynamical operator. Equations (6.1),
(4.26), and (4.28) are, thus, uncoupled from the
dynamics, as they should be.

We now proceed to the dynamics. First, an
analysis of the recursion relation for a [Eq. (3.48)]
yields the dynamic exponent z =1.79. There is a
rather large spread of values for z quoted in the litera-
ture.'' Tt is not clear why this uncertainty in the
value of z exists. Our result is larger than the
rigorous lower bound z =1.75.1

In Fig. 7 we exhibit our results for the ‘‘same site”’
correlation function C; (1) = (o;o,;(¢)). At high tem-
peratures, this function decays quickly to zero with
time. As the temperature approaches 7, from above,
the decay becomes very slow, and, below T,, the
asymptotic value is M2 Not only is this the expected
behavior at all temperatures, but near 7, we have a
further check: C;(w) is sharply peaked at w =0 for
K ~K.. We have

C,',*(O)'—‘O)'\‘!K“_Kcl_" , (64)
Cilw, K=K ) ~w™* . (6.5)

From our calculated C;(w) we extract n =1.54, and
u=0.86. These results are in agreement with the
scaling relations'®

n=v(z+2—-d—-n) , (6.6)
p,=%(z+2-—d—n) , (6.7)

when we substitute the values of z and n previously

FIG. 7. Present results for the same-site correlation func-
tion (o;0,;(1)) vs at for several values of K. The dashed
horizontal lines correspond to values of M2.
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10

FIG. 8. The temporal Fourier transform of the same-site
correlation function at various temperatures (7 =a~1).

found from the direct analysis of the recursion rela-
tions. This is an important consistency check. The
function C;(w) is plotted in Fig. 8 at several tem-

peratures.

Finally (Fig. 9) we present the full correlation
function, C (g, ), for different values of ¢ and dif-

ferent temperatures. In particular one can see in Fig.

9 the effect on C (g, w) of lowering the temperature

TTTTTIT

(e}

o)

g
T

T T T TIrrr

Il llllllll I lllilllt L1l

1 Illllll

FIG. 9. The correlation function C (¢, w) vs o for the

values g, =¢, g, =0 and K indicated.
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from above to below T,, at constant g, as well as the
effect of changing ¢ at constant temperature. Results
can readily be obtained at any values of K, ¢, and o
by the use of the recursion Eq. (4.22) or its spatial
Fourier transform.

In the next four figures we consider the behavior
of C (g, w) in the neighborhood of T,. In Fig. 10 we
have plotted C (g, w=0) as a function of g, at
K =K, and K =K, +1073. As before, we find a peak
at finite ¢ for K # K.. At K =K, we have
C(gq,0) < g% (see solid line). This exponent
equals our calculated value of 2 +2z — %, in agreement
with scaling. In Fig. 11 we display C (¢, w=0) as a
function of |K — K. | for several wave vectors.

Again, C(g=0,w=0) < (K —K.)~'*"_ In Fig. 12
we have C (¢, w) vs w at and near T, for several
values of ¢q. The proper scaling behavior at ¢ =0 and
T =T, is exhibited: C(0, w) « =~ 2*2~1/z_ The value
of the exponent (slope of the solid lines in Fig. 12) is
1.98, in perfect concordance with the value obtained
from the exponents. In Figs. 10 to 12 ¢ is in units of
1/a. )

In the critical scaling region it is conventional'® and
convenient to, write the dynamic structure factor in
the dynamic scaling form

Clg )= i:;’; G 6.8)
T T
10° .
108 i
;} 10 =
(&)
108 -
109
103 10°©

FIG. 10. The correlation function C (g, w) vs

4(q =4x.9,=0) for =0 and several values of K. The
solid line is for. K = K, w=0; the dashed line:
K—-K,=—-10x 1073, w =0; the dot-dashed line:
K—K.=+1.0x1073, w=0.
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1 1
1074 1073
IK - Kl

FIG. 11. The correlation function C (¢, ) vs |K —K_|
for w =0 and several values of ¢ (¢ =4y.4, =0). The two
solid lines are for ¢ =0, w=0; the dot-dashed lines are for
g =m/2' w=0, and the dashed lines are for ¢ = w/28,
w=0.

1073

108,

107

104 l ! &
105 104 103 102
w

FIG. 12. The correlation function C (g, ) vs w for
several values of ¢ and K (g =4yx.qy =0). The solid line is
for ¢ =0, K =K,; the dot-dashed line is for ¢ = /28,
K =K,, the dotted line: ¢ =0, K —K,=1x 1072, the
dashed line: ¢ =0, K —K,=—1x1073.
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FIG. 13. The shape function f,(v) vs v for x = o (solid
line) and x =0 (dashed line).

where w(q ) is the characteristic frequency, f,(¥) is
the shape function, x =¢ ¢, and v =w/w(q). We
have determined f,(¥) in the limits x — o (critical

- regime) and x =0 (hydrodynamic regime). In the

case x — oo we have w, = Aq” and determine 4 by the
normalization condition, f,(0) =1. In the case x =0
we have w, =4 |K — K.|? and determine 4 by the
condition (see Ref. 19)

1
j;'dvf,,(a)=j; dvf, () . 6.9)

We see from Fig. 13 that f,(¥) is essentially
Lorentzian in both limits.

We conclude, therefore, that it is possible to use
real-space renormalization-group methods to calculate
the time dependent correlation functions of the kinet-
ic Ising model, and in particular, the correlation func-
tions and thermodynamics of the ordinary Ising
model. The key ingredients are the decomposition of
the initial variables (Sec. IV A) by means of projec-
tion operators which allows us to write the exact Egs.
(4.10) and (4.11); a careful treatment of the effective
couplings-in an isolated cell; and development of
methods for carrying out the RSRG that eliminate
unphysical memory effects and lead to the appropri-
ate spatial decay at large distances. Our results are in
excellent agreement with previously known results,
when these exist, and satisfy all expected scaling rela-
tions.
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APPENDIX

In this Appendix we work out the eigenfunctions
and eigenvalues of the cell operator given by Egs.
(3.11) and (3.13). The general procedure is essen-
tially the same as in the triangular case. For the
square lattice, we have 2*= 16 independent eigen-
functions, half of them even, half odd. We will solve
here for the odd ones. The even eigenfunctions can
be obtained in a similar way, but they are not needed

quantity o}?' is defined by 0}>) = 0,_10,0441.

The above equations have a ‘‘hopping’’ structure.
If we think of the four spins as located on a circle it
is clear that we can diagonalize our operator through
Fourier transformation. That is, the eight odd eigen-
functions must be linear combinations of the eight
functions -

¢|(q)=zef"“o-,, , (A3)
a
&;(q) = Ee""’mﬁ“ , (A4)
a
where the index ¢ is:
q=—”2—a”’—, n=0,1,23 . (AS)

Equations (A1) and (A2) yield
Dlol518(9) =—la(@)di(q) +b(ds(g)] , (A6)
P'lo|518:(q) ==[c (i (q) +d (@) ds()] , (AT

here. o0 where
Operating with D [o|co’] on all odd-cell spin com-
binations we readily obtain a(q)=ag(1+2J,cosqa) , (A8a)
b(q)=ao./2 » (A8b)
232 P =S R (3)
blolz17, aolog +J1(0an+ o) +/2057] c(g)=ay(4J,cosqa +J,) , (A8c)
(A1) )
o . d(q) = ay(3+2J,cosqa +2J,e7%2) (A8d)
D'lolF)e, =—aol30iP +J, Q2041 + 20, _ ) _ .
We now write the eigenfunctions in the form
+ a3+ ol y(q)=B¢,(q) +D¢3(q) . (A9)
+1,20 0+ 0], (A2) The eigenvalue equation
D’loldly(3) =—ry(o) (A10)
where a sum over barred configurations is under- is easily solved by the use of Egs. (A6) and (A7).
stood and the cell index / has been omitted. The The eight eigenvalues are
J
A(@) =3(a(g) +d(q) +mlla(q) +d(g)1*=4la(q)d(q) —b(q)c(D]}VD), =21 (A1)
and B and D are related by »
b(q)B(q)
D(q)=—""—F—
q r—d(q) (A12)
Using also the normalization condition
(lw(@) Py o=1, (A13)
we see that the eight odd eigenfunctions can be characterized by the label ¢, n and written as
U@ =Ny (D d:(q) + [ (D 3(a)] , (A14)
b(q)
(@)=——F7"7—, AlS
SO = —d (A1S)

No(@) =5 ([1+72(@)1[1+2r cosq +s cos2q ] +2f,(q)[s (1 +cos2q) +2r cosq1)™"/2 (A16)
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with
rE("'ao'aH)O ,

s = <0'a(7a+2)0 .

(A17a)
(A17b)

We find in practice, as we would expect, that the slowest odd mode corresponds to the uniform (g =0) case,
with p=—1. This is the function ¢_(0) called ¢! in the text, and the corresponding eigenvalue A_(0) is called

A in the text.
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