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%e discuss the theory of light scattering by surface and standing spin-wave excitations of a

thin ferromagnetic film with magnetiz ition parallel to the surface. The theory includes the in-

fluence of both exchange and dipol ir inter ictions between the spins, the effect of the dern &gnet-

izing field generated by the spin motion, and spin pinning;it both the upper and lower surface.
%e use the theory to carry out a series of numerical studies of the light sc'ittering spectr'i which

illustrate a number of general features of the sc&ttering process. We compare the results of the
calculations with the recent experiment il d ita of Grimsditch, M ilozemoff, &nd Brunseh.

I. INTRODUCTION

The study of the frequencies of standing spin
waves in thin films has given us insight on the ex-
change constants of ferromagnetic materials, the re-
normalization of spin-wave frequencies by magnon-
magnon interactions, and other intrinsic properties of
spin-wave excitations in magnetic crystals. It can also
provide information about the influence of a surface
or an interface on the spin motion, since spins locat-
ed in its vicinity may have their motion inhibited by
"pinning" fields of either extrinsic or intrinsic origin.

Until recently microwave resonance studies have
provided all of the data available on standing spin
waves in thin films. ' In these experiments, a sample
is placed in a cavity with a particular resonance fre-
quency, and the various spin-wave modes are swept
through the cavity resonance by varying an external
magnetic field.

Recently standing spin waves in thin films, ' and
also spin waves near the surface of thick samples'
have been probed in light scattering experiments. In
these measurements, a laser photon with frequency

(0)
coo, and vacuum wave vector k is directed onto the
material to scatter off of a spin wave inelastically„
with a shifted frequency ~, = mo+ 0, where 0 is the
frequency of the spin wave absorbed or created in the
scattering process. One measures the frequency spec-
trum of the scattered light, for a fixed value of the
Zeeman field. In the experiments of interest to the
present paper, the incident light is absorbed strongly
by the substrate, and the skin depth 5 is roughly 200

Under these conditions, where the optical skin

depth is small compared to the wavelength of light in

the vacuum, components of the wave vector normal
to the surface are not conserved in the scattering pro-
cess. ' Wave-vector components parallel to the sur-

(s) (0)
face are conserved, however, so we have k~~

=
k~i

+ Q~nr where the subscript denotes the projection of a

given wave vector onto the plane parallel to the sur-
(s)

face, Q and k being the wave vectors of the spin
wave and the scattered photon, respectively.

The spin-wave frequency 0 is very small compared
to either coo of Go . Under these conditions, all spin-
wave excitations {surface modes, bulk modes)
characterized by the same value of Q~~ scatter the in-

cident light in the same'final direction. Thus, the
light scattering measurement produces, for a single
value of the Zeeman field, information on a large
number of spin-wave excitations whose frequency
and, in principle, the linewidth can be followed «s a
continuous function of the magnetic field. The
method thus provides far more insight than that ob-
tained from resonance measurements, though with

present day I=abry-Perot spectrometers the micro~ave
cavity method offers far superior resolution.

This paper presents the theory of light scattering
from spin-wave excitations in thin films, within the
framework of a treatment that includes both dipolar
and exchange interactions in the spin system. We
have carried out a series of numerical studies of
scattering from standing and surface spin waves in

the film geometry, With the aim of elucidating the na-
ture of the coupling between the light and the spin
waves, and the factors that control the relative inten-
sities of the spin-wave features in the Brillouin spec-
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FIG. 1. Sketch of the transverse magnetization ~n+" {y)
associated with the standing spin-wave resonances of a thin
fijm in {a) the limit of zero pinning and {b) the limit of
strong pinning.

trum. 5 6 The analysis here can be regarded as an ex-
tension of the earlier work of Camley and Mills, ' who
explored the scattering of light by bulk and surface
spin waves in a semi-infinite geometry. The calcula-
tions presented here are the result of a more com-
plete consideration of the influence of the scattering
geometry on the light than that carried out earlier.
Consequently, we have also included some charac-
teristic of the phenomena present in the semi-infinite
case. We should note that Cottam has also discussed
light scattering from spin waves in films. However,
his theory does not include exchange interactions
between spins and the possible effect of spin pinning
on the light scattering. The former plays a crucial
role in the light scattering spectra of all the materials
which have so far been examined experimentally, ex-
cept for the europium chalcogenides, ' while the latter
is suggested to be important in some materials. ' Be-
fore we turn to detailed discussions, some introducto-
ry remarks which compare the light scattering and
resonance methods may prove useful.

In microwave resonance studies, the film is il-

luminated by radiation with wavelength of the order
of 1 cm. This is typically large compared to both the
film thickness and the width of the film. For metallic
films, such as we consider here, an important param-
eter is the ratio of the skin depth 8 to the film thick-
ness L. At microwave frequencies, in a material such
as iron, the skin depth is the order of 1 p, m; so
8 » L for film thicknesses in the range of a few
hundred angstroms. The microwave field is thus
spatially uniform within the film, to an excellent ap-
proximation. In this situation, spin pinning influ-
ences the mode intensities in a crucial way, as has
been well known for many years. . We illustrate this
in Fig. 1 where, for the case where dipole interactions
are ignored and only exchange coupling between the

spins is present, we sketch the distribution of
transverse magnetization m+(y) when spin-wave
modes are excited. In the limit of no pinning, the
boundary, condition reads9 [Bm+(y)/By] = 0 at both
surfaces. The lowest mode has wave-vector com-
ponents normal to the surface, kq ', equal to zero.
This uniform mode, labeled n =0 in Fig. 1(a), ab-
sorbs microwaves strongly, since all spins precess
coherently and with the same phase. The higher
modes have kq"' = nor/L, as shown in the sketch. In
the absence of pinning and when 5 » L, only the
uniform mode is observed experimentally since, as

I L
one can see I'rom the sketch,

, dy m+"' (y) vanishes
for all other modes. The integral measures the total
transverse magnetic moment associated with the spin
wave, and it is this quantity that couples to the spa-
tially uniform microwave field. In the opposite limit
of very strong pinning, the condition that m+ is to
vanish at the boundaries leads to the mode structure
illustrated in Fig. 1(b). The lowest mode has
kz" = n/L, and absorbs strongly. In fact, all modes
with kq"' = nor/L, where n is an odd integer will ab-
sorb microwave radiation, while those with n even

will. not since
&

dy m+'"' (y) vanishes for them.Jp
The above discussion shows that in microwave res-

onance, pinning influences the mode intensities in a
crucial way, and in fact in a uniform film pinning is
necessary for the study of the spin-wave spectrum of
the sample and one has to rely on the presence of an
extrinsic mechanism to render the modes visible. '

In practice, one is rarely in the strong pinning limit il-

lustrated in Fig. 1(b), but rather in a regime where
the spin motion in the surface is only partially inhi-
bited by the local effective fields, Then the allowed
standing-wave resonances have wave vectors perpen-
dicular to the surface given by kq"' = (nm +5„)/L,
with n =0, 1, 2, . . . , and 5„ is a phase shift that lies
between 0 and m, We have 8„=0 with no pinning,
5„=m in the limit of very strong pinning, and in the
intermediate regime one must understand the nature
of the pinning fields to know the values assumed by
kq"', ultimately this leads to uncertainty in the deter-
mination of the exchange stiffness constant D by mi-
crowave resonance methods, since the frequency
splitting between adjacent standing-wave resonances
of the film is controlled by the quantity D (kq"+"

k,'""). —
In the light scattering experiments, the driving field

has a qualitatively different spatial dependence, and
this affects the influence of pinning on the mode in-
tensities in a fundamental fashion. The electromag-
netic fields in the scattering experiments are nonzero
only within the optical skin depth, which is roughly
200 A for the ferromagnetic metals and alloys. For
typical films, we are now in the limit 5 « L, where 5
is the penetration depth of the exciting fields. For
the films used by Grimsditch et al. ,

' we have
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5,~/L =—0.25, as illustrated schematically in Fig. 1.
The matrix element for exciting a spin wave now as-

sumes the form Jt dy m+(y) exp( —2y/8), where
0

the factor of 2 enters because the nonlinear term in

the Hamiltonian which couples the light to the spin
motion involves the product of the incident and the
scattered electromagnetic fields. " It is quite clear
that when g/L « I, even in the limit of zero pin-

ning, all of the standing spin-wave resonances of the
film can be excited in light scattering measurements.
Thus, for well-prepared films with small intrinsic pin-

ning fields, it should be possible, in principle, to ob-
tain accurate values of D from the mode separations
in the light scattering method, under circumstances
where the allowed spin-wave frequencies may be ac-
curately computed. It is also clear, as the calculations
presented below will illustrate, that for values of 8/L
relevant to the experiments of Grimsditch et al. ,

' the
mode intensities are not affected dramatically by the
presence or absence of pinning fields, though as we

shall see, the presence of pinning leads to systematic
effects in the spectra.

The discussion above contrasts spin-wave excita-
tion by microwave and light scattering methods with

attention directed to the spatial variation of the excit-
ing fields in the direction normal to the film surface.
We now turn to the role of the spatial variation in the
exciting fields in the plane of the film surfaces. For
the purposes of these remarks, let the film be a
square piece of material with sides ot' length W, and
thickness L &( K

In microwave experiments, where the radiation is

incident normally on the film, the exciting fields are
uniform over the surface of the film. Under these
circumstances, we expect the wave vector Q~t of the
spin waves excited in the experiment to be equal to
zero. However, in practice, the spins can be strongly
pinned at the edges of the film, so with a uniform
field one may excite geometrical resonances of the-
film structure, with Qt = (nx+ my )m/II'where n and

m are integers. ""A very beautiful study of modes
of this character has been reported by Wigen and co-
workers for epitaxially grown yttrium iron garnet
films, '4 where they also present a most interesting
study of a mode crossing. A detailed discussion of
these modes is quite complicated, since the mode po-
sitions depend on whether the spins at the film edges
are fully or partially pinned. "

The light scattering method also excites spin waves
~(p) ~ (s)

with nonzero values of Q~~. If k~~ and k~~ are the
wave vectors of the incident and scattered photon
projected onto a plarie parallel to the film surfaces,

~(0) (s)
we have Q~~=+ (k~~ —

k~~ ), with the choice of sign
dependent on whether the spin wave is emitted
(Stokes process) or absorbed (anti-Stokes process) in

the light scattering event. We have ~Q~~~ =—10' cm '

for typical scattering geometries, so the modes excit-
ed in light scattering experiments always have

IQ~~I II && 1. Hence, the film may be regarded as

truly infinite in the two directions parallel to the film

surfaces, and the spectra are not influenced at all by

the presence or absence of pinning at the film edges.
Furthermore, as pointed out earlier' and as illustrated

here, the frequency of the surface modes and the
standing-wave resonances is sensitive to the angle
between Q~~ and the saturation magnetization M„
which has been assumed to be parallel to the surface.
The linewidths can be affected by the magnitude of
Q~~ for fixed direction, and this may be varied over a

considerable range by varying the angle of both the
incident and scattered radiation relative to the normal
to the film surfaces.

The above remarks illustrate that the light scatter-
ing method offers a new means of probing spin-wave
excitations in thin films, and takes us into a new re-

gime of parameters, It may appear from our discus-
sion that only standing-wave resonances are probed

by the method but as seen in the experiments, "we

also find an intriguing set of surface spin-wave modes
in the spectra, with intensity comparable to or larger
than the bulk spin waves. These surface modes,
called the Damon-Eshbach waves, have the curious
property that they are unidirectional in character, and

on a semi-infinite sample propagate only from left to
right across the magnetization, as one views the s am-

ple from above, It has been predicted recently" that
such nonreciprocal surface modes can propagate also
on the surface of antiferromagnets. The light scatter-
ing method offers a natural means of detecting these
modes, which lie in the infrared where absorption
spectroscopy is a poor way to detect surface excita-
tions, since the effective absorption volume is very
small,

To proceed further with our discussion, we must
turn to detailed calculations. In Sec. II, we describe
the calculation of the response functions that are cen-
tral to the discussion, and in Sec. III we briefly out-
line the details of the light scattering calculation.
Then in Sec. IV we present the results of our numer-

ical calculations. We remark that a brief discussion
of the same results of the film spectra have been re-

ported elsewhere, with emphasis on the comparison
between the calculated spectra, and new measure-
ments. 6

II. DESCRIPTION OF THERMAL FLUCTUATIONS
IN A FERROMAGNETIC FILM

We now discuss the general formalism of the
scattering of light from spin waves in thin films. In
this section we describe the method of calculating the
spectrum of spin fluctuations in the film, and in Sec.
III we deal with the coupling of light to the fluctua-
tions. The method we have used is in fact an exten-
sion of the earlier work of Ref. 7, which explores
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light scattering from spin waves near the surfaces of
a semi-infinite sample. Therefore, the discussion
here will be brief, though for completeness we
present the principal formulas with emphasis on the
new features that appear for the finite film.

The geometry of the light scattering experiment is
illustrated in Fig. 2. We consider a film with surfaces
parallel to the xg plane of a Cartesian coordinate sys-
tem, so that the y direction is normal'to the surface.
The magnetization M, is aligned along the z direc-
tion, and the film lies in the region 0~y ~ L. The
incident radiation strikes the surface y = 0, and the
wave vector of the incident photon lies in the xy
plane as illustrated. The angles t)0, t)„and $, mea-
sure the direction of the incoming and scattered radi-
ation with respect to the various coordinate axes.

Before we turn to the formalism, it may be useful
to comment on the salient features of the method we
have used. At low temperatures, where spin-wave
theory applies, we could have proceeded like Wol-
fram and de Wames' by analyzing in detail the spin-
wave excitations in thin films. Then with the ap-
propriate boson annihilation and creation operators,
we could have related the spin-density operators
S„(x) and S~(x) to the normal modes, as Kittel has
done. ' The spin waves could then be coupled to the
radiation field and the inelastic light scattering pro-
cess viewed as an interaction between the quanta of
the appropriate quantized fields.

We have chosen to proceed very differently. We
calculate certain response functions x j(x x;r —1 )

which, through use of identities provided below, may
be related to the spectrum of spin fluctuations in the
material. These may be found, in the spin-wave re-
gime, without detailed inquiry into the dispersion re-
lation of the individual spin-wave eigenmodes. How-
ever, the response functions, when Fourier trans-
formed in the appropriate fashion have poles at the
relevant spin-wave frequencies. For a given scatter-
ing configuration, like that in Fig. 2, we calculate the
frequency spectrum of the scattered light with its
various features without explicit reference to the
dispersion relations. The response functions, when
dissected in the proper fashion, also contain direct in-
formation about the eigenvector associated with the
mode that produces a particular feature in the light
scattering spectrum.

The virtue of this approach is that it leads to
closed, relatively simple expressions for the light
scattering cross section, though in the present case
the algebra is a bit tedious. The inclusion of the
damping of the spin motion, within a relaxation time
approximation, allows us to study the line shapes as
well as the mode intensities.

Finally, the radiation field associated with the in-
cident and scattered- laser light is treated by classical
methods. This allo~s us to include fully the effect of
the strong absorption of the laser light in the sample,
which in the ferromagnetic metals limits the skin
depth to roughly 200 A. This is done by using the
observed values of the optical constants of the film
for describing electromagnetic fields inside the sam-
ple. A theorem in the text by Abrikosov et al. ' en-
sures that the classical theory produces results identi-
cal to those found in the quantum field theory.

The approach to the theory of inelastic light
scattering from solids just outlined has been applied
to the analysis of a number of different scattering
processes, in recent years. We refer the reader else-
where4 for a more complete discussion and review of
the available literature. We now turn to the details of
the method, as it applies to the problem of present
interest.

Let S;(x,t) be the operator which describes the ith
Cartesian component of spin density at point x and
time t. We then require the form of the correlation
functions

INC IDENT
LIGHT

(SxJx; rr ) = (S(x,t)Si(x, / ))o (2.1)

FIG. 2. Scattering geometry of primary interest to the
present paper. The incident photon has a wave vector in the
xy plane, and for @,=0 the scattered photon has wave vec-
tor in the xy plane also. The film has surfaces parallel to the
xz plane, and lies in the region 0~y ~ L, with magnetiza-
tion parallel to the z direction.

where ( ) o denotes an average over the appropriate
finite-temperature statistical ensemble, in the absence
of an external field. In the spin-wave regime, only
the correlations with i or j equal to x or y enter.

For a film infinite in both the x and z directions,
1 I

SJ(xx;t —t') is a function of only x„—x~~, where x~~

is the projection of x onto the xz plane. Hence, we
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may write

t d'Q»d0
S»( x x;t —t ) = Jl S,, (yy';Qi, 0 )

(2m)'

I
x exp[iQ» ( x» —x~~)

—i 0 (t —t') ]

(2.2)

7. As before, with 0 = 0 +i lr, where r is the
transverse relaxation time of the spins, we may. write

(in appropriate units)
1

Bg„(y,y') = i0 Q~, —,+4rriM, Q„—A, (y,y')
By' By

(2.8a)

To calculate S»(yy';Q»0) we examine the equation
of motion for the closely related quantity, the dynam-
ical susceptibility tensor X;,.(x x;t —t'), defined by
the relation

X;;(xx;t —t') =i O(t —t')([S(x,t),S, (x, t')])

(2.3)

l

B2 B2
gal(yy') = 4~M*Q.'+ h —D Qii—

2 By
2

x A, (y,y')

while

(2.8b)

If the spin system is driven by an external magnetic
field h;(x, t), then the expectation value (S, ( x, t)) of
the spin-density operator is given by

(S ( x, t) ) = $ Ji d'x' dt' X» ( x x;t —t') h, ( x, t')
J and

B 2 BQii-
By' By'

B2—4aM,
By'

(2.8c)

(2.4)

It is easy to see that the Fourier transform
X»(yy';Qn~t, 0+ ill), defined in the manner of Eq,
(2.2), is related to S;, (yy';Q~~, 0) by the equation

g22(y, y') = l 0 Qll

x A, (yy')

B B—4n M, Q„
By By

(2.8d)

S»(yy';Qll0) =i [1+n (0) ]'[x»(yy';Q~~, 0+i 71)

—X;, (yy';Qii. 0 —t~) ]

which allows us to construct the correlation functions

S,, (yy';Qll0) from quantities on only one side of the

real axis in the complex 0 plane,
For the moment, since all quantities to be

displayed below depend on Q» and 0, we omit expli-

cit reference to these variables. Then if n is the den-

sity of spins per unit volume, and S the magnitude of
each spin, as in Ref. 7 we write

X~(y,y ) = —nSg„(yy),
X (y,y') =+nSgll(y. y'),
Xy~(yJ' ) = nSg22(y', y )

Xll (y y') =+ nSgll (y y')

(2 ~ 7a)

(2.7b)

(2.7c)

(2.7d)

The differential equations satisfied by the functions

g»(y, y'), when considered as functions of y for fixed
y', are in fact identical to those which appear in Ref.

(2.S)

where n ( 0 ) = [exp(h'0/ktt T) —1 l
' is the Bose-

Einstein factor, It is useful to note the identity

X;, (yy';Q~~, 0 —i q) = Xi',. (y'y;Q(~, 0+i g), (2.6)
t

B+4aM, h —D, Q„'-
By By

x A, l(yy ) =&(y —y') (2.9)

The solution. of Eq. (2.9) has the following form.
First, if we consider the homogeneous version of Eq.
(2.9), one has solutions of the 1'orm exp[+i «y]„
where K satisfies the equation

(h +D«2)2(Q2 +«2) 0 (Q2 +«2)

+ 4mM, (h + D «') (Q„'+ «') = 0 . (2.10)

The roots of Eq. (2.10) denoted by «; where i = 1, 2,
or 3, are always complex, by virtue of the relaxation
time T included in the equations of motion. We
choose K; so that

Im(K, ) &o . (2.»)

where h =H»+DQ~f, H» is the Zeeman field applied
parallel to the magnetization M„along the z axis and
D is the exchange stiffness constant.

Both Al(y, y') and Al(y, y') obey the same dif-

ferential equation:
t

B B 2 2 B
Qii

—
r

—0 Qif-
Byz By

2
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ln Ref. 7, it is demonstrated that Eq. (2.9) is satisfied
by the choice

A, , (y,y') = A', ",'(y,y') = ', X e; exp(t ~;ly —y'I)
i I

(2.12)

where e~ = [tr~(tr~ —tr3) (th) —K3) ] ', and t3, t3 are ob-
tained by permutation.

The Green's functions generated by the choice of
A~ 3(y,y') in Eq. (2.12) fail to satisfy the boundary
conditions at y =0 and L. The full solution of our
problem is found by adding solutions of the homo-
geneous version of Eq. (2.9) to the right-hand side of
Eq. (2:.12), then choosing the coefficients so the
boundary conditions are satisfied. Thus, we write for
y' fixed,

3

A, (y,y') = ' g [e;exp(iK;ly —y'I)
2D / I

—&&g i; (y,y')
By y-0+

&g3;(y.y') —~(g3;(y y')
By y ~0+

(2.15a)

(2.15b)

while aty=L, we have

This potential satisfies Laplace's equation in both re-

gions, so we have g3~(yy') = np e for y ( 0 and
g[,«-, i

g3j(y,y') = np e ' for y )0. Thus, we have

eight undetermined coefficients in all. Continuity of
normal components of b( x, t) = hd(x, t) +4'
x ( S ( x, t ) ) at y = 0 and L, combined with continuity

of the magnetic potential provide four relations from
which these constants may be determined. The form
of the boundary conditions corresponds closely to
those encountered in Ref. 7.

In addition, we impose spin pinning boundary con-
ditions at y = 0 and L that are similar to those used
earlier. The boundary conditions read

+n +'exp(+iKy)

+a 'exp( —i K;y)] (2.13)
and

(Ig ); (y,y')
+ &&gi;(y,y')

By y L—
(2.15c)

where we shall find the coefficients o./+' and n/
' to,

be functions ofy'. For A3(y, y'), we have

~g3; (y.y')
+A. g3;(y,y') =0

By y~L-
(2.15d)

3

A3(yy') = '
3 X [e;exp(itr;Iy —y'I)

2D; 1

+P +' exp(itr;y)

+P ' exp (—i tr,y) ] (2.14)

The motion of the spins generates a demagnetizing
field hq(x, t), and as before we have calculated this

in the magnetostatic approximation where '7 x hd

(x, t) =0, leading to hd( xt) = —V, $ (x, t), with

( x, t) the potential from which the demagnetizing

field is generated. As earlier, we encounter two addi-

tional Green's functions g3/ (y,y') and g33(y,y')
which give the magnetostatic potential generated by

the spin motions excited by the external driving field.
%e have not displayed the form of these functions
here, since they do not enter our description of the

light scattering process. They do enter the boundary
conditions, however, and may be generated from
A~(yy') and A3(yy') by 'relations similar to those in

Eqs. (2.8).
Consider now the boundary conditions used to

determine the coefficients a,'+' and o, '. In addition

to these six coefficients, the magnetic potential

( x, t) is nonzero both above and below the film.

where i =1,2.
A few brief comments on these conditions may

prove helpful. If the constants A. & and A. & are chosen
to be positive, the motion of spins in the respective
surfaces are inhibited by effective pinning fields

parallel to the externally applied Zeeman field. If one
considers a semi-infinite fcc lattice of Heisenberg
spins with a (100) surface, and takes the long-

wavelength limit of the equations of motion under
the assumption that spins in the surface "see" an ef-
fective magnetic field of strength 0„ then one finds
boundary conditions of the form given in Eqs. (2.15)
with A. = apH /2D, where ap is the lattice constant.
We shall later display a number of light scattering
spectra calculated in the presence of pinning, where
this formula allows one to estimate crudely the
strength of the effective pinning fields from the
values of X used.

One assumption present in Eqs. (2.15) is that the
effective surface pinning field acts parallel to (or pos-
sibly antiparallel to if either X& or A. & are chosen neg-
ative) the externally applied Zeeman field. This need
not be the case and the effective pinning field may

well be noncolinear with the Zeeman field, with the
consequence that spins are canted near the surface.
It has been argued that such spin canting is present
in the ferromagnetic resonance experiments of Yu
et al. ,

"when the Zeeman field is applied in a general
direction and is not parallel or perpendicular to the
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surface. ' It is not straightforward to modify the
present formalism to include spin canting near the
surface.

It may also be the case that pinning at the surface
cannot be represented as a simple effective magnetic
field parallel or antiparallel to the Zeeman field, even
in the absence of canting near the surface. Quite
generally, so long as the transverse magnetization can
be described in macroscopic terms, we would expect
boundary conditions of the form given in Eqs. (2.15)
to be applicable, but the constants in the equations
for g~;(yy') need not be the same as those in the
equations for gq;(y, y'), i.e., the surface spins may
wish to precess with an ellipticity that differs from
that in the bulk. In our phenomenology, this effect
may be incorporated by using in Eq. (2.15b) a value
for A. & that differs from that which appears in Eq.
(2.15a), and similarly for Eq. (2.15d). This modifica-
tion is a trivial one but we have not explored it here
because it increases the number of parameters that
enter the theory. Instead, we shall try to provide the
reader with a feeling for the relative importance of
the contribution of spin motion parallel and perpen-
dicular to the surface, in the various segments of the
light scattering spectrum,

The solutions for the unknown coefficients n,+, n;,
P,+, and P; are then obtained in a quite straight for-
ward manner by applying these boundary conditions
to the Green's functions gj. For completeness, we

quote here the rather long ahd cumbersome resulting
expressions for these quantities,

We introduce a 6 x 6 matrix M, which is decom-
posed into four 3 x 3 submatrices as follows

and finally

M);(——) = —(i~; —Z&)y);( —)

M);( ——) = —(i~, —Z&)y„

(2.2Oa)

(2.20b)

M3' (——) = 4'rryq; —( g~~ l K; )y3'( ) . (2.20c)

In the above equations, we have defined

y ); ( + ) =
) [ II ( g (( + K; ) + i 47r M, Q„K; ]

2D

(2.2 la)

ypj +
p

[47r~g„'+ (& +DK )(Q[[ +K; )]
2D2

(2.21b)

2m
yg;(+) =, [i IIQ„+~;(it +DK,') ]D2

(2.21c)

and

r];(+) = (i K{ + h &)y[1(—) el

r„(+)= {IK,+) ()y„e, ,

(2.22a)

(2,22b}

I „(+)= —[4my„+{Q(~+iK;)y);(—)le; (2.22c)

also

I [;( ) = {iK~ + )I & )y~;(+) e; exp(i ~; L), (2.23a)

We need one more set of 3 x 3 matrices. These are
I (+) and I'( —), where the elements are given by

M(++) M(+ )—
M( —+) M( ——)

M= (2.16) rq;( —) = —(i K;+X )yp;e;exp(iK;L) (2.23b)

Below we have the explicit forms of the matrix ele-

ments,

M„(++)= (i ~, —), )y„(+),
M„(++)=(iK, )t, )y„, —

M3'(++) =4rryp;+ (gp IK;)yg;(+)

(2.17a)

(2.17b)

(2.17c)

Mq;(+ —) = —(IK;+X&)y~;exp(«;L) (2.18b)

M„(+—) = —(i ~; +X )y&~;( —) exp(i~;L), (2.18a)

and

r&;(—) = [—4my&;+ ( g~~+i K;)y~; (+) ] e; exp(iK, L)

(2.23c)

Then if W = M ', we have the forms

3 3

n +'= $ X Ng(++)r, k exp(+iK„y')
j 1k 1

3. 3

+ $ X NJ(+ )rp, ( )exp( —i~I y')— —
j 1k 1

M~,. (+—) = [4~y„+ (g)(+ iK;) yq;( —) ] exp(i~;L)

(2.18c)

M„.(—+) = (ig, +)t&)y, ;{+)exp(i x;L), (2.19a)

and

3 3

n;& &= X X N,, ( +)I',.„(+)exp(—i~„y')
j 1k 1

(2,24a)

Mz, (—+) = (i K; + h. & ) y~; exp(~ K;L) (2.19b)

M3 (—+) = [4rryq; —'(gg+ I'K;)y&;(+) l exp{1~;L)

(2.19c)

3 3

+ $ $ N;, ( —)I',„(—) exp( —i Kk—3'')
j-1k-I

(2.24b)
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We require similar expressions for P,
+ and P, .

Again, for completeness, we give without derivation
the formulas required for this purpose. We have
now in place of M, a matrix P which when broken up
into 3 && 3 blocks has the form A2;( —) = (i tr; + Z) )5);e;exp(i K L) (2.3 I b)

and

h~;( —) = —(itr;+8))52;(+)e;exp(itr;L), (2.31a)

p„(++)= (tK, —),)5„(+),
l.

p„(++)=(t~, ),—)5„,

(2.25a)

(2.25b)

63;(—) = [4n 52;(+) —(Qp+i tr)5 3( +) ]e; exp(iK;L )

(2.31c)

P3; (++)= 4rr52; (+) + (Qp tK I) 53I( +), (2.25c)

P„(+—) = —(i tr, +X()52;(—) exp(itr;L), (2.26a)

Then if Q = P ', we have finally

3 3

p,'+'= X X Q,, (++)4,.„(+)exp(+iKky')
j~l k~1

3 3

P2;(+ —) = —(i x; + )i& ) 5~; exp( I K;L)

and

(2.26b)

and

+ X X Q,t(+ —)&tk( —) exp( —i~„y')
j lk 1

(2.32a)

P3;(+—) = [4rr52;( —) + (Qp+i K;) 53;( )] ex—p(itr;L)

(2.26c)
Also

3 3

P/~ X X QjJ( +)AJ'k(+) exp(iKgy')
j lk 1

3 3

P[,. (—+) = (i g; + h ) )52; (+) exp(ttr;L)

P2;(—+) = (i tr;+ X))st; exp(t K L)

(2.27a)

(2.27b)

+ $ $ Q;, (——)hjk( —) exp( —tKky')
j 1 k~1

(2.32b)

While

P);(——) = —(i K; —h))52;( —)

P„(——) =—(i K, —a))s„-,

(2.28a)

(2.28b)

and

and

P;( +) = [4ms;(+—) —(Q + iK;)5;(+)] exp(itr;L)

(2.27c)

We apologize to the reader for these lengthy ex-
pressions but we feel it necessary to write them since
the Green's functions defined above can be applied

to a variety of calculations other than that of the light

scattering spectrum of the film.
We now have in hand the results required to calcu-

late the spectral density functions St(yy';QIQ ) de-

fined in Eq. (2.5). In Sec. III, we discuss how these
are related to the light scattering spectrum of the
film.

P3;(——)=4~52'( ) (Qp IK;) 5{ )

We have for 5~;, 52;(+), and 53;(+),

(2.28c) III. LIGHT SCATTERING BY SPIN

FLUCTUATIONS IN FERROMAGNETS

Si; = — [4mM~K; + (h + DKt~) (Qii + K; ) l

(2.29a)

52,.(+) = — [Q(Q~~( +g;~) yi4rrM, Q„tr;]
2D

and

(2.29b)

a„(+)= (tK, +) )s„(—).,
hp, (+) = (i ; KZ(+) );(5—)e;

(2.30a)

(2.30b)

h3;(+) =—[4rr52;( —) + (Qp+i tr;)53;(—) ]e;, (2.30c)

5„(+)=—,[Q„(h+DK ) +i QK;] . (2.29c)
D

Finally, we need the matrices 6(+) and b, (—), where

e„„(x,t) =ops~„+So„„(xt), (3.1)

where eo is the complex dielectric constant and the
fluctuating part, according to Landau and Lifshitz, '

In Sec. II we concentrated on the method used to
generate the spin-correlation functions that describe
thermal fluctuations in the spin system, we now turn

to a description of light scattering (Brillouin scatter-

ing) by these fluctuations.
When the spins fluctuate about their equilibrium

orientation, the (complex) dielectric function of the
material is modulated. Thus, for a material of cubic

symmetry, the time-dependent dielectric tensor

e„„(x, t), in the presence of spin fluctuations, may be
written
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has the form

Sa&„(x t) = St&„(x, t) +56&„(x, t) +

and

(3.2a)

+ iS» ( x, t), such that

56 ( x, t) = —,
' (K + nSG44)S+( x, t)

+
2

(K —nSG44)S ( x, t) (3.4)

SE~„(x, f) = $K~„)St,( x, () (3.2b)

Se„"„'(x, t) = XG„„„IS„(x, t) S,( x, t)
A,8

(3.2c)

K~qg = /K 6 (3.3)

where K is a purely real constant in the absence of
absorption. From Eq. (3.2b) it then follows that
one magnon terms proportional to S„(x, t) and
S»(x, t) contribute to Se'»" ( x, t) and Se"'(x,t),
respectively. There are also such one magnon terms
in Se'~'(x, t) which interfere coherently with those in
Be„"„'(x, t). These come from the S, ( x, t)S, ( x, t)
and S, ( x, t)S»( x, t) terms in Eq. (3.2c) which, in the
spin wave regime become nSS„(x,t) and nSS»(x, t),
respectively, where n is the number of spins per unit
volume. Let G44= G, and introduce the spin rais-
ing and lowering operators S+(x,t) =S„(x,t)

The light is scattered inelastically by the time and
spatial variations in the dielectric tensor. In recent
years, methods have been developed that allow one
to relate the Brillouin scattering cross section for back
scattering from an opaque substrate or film to certain
averages over the spin-correlation functions
St(yy';Qi~II) analyzed in Sec. II. These methods,
along with a number of applications are reviewed in

Ref, 4, and their application to light scattering from a
ferromagnetic material, semi-infinite in extent, has
been discussed in Ref. 7. As a result, we comment
only briefly on these procedures in Sec. IV, and here
we turn to certain important aspects of this process
which we did not discuss in detail earlier,

To begin with we recall the description of light
scattering from spin waves in nominally transparent
media. Here the light penetrates deeply, and the
bulk spin waves, which provide the dominant contri-
bution to the cross section can be regarded as plane-
wave excitations in a medium of infinite spatial ex-
tent. To an excellent approximation the incident and
scattered photon can also be treated as plane waves.
A complete and early treatment of this problem has
been given by Le Gall and his collaborators, " and
more recently Wettling, Cottam, and Sandercock"
have presented a careful and quantitative analysis of
their data on the light scattering from bulk spin
waves in YIG. ,

These papers illustrate that for the Brillouin
scattering of the incident. photon by one magnon
processes, both Se„"„'(x,t) and Se„"„'(x,t) contribute
to the cross section. The term Sa~t„'(x, t) enters be-
cause for a cubic material the K„„„in Eq. (3.2b) has
the form

with a similar expression for Se, (x, t).
If we now consider a Stokes process, where a spin

wave is created in the light scattering event, from Eq.
(3.4) we see that the matrix element is proportional
to ~K —nSG44~' Co.nversely, for an anti-Stokes pro-
cess, the matrix element is instead proportional to
~K + nSG44~l' Th.us, as Le Gall and co-workers first
pointed out, " the ratio of the Stokes intensity to that
of the anti-Stokes can differ dramatically from the
often quoted value exp(tI 0/ktt T). In the presence of
ferromagnetic order, the breakdown of time reversal
symmetry resulting from the replacement of S,(x, t)
by + nS, allow the Stokeslanti-Stokes ratio to deviate
from the value of exp(ttII/ktt T), which is very close
to unity for frequencies in the Brillouin range. " A

quantitative comparison between the data on Bril-
louin scattering from spin waves in YIG, and the
Stokes and anti-Stokes intensities deduced from the
above coupling mechanism, has been provided by
Wettling, Cottam, and Sandercock. "

In our studies of the Brillouin spectra for light
scattering from spin waves in the ferromagnetic met-
als, we have found very good fits to the experimental
spectra from analyses which include only the terms in

Se~„'(x,t). We give an example of this in Fig. 3,
where we compare a Brillouin spectrum calculated for
scattering off of spin waves near the surface of a
semi-infinite sample of Fe with the data reported by
Sandercock. ' In the notation of Fig. 2, the data are
taken for a geometry with It, =0, and t)0= II, =45',

Ho = 3.0k06

tZ

lX

K

SM
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FIG. 3. Comparison between the calculated and me ~sured
Bril)ouin spectra for scattering from the surface of Ve. The
g factor has been taken equal to 2.09, and the exchange con-
stant D =2.5 && 10 Oecm . The surface wave perk is

denoted by SM,
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i.e., the scattered photon has wave vector k«(0) -to)= —k, where k is the wave vector of the in-

cident photon. Without invoking the terms quadratic
in the spin density, we obtain an excellent fit to the
data.

The features that appear in this spectrum have
been discussed in detail in the earlier papers, but we

remind the reader that the peak SM on the Stokes
side of the spectrum has its origin in scattering from
the Damon-Eshbach surface spin wave. We have a
line on only one side of the laser line because the
Damon-Eshbach wave is a curious "one way" sur-
face wave, which can propagate from left to right
across the magnetization, but not from right to left.
The asymmetric band on each side of the laser line is

by scattering from bulk spin waves; we have a con-
tinuous band of frequencies in the spectrum because
the skin depth is small, and tPe wave-vector com-
ponents normal to the surface are not conserved in

the scattering process, 4 though those parallel to it are.
For each direction of the scattered photon, the
kinematics allow scatterings produced by all bulk spin
waves with wave-vector projection on the surface

«(0) (s)
equal to k»»

—k»», leading to a continuous band of
frequencies from the bulk spin waves with intensity
controlled by the matrix element which couples light

to the various waves. A qualitative discussion of the

shape of such spectra has been presented recently.
From Fig. 3, one sees very clearly that there is a

difference between the shape and intensity of the
. bulk spin-wave contributions to the Stokes side of the

spectrum, and those to the anti-Stokes side. Note
that, for the particular geometry employed by Sander-
cock, the differences are subtle, though clearly dis-

cernable in both the theory and the data. We shall

show spectra below which are calculated for a dif-

ferent geometry and in which, like the data on the
thin films, 2 a much more pronounced asymmetry is

present.
Since we have ignored the contributions to

Se„„(x,t) quadratic in the spin density, the mechan-
ism responsible for the bulk spin-wave Stokes —anti-
Stokes asymmetries in Fig. 3 is clearly different from
the interference effect discussed above. We have
here, in our view, an example of a surface effect
which modifies the Stokes —to—anti-Stokes ratio for
scattering from bulk spin waves. We argue below
that it is the breakdown of a certain reflection sym-

metry in the presence of the surface rather than that
of time-reversal symmetry, as in the interference
phenomenon reviewed above, that produces this ef-
fect.

In a number of previous papers, it has been noted
that the dispersion relation for surface spin waves on
ferromagnets with magnetization parallel to the sur-
face are nonreciprocal in character, i.e. , 0, (+Q~~)
4 0, (—Qs). The Damon-Eshbach wave which ap-

pears in the spectrum of Fig. 3 is an extreme exam-

pie of such a mode, since the wave exists only for
one unique sense of propagation across the magneti-
zation. Nonreciprocal behavior is also found for sur-
face magnetoelastic waves which propagate on fer-
romagnets, "and for surface polaritons which pro-
pagate on doped semiconductors placed in a magnetic
field parallel to the surface. ' One's first guess is that
a breakdown in time-reversal symmetry is also
responsible for this very striking property of the sur-
face waves. Such a breakdown should also affect the
dispersion relation of the bulk waves in the infinitely
extended medium but in fact in all cases, the disper-
sion relation of the corresponding bulk waves con-
tains no hint of nonreciprocal behavior.

We have already alluded to a breakdown of reflec-
tion symmetry produced by the'surface that leads to
the nonreciprocal properties of the surface waves.
Consider the geometry of Fig. 2, and let R„" denote
the operation of reflection through the plane which
contains the pair of Cartesian axes i and j. Then in

the infinitely extended medium, when due account is
taken of the axial vector character of the magnetiza-

A

tion, R and R~, are not good symmetry operations,
but the product R„,R~, is. For waves in the infinitely
extended medium, the existence. of this symmetry
operation combined with R~ is sufficient to prove
that Qs(+Q) = Qs( —Q), where Qs(Q) is the
dispersion relation of any bulk excitation. Now if we

place ourselves near the surface of semi-infinite fer-
romagnet, with axes oriented as in Fig. 2, then

R~R~, is no longer a good symmetry operation, and
there is no symmetry operation which requires
0, (+Q~~) and 0, (—Q~~) to be equal.

Consider a semi-infinite material, and examine a
bulk spin wave far from the surface of wave vector

Q . If this wave propagates to the surface and is re-

flected from it with R (Q~~) the reflection coefficient,
the symmetry argument above shows that R (+Q~~)
will not equal R (—Q~~). It follows that the eigenvecror

of a bulk spin-wave eigenmode of the semi-infinite
medium with frequency 0 and wave vector +Q~~ in

the plane parallel to the surface will differ from that
of a bulk spin wave with frequency 0 and wave vec-
tor —Qs. It is these differences in the eigenvectors of
the bulk wave, traceable to differences in the reflec-
tion coefficients, that are responsible for the
Stokes —anti-Stokes asyrnmetries in the bulk spin-
wave, contributions to the theoretical spectrum
displayed in Fig. 3, and in the remainder of the pa-

per. The Stokes —anti-Stokes asymmetries in the bulk
spin-wave regions of the spectra are not due to the
ihterference effect invoked in earlier analyses of Bril-
louin scattering from spin waves in nominally tran-
sparent media, but rather to the same breakdown of
reflection symmetry that is responsible for the nonre-
ciprocal character of the surface wave dispersion rela-
tion. We call the reader's attention to a recent
theoretical study by Laks and Mills" of the reflection



1236 R. E. CAMLEY, TALAT S. RAHMAN, AND D. L. MILLS 23

coefficient for reflection of bulk magnetoelastic
waves from the surface of a semi-infinite ferromag-
net. The analysis shows explicitly, for a different
physical situation, asymmetry in the reflection coeffi-
cient identical to that described here.

In the light of the above remarks, it is interesting
to examine the theoretical calculations in Ref. 7. In
the first paper, a series of calculations of the Brillouin
scattering of light from spin waves near the surface
of Fe and EuO were reported. The skin depth for Fe
is roughly 150 A, for the optical constants employed
in this work, and the Stokes —anti-Stokes asymmetry
in the bulk spin-wave portions of the spectrum is evi-
dent, though as in Fig. 3 of the present paper, it is
subtle. On the other hand, the calculations carried
out for scattering from spin waves in EuO, with

G„„»———0, show no asymmetry at all, at least to
graphical accuracy. Here, the skin depth being 1500
A the light penetrates deeply enough that the influ-
ence of the surface on the bulk spin-wave eigenvec- '

tors has little effect on the calculated spectra. In con-
trast, the data of Grunberg and Metawe' shows a

very large Stokes —anti-Stokes asymmetry in the bulk
spin-wave contributions to. the backscattering spectra.
In this case, as the second series of calculations re-
ported in Ref. 7 illustrate, it is interference between
the terms in K~„& and G„„»that is responsible for
the asymmetry.

We conclude that in Brillouin studies of the back-
scattering of light from spin waves near the surface
of strongly absorbing media, there are in principle
two distinct sources of Stokes —anti-Stokes asymmetry
in the bulk spin-wave spectra of the material. The
first is the interference effect pointed out by Le Gall
and co-workers, " which was employed in an elegant
fashion by Wettling, Cottam, and Sandercock" in
their interpretation of the data on light scattering
from spin waves in YIG. This interference is also the
dominant source of the asymmetries found by Grun-
berg and Metawe in their work on EuO. The other is
that in the absence of the interference effect, very
appreciable Stokes —anti-Stokes asymmetries can be
produced by an intrinsic surface effect, which renders
the eigenvectors of spin waves in a semi-infinite
medium (or film, of course) with wave vector Q~~ ine-
quivalent to those with wave vector —

Q~~. Our calcu-
lations show it is the second effect which is the dom-
inant source of the asymmetry in the ferromagnetic
metals examined so far.

Both K„„&and G„„»may be measured directly by
optical means, as Wettling et al. have emphasized, '
and the interpretation of light scattering spectra
would be assisted greatly by such measurements
though this may be a difficult task for materials with
small skin depths. The tensor K„„&controls the
Faraday rotation of light, while the quadratic terms
control the Cotton-Mouton effect. While one cannot
propagate radiation through samples with small skin

IV. RESULTS GF THE NUMERICAL
CALCULATIONS

In this section, we present the results of our nu-
merical calculations on spin waves in thin films. We
begin first with a summary of how the calculations
are performed.

In Sec. III, we saw that thermal fluctuations in the
spin system modulates the dielectric tensor of the
medium. As in earlier treatments, "the scattered
field E'" (x, t) may be written, to first order in

Se„„(x,t)

E"' (x, t) =
3 I t~0 y) dx dt D (

' r)
c p, 4~

x Sap, ( x, t')E,"'( x, t') .

(4.1)
xt

In Eq. (4.1), E„' ' (x, t') is the electric field associated
with the incident photon, Sap~( x, t) was discussed in

I

Sec. III, and the D tt(x x;t —t') are Green's func-
tions for Maxwell's equations applied to a film of
thickness L, dielectric constant eo and placed in vacu-
um. The explicit form of these Green's functions
have been given elsewhere, "along with the prescrip-
tion for forming the Brillouin cross section from the
scattered fields in Eq. (4.1).'

In all the calculations for the scattering of photons
from films of Fe and amorphous Fe80B2p that we re-
port here, we have used for the incident field
E„'o' (x, t) and the Green's function D p(x x, t —t')
the forms appropriate for a semi-infinite medium.
This is a good approximation for the films considered
here since their optical skin depth 8, which is roughly
150 A, is small compared to the film thickness. The
use of the full forms greatly complicates the algebra,
and the above approximations have little quantitative
influence on the results presented here. We also
remind the reader that we have included only the
contribution Se~„'(x,t) to the dielectric tensor since,
as illustrated in Fig. 3, for the ferromagnetic transi-
tion metals the spectra can be fitted well with only
this term. The optical constants have been taken as
n = 2.86 and K = 2.91.

In Fig. 4, we show calculations of the spectra for
back scattering of light from Fe films of various
thicknesses. The scattering geometry is the same as
that chosen for Fig. 3 and used in the experimental
work of Sandercock et al. Both the incident and the

depths, unless very thin samples are employed, the
polarization properties of light reflected from the sur-
face is also affected by the presence of the terms in

e„„proportional to K„„&and G„„». Thus, suitable
studies of the reflectivity of the ferromagnetic metals
would be most useful.



23 THEORY OF LIGHT SCATTERING BY THE SPIN-WAVE ~ ~ . 1237

scattered photon have wave vectors that lie in the xy
plane, and the wave vector k, of the scattered photon
is antiparallel to the wave vector kp of the incident
photon. The angle of incidence Hp is 45', the electric
field of the incident photon is parallel to the magneti-
zation, and that of the scattered photon then neces-
sarily lies in the xy plane.

The most prominent feature in Fig. 4 is the strong
line from the Damon-Eshbach surface spin wave in

each of the spectra. In addition, the broad band pro-
duced by scattering from the bulk spin waves now
breaks up into a sequence of discrete peaks corre-
sponding to scattering from standing spin-wave reso-
nances of the thin film. These calculations assume
the spins in the surface to be unpinned and illustrate
clearly the point made in Sec. I that, while in mi-

crowave studies of thin films only the uniform mode
absorbs with appreciable intensity, the light scattering
method allows one to see an entire sequence of
standing spin waves.

Since the light illuminates only the surface near

y 0, the Damon-Eshbach surface wave is that which
propagates on the upper surface. In the thinnest film
explored in Fig. 4, we see a surface wave feature on
both sides of the laser line. The weak surface feature
on the anti-Stokes side of the line appears because
the film is thin enough for the surface wave on the
lower surface of the film to contribute to the spec-
trum, with appreciable intensity. When the film is

viewed from above, the mode localized primarily on
the upper surface propagates from left to right across
the magnetization and that localized primarily on the
lower surface propagates from right to left. A conse-
quence is that the scattering geometry places the
mode on the upper surface on the Stokes side of the
spectrum, that on the lower surface appears on the

anti-Stokes side. One can thus discriminate between

. the two, and the study of these modes should prove
to be a useful way of characterizing each of the inter-

faces of a thin film. Spectra taken on films suffi-
ciently thin to display both surface waves have been
reported by Camley and Grimsditch. The authors
have used the formalism developed here, to obtain
results which seem to account for the observed inten-

sities very well ~

We can obtain a feeling for the relative importance
of scattering from spin motions normal to or parallel

to the surface by exploring the spectral density func-

tions S&(QsO;yy') directly. In Fig. 5, we show plots
of S (QiiO;yy) and S~(Qi, O,yy) as a function of fre-

quency for fixed value of Q, ~
(here 0~~L =1.5188 with

L as the film thickness). We assume the spins to be
unpinned and put y =0; the plots of the functions for
the surface at y = L are exact mirror images of these.
The physical interpretation of the functions is as fol-

lows. Imagine a slab of material of thickness dy, with

surfaces parallel to the surface of our film. If one
samples the thermal spin fluctuations parallel to the
surface, and takes the Fourier transform with respect
'to xa and time, then S (QsO;yy) is a measure of the

square of the amplitude of the spin fluctuations with

frequency O, and wave vector Q~~ parallel to the sur-

face. In a similar fashion, S~(Q~~O;yy) is a measure
of the amplitude of the spin fluctuations perpendicu-
lar to the surfaces. Thus, by scanning S (Q,~O;yy)
and S~(Q~~O;yy) as a function of y, we can learn
about the spatial distribution of the spin fluctuations
that contribute to the light scattering spectrum. For
example, from Fig. 5, one sees that the Damon-
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FIG. 4. Several spectra calculated for the backscattering
of light from Fe film of various thicknesses. The scattering

geometry and parameters are identical to those used for Fig.
3. The features labeled with an SM are produced by scatter-

ing. from the Damon-Eshbach surface spin wave.

FIG. 5. Calculations of S~ (QII O,yy) and Syy (QII0,yy) for

y =0 for a film of Fe with thickness of 880 A. We have
chosen 0IIL = 1.5188, 1/v = 0.15Hp, the Zeeman field
Hp='1. 9 kOe, and D =2,5x 10 9 Oecm
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Eshbach surface wave feature contributes roughly
equally to both S (Q~~O;yy) and S»(Q~~A;yy). In
fact, in the absence of exchange and for propagation
perpendicular to the magnetization, the wave is strict-
ly circularly polarized for propagation perpendicular
to the magnetization, as in Fig. 5. The small differ-
ence between the two features is presumably an ef-
fect of including exchange in the calculation.

This result implies that the dominant contribution
to the Damon-Eshbach feature in the light scattering
spectrum comes from spin fluctuations normal to the
surface. This is because regardless of the direction of
propagation of the incident or scattered photon (un-
less it is nearly parallel to the surface), the electric
field in the medium is always nearly parallel to the
surface. To see this note that '7 E=O inside the
metal implies (Es/E&l = Ikq/k~~1, where EH and Eq are
the components of the electric field parallel and per-
pendicular to the surface, respectively, and kq and kll

are the components of the wave vector normal to and
parallel to the surface. Since k~~

= cu sin()/c and
kq= co(e —sin'8)'~'/c, where 9 is the angle between
the propagation direction and the normal to the film
surface, it follows that for our choice of the optical
constants the ratio ~E~~/Eq~ varies from 5 to 10. ith
the electric field nearly parallel to the film surface,
the tensor K„„„given in Eq. (3.3), couples the light
primarily to the spin fluctuations perpendicular to the
film surface. (Note that one of the two photons in

the scattering event must have a nonzero component
of the electric field in the z direction. )

On the other hand, we find that the contribution
from the bulk spin waves to S (Q~~Q;yy) is larger
than that to S»(Q~~O;yy) by roughly an order of mag-
nitude. Moreover the surface demagnetizing field
causes the spin precession in the standing spin-wave
eigenvectors to be highly elliptical, with the major
axis aligned parallel to the film surface. The result is
that the ratio (E~~S»/EtS ) is close to unity, hence
the cross section for light scattering has comparable
contributions from spin fluctuations parallel and per-
pendicular to the film surface.

The conclusions of the previous paragraph are valid

only when Ho/4irM, is less than unity as the degree
of ellipticity present in the bulk spin waves depends
on this ratio. In particular, if Hp » 4aM„ the spin
precession associated with the bulk spin waves is

nearly circular in character. In the regime where the
spin pr'ecession in the bulk spin waves is highly ellip-
tical, as in the example displayed in Fig. 5, anisotro-
pic pinning [i.e. , a boundary condition of the form
given in Eq. (2.15) with X& and ) & different for the
x and y components of the transverse magnetization]
will affect the relative intensity of the surface and
bulk wave features in the light scattering spectrum.
We have not considered this here but it should be
possible to use this as a test of isotropic pinning
boundary condition.
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The functions S (Qnr —Q, LL) and S»(Q~~,
—0;LL) are identical to S (Q~~A;00) and
S»(Q~~A;00), respectively. This is a consequence of
the fact that for a film of finite thickness, the combi-
nation of reflection operations R„,R~, is a good sym-
metry operation, provided the R~, reflection is taken
about the midpoint of the film. We can see that
when the light penetrates deeply enough to sample
the film surface at y = L, the surface wave on the
lower surface appears on the side of the laser line op-
posite to the position of the surface w ~ve localized on
the upper surface. '

In Fig. 5 we had fixed the value of Q~~ and y and
plotted the spectral density as a function of the fre-
quency fL. In Fig. 6, we obtain a feeling for the
eigenvector of the various modes by fixing 0 and Q~~

suitably and plotting the spectral density as a function
of the depth y. For fixed Q, ~, we set the frequency 0
equal to that of the mode whose eigenvector is
desired. Then a plot of S (Q~~f);yy) as a function of
y gives us the square of the eigenvector associated
with the x component of the spin motion in the
mode, and similarly for S»(QHfl;yy). For this
graph we use the same parameters as in Fig. 5. The
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graph shows the rather large differences between the
real modes in a ferromagnetic slab with Qii & 0 and
the idealized ones drawn in Fig. 1. There are several
interesting features in Fig. 6: (a) for this geometry,
and for propagation perpendicular to the field, there
is no n =0 mode; (b) the nodes for S and S~~ for
the first few modes do not occur at the same depth;
and (c) the spatial profile of the surface mode is not
a simple dying exponential, but we see explicitly
some mixing with the bulk modes. In the limit the
sample becomes semi-infinite, this leads to the
"leaky" character of the Damon-Eshbach wave dis-
cussed in Ref. 7.

The calculations presented above are intended to
provide the reader with an overview of the basic phy-
sics of light scattering from spin waves in films. Now
we turn to a series of calculations directed toward the
data reported by Grimsditch, Malozemoff, and
Brunsch. ' We adopt the geometry used in their ex-
periment and- the value for the exchange constant
D =1.4 x 10 Oecm' deduced by them from their
data. The film thickness L has been taken to be 1060

In the experiments, both the incident and scat-
tered photon lie in the xy plane, so $, =0, the angle
of incidence 80 of the incoming photon is 59', and
the scattered photon emerges along the normal to the
film. The calculations serve to illustrate the influ-
ence of spin pinning on the spectrum.

In Fig. 7„we show the spectrum calculated for the

case where no spin pinning is present. The spectrum
bears a striking resemblance to the data. The
Damon-Eshbach wave is by far the strongest feature
in the calculated spectrum, as it is in the data. Simi-
larly, the experiments show the relative intensity of
the SI, S2, and S3 bulk magnons to alternate as in

the figure, while the anti-Stokes features have mono-
tonically decreasing intensity. (To see this in the
data, one must recognize that the peaks labeled A3
and A4 in Fig. 2 of Ref. 2 lie on top of the wing of
the laser line. )

The reason that the n = 1 peak is smaller than the
n =2 peak on the side of the light scattering spec-
trum where the surface mode appears can be easily
seen in Fig. 6. It is simply a natural result of the
mixing of bulk and surface waves which is reflected
in the fact that the spectral density of the n = 1 mode

. is particularly reduced on the side of the film where
the surface spin wave is localized.

We now explore the influence of spin pinning on
the relative intensities of the modes, bearing in mind
that in the data of Malozemoff er a/. Is /ls is less

I 2

than unity while I& /I„ is greater than unity. In Fig.
I 2

8, we show a spectrum calculated with X) = A. ( = 5/L,
where L is the film thickness. This value for A. & and
A.( corresponds to very strong pinning in the surface.
If only spins in the very outermost surface layer are
subject to the pinning field, and the strength of the
pinning field H, is given by the expression 2DA. /ao
quoted earlier, then H, =—5 x l04 Oe for ao = 3 A. A

pinning field of this magnitude is unlikely to be in-
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0
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FIG. 8. Effect of surface pinning on the Brillouin spec-
trum for the sample and the setup identical to that in Fig. 7 ~

The pinning parameters A. & and A, ) for the upper and lower
- surface, respectively, are both taken to be 5iL, where

L =1060 A.
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trinsic in origin, but may be generated by an oxide
layer on the surface. This strong pinning field at
both the surfaces seems to affect the modes S1, S2,
and A1 most dramatically. In each case the intensity
of the mode is reduced from that in the absence of
pinning on the surfaces. Thus while the intensity ra-
tio ls /ls is changed only slightly (to a vaiue closer

1 2

to unity), the ratio I~ /I„ is drastically reduced to a
1 2

value less than unity. On both accounts, the spec-
trum in Fig. 8 looks less like the data than that in

Fig. 7.
In Fig. 9, the pinning parameter on the surface

y =0 equals 5/L, while we have no pinning on the
surface at y = L The .ratio ls /ls is now reduced

1 2

well below unity, but the ratio IA /l„also remains
1 2

well below unity.
The characteristics of the spectrum in Fig. 7, and

most particularly the behavior of the ratios I„ /I„
1 2

and ls /ls suggest to us that in the films studied by
1 2

Malozemoff et al. , the spins in the surfaces are not
subject to strong pinning fields.

%e can see that there is a very great difference
between the ratio ls /Is and also IA /I„when a pin-

1 2 1 2

ning field iz imposed on the upper surface only, and
when it is imposed on only the lower surface. This is

illustrated in Fig. 10, where we present a spectrum
for the choice X& =0 and h. &

——5/L Here we fin. d that
the ratios Is /Is and I„ /I„become greater than

1 2
'

I 2

unity.

The trends in the above figures can be understood

by recalling from ferromagnetic resonance theory"
.that when spin pinning is present on the boundary,

Ko = 2.6 kOe

I/7 = O. l HO
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FIG. 10. This is the Brillouin spectrum for the Fe80B20
film when the top surface is unpinned 1nd the bottom sur-
face, is strongly pinned. Here A. & =0 and A. & =5/L 1nd all

other det ails are the same as that in Fig. 7.

dQ +kg=0
dy

(4.2)

lf we seek a solution of Eq. (4.2) of the form

P(y) =sin(key+@), then @ is determined from the
condition

the eigenfunctions of the lowest-lying modes are af-
fected most strongly. To see this, consider a scalar
wave p(y) on the half space 0~y ~ ~, and suppose
the wave is subjected to a boundary condition similar
in form to those used in our spin-wave theory:

cot@=—
kg

(4.3)

H, = 2.6kOe

I/& =O. IH
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FIG. 9. Here we introduce a strong pinning field on only
the upper surface such that X& =5/L and A. & =0. All other
parameters are same as in Fig. 7.

Thus, as kq 0, @ 0, and P(y) = sin(k~) corre-
sponding to a "completely pinned" solution. If
kq » h„ then P = , 7r, and —the solution is an "un-

pinned" wave with p(y) = cos(key).
Hence, if we compare Fig. 7 with Fig. 9, we see the

addition of pinning to the surface y =0 not only de-
creases the intensity of the whole spectrum, but de-
creases ls by an amount greater than Is, so

1 2'

(ls /ls ) is lowered and so also (I„ /I„). The inten-
1 2 1 2

sity ratios of the higher modes are much less affect-
ed, so it is these particular intensity ratios that are
most sensitive to the presence of pinning.

ln Fig. 10, we see (ls, /ls ) and (I„ /Iz ) are in

creased by the addition of pinning on the back surface
y = L. This may be understood by resorting again to
the example of a simple scalar wave P(y) confined to
a film 0~y ~ L. If unpinned boundary conditions
are applied to each surface, the normalized lowest
eigenfunction is simply the constant po(y) = L 'i'.
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While for strong pinning at the surface y = L [so
g(y) must vanish there] and no pinning on the sur-
face y = 0, the normalized lowest eigenfunction is

yo(y) = (2/L)'l'cos(my/2L). Notice that as
Qo(0)/Qol'= 2, pinning on the back surface enhanc-

es the amplitude of the lowest eigenmode near the
front surface which is exposed to the light. The ef-
fect is less dramatic for the next highest eigenmode
and, as shown in Fig. 9, the ratio (ls /ls ) becomes

] 2

greater than unity.
We see the intensity ratios (ls /ls ) and (I„ /l„)

2 1 2

can tell us a great deal about the nature of the pin-

ning present at the film surface. The fact that the
skin depth 8 is small compared to L, so the region
near only one surface is illuminated, allows us to tell
)/Ihieh surface is subjected to strong pinning, if we
have A. & A X&. Note that in microwave resonance
studies, where the microwave skin depth 8 is large
compared to L for such thin films, the intensity ratios
for the case h. & =5/L and A. & =0 will necessarily be
the same as that for h. &

= 0 and X& = 5/L and it is not
possible to distinguish between the pinning at the two
interfaces.

In the ferromagnetic resonance studies on epitaxi-
ally grown YIG films carried out by %igen and co-
workers, ' when the Zeeman field was parallel to the
film surfaces, the spins on one surface experienced
effective pinning fields antiparallel to the applied Zee-
man field. In this circumstance, a surface spin wave
is driven out of the bulk spin-wave manifold, to ap-
pear at a frequency below y(HoB)'l'. These waves,
described by Wigen et al. as exchange surface waves,
have a character fundamentally different from the
Damon-Eshbach wave. The Damon-Eshbach wave
exists as a long lived spin wave only for wavelengths
sufficiently long that the Zeeman and dipolar energies
dominate its excitation energy, while exchange ener-

gy is negligible. In fact, in the presence of exchange,
the wave is not a true elementary excitation of the
semi-infinite system, but acquires a finite lifetime by
radiating its energy into the bulk of the material in

the form of bulk spin waves. ' In contrast to this, the
surface spin waves explored in Ref. 18 exist as well-

defined elementary excitations if only exchange is

present; of course in practice, dipolar coupling
between the spins affects the properties of these
modes importantly, but in contrast to the Damon-
Eshbach wave, these modes exist even if dipole in-

teractions are absent.
In Fig. 11 we show the light scattering spectrum for

the case where the surface pinning field at y = 0 is
antiparallel to the Zeeman field (A, &

= —5/L and
A. & =0). For comparison we have included the spec-
trum of Fig. 9 with h. & =+5/L and X& =0 (i.e.,
parallel pinning field on top surface only), in this fig-
ure. %e see prominent lines produced by scattering
from the exchange dominated surface spin waves
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very similar in character to those observed in the fer-
romagnetic resonance studies. These are the features
which lie below the frequency y(HoB)'l', the lowest
possible bulk spin-wave frequency for the present
geometry, where the wave vector of the spin wave
lies in the plane perpendicular to the bulk magnetiza-
tion. It should be noted that in the light scattering
spectrum, urider the condition that the skin depth is
small, the exchange surface spin waves are intense
features in the spectrum while in the microwave reso-
nance work, they are very weak compared to the uni-
form mode, since the field extends throughout the
sample. There is a surface spin-wave feature on both
the Stokes and the anti-Stokes side of the line, indi-

cating that the exchange dominated surface spin
waves can propagate in both directions across the
magnetization. In fact, in the absence of dipole cou-
pling between the spins, "exchange only" surface
spin waves display none of the dramatic nonreciprocal
properties we see in the Damon-Eshbach waves.
Note the pronounced Stokes —anti-Stokes asymmetry
present in the exchange surface spin-wave intensity

ratio. The presence of this asymmetry attests to the
quantitative influence of dipolar coupling between the
spins on the properties of the mode. The intensity
ratio would be unity [if the very small correction pro-
duced by export/ks T) is overlooked] in the pres-
ence of only exchange coupling between the spins.

In Fig, 12, for the case where both the incident and
scattered photon lie in the xy plane, we plot a
number of spectra which display the manner in which
the bulk spin-wave Stokes —to—anti-Stokes ratio
depends on the scattering geometry. %e have fixed
the angle of incidence 80 to be equal to 60, the in-
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pared to the thickness of the sample (QIL 0), the
frequency of the surface wave drops. Eventually the
surface mode lies underneath all the allowed bulk
modes. As P, increases, this crossing occurs at larger
values of Q~~~L. For propagation parallel to the field
there is no surface mode. The surface mode has
been replaced by the n =0 mode.

In Fig. 14 we present a typical light scattering spec-
trum for a 880-A-thick film of Fe as a function of
the angle $, . The geometry for this figure is
80= 0, =45 . As expected from the Damon and Esh-
bach results and the dispersion relations above, we
see that as $, is increased, the surface wave peak
moves down in frequency. Also as the Damon-
Eshbach critical angle is approached (qh, = 73.5'), we
see that the intensity of the surface peak on the
Stokes side is reduced. On the anti-Stokes side there
is no surface peak for propagation at @,= 0, but as $,
increases scattering from the surface wave localized
on the bottom surface starts to appear. We may
understand this in the following way. At P, =0, the
surface waves on the top and bottom are well local-
ized. Thus on the Stokes side we can create a surface
wave at the top, but we cannot destroy a surface
wave at the bottom on the anti-Stokes side because
the light does not penetrate far enough. As the criti-
cal angle is approached, the surface waves take on
more bulk character and are not as well localized.
Thus for propagation near the critical angle, the light
"sees" the spectral density of both the surface spin
wave at the top and the one at the bottom. As a
result one sees peaks from scattering from surface
spin waves on both the Stokes and anti-Stokes sides.

The above argument is illustrated by Fig. 15 ~ Here
we plot the spectral density versus depth for the sur-
face spin-wave mode peaks seen in Fig. 14. As be-
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FIG. 14. Light scattering spectrum from an 880-A Fe film

as a function of the propagation angle. Note as $, increases,
one sees scattering from surface spin waves on both sides of
the spectrum.
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FIG. 15. Spectral density vs depth for the surface spin-
wave peaks seen in Fig. 14. As $, increases the spectral
density on the y = L side nears the value on the y =0 side.

fore, this gives us the square of the eigenvector of
the mode. Peaks on the Stokes side of Fig. 14
represent a sampling of the y =0 side of Fig. 15, and
peaks on the anti-Stokes sides represent a sampling
of the y = L side of Fig. 15. This is because, in the
absence of inequivalent pinning conditions, reversing
the frequency is equivalent to turning the crystal up-
side down, i.e., S (Q,y =0) =S (—A,y =L)
Essentially what we see in Fig. 15 is that as @, in-
creases the surface mode becomes less localized in
that the strength on the y = L side nears that of the
y =0 side. As the critical angle is approached, the
surface mode merges into the n = 1 mode and the
n = 1 mode merges into the n = 0 mode. We see also
in Fig. 15 that there is no distinct critical angle. For
example, well below the Damon-Eshbach critical an-
gle of 73.5' we see that the surface mode is already
less localized.

In this paper, we have presented the theory of light
scattering from spin waves in thin ferromagnetic
films. We have discussed a number of general
features of the spectra, and illustrated these with nu-
merical, calculations carried out for parameters ap-
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propriate to films formed from ferromagnetic metals.
Our calculated spectra seem in very good accord with
the data reported by Grimsditch and co-workers, so
the theory appears to be sufficiently reliable that the
nature of surface pinning in these samples can be ex-
tracted by fits to the measured mode intensities. %e
feel that the light scattering method should prove a

powerful addition to the experimental methods used

in magnetism, and hope to see more laboratories en-

gaged in such measurements in the future.
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