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Exciton polaritons and hyper-Raman scattering in zinc-blende-type semiconductors:
CuBr as an example
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The dispersion of excitons and hence of excitonic polaritons in zinc-blende-type semiconductors reflects the

complexity of the band structure of these materials. We calculate the dispersion of the exciton branches Ef (Q) of
the eightfold ground state from an invariant expansion of the center-of-mass Hamiltonian, including exchange
interaction, up to second order in the exciton total wave vector Q. The excitonic polaritons are then constructed
according to Hopfield's polariton theory, which is extended to the case. of more than one oscillator. The
polariton dispersion is experimentally studied for CuBr by hyper-Raman scattering via biexcitons. The selection
rules for this process are calculated for different scattering configurations, whereby the symmetry of the
biexciton ground state, having components of I"„I „and I', symmetry, is considered. A self-consistent analysis
of the observed hyper-Raman emission lines yields the dispersion of the multicomponent excitonic polaritons in
CuBr.

I. INTRODUCTION

The exciton ground state in most direct-gap
semiconductors with zinc-blende symmetry is
eightfold degenerate at the I' point due to the four-
fold degeneracy of the valence-band edge (symme-
try I', ) and the twofold degeneracy of the conduc-
tion band (symmetry I'6). Exchange interaction
splits the eightfold degeneracy into the dipole-
allowed I", state and the triplet states I', and I"4

(Ref. 1). At finite total exciton momentum hg
these states may be coupled due to the symmetry-
breaking effect of the wave vector. In particular
this coupling arises from terms linear" and
quadratic" in Q which derive from corresponding
terms in the valence-band Hamiltonian. "More-
over Q-dependent exchange terms, which have not
been considered so far in the literature, become
important in ionic semiconductors, as will be
shown in this paper. The effect of all these Q-
dependent terms is to mix exciton states and thus
to transfer oscillator strength from the I", exciton
to some of the triplet-exciton states, which con-
sequently couple with the electromagnetic radia-
tion field. In order to describe this coupling
rigorously, we adopt the polariton concept which
for the case of a single excitonic oscillator was
introduced by Hopfield' and Pekar. ' To account
for the more complex exciton structure in zinc-
blende compounds this concept has to be extended
to the case of different excitonic oscillators. The
resulting multicomponent polariton dispersion
shows up indirectly in the ref lectivity and lumin-
escence spectra. "" Direct information on the
exciton andq'or polariton dispersion may be ob-

2', =q+k,

2h (o, =E,(k) +E,(q) .
(1)

(2)

tained from nonlinear spectroscopical methods:
nonresonant two-photon absorption, " resonant
Brillouin scattering. "'"and resonant two-photon
Raman (hyper-Raman) scattering. "" These
methods are of different applicability, since they
allow a study of different parts of the dispersion
curves. Two-photon absorption is limited to a
study of states with a Q vector equal to the sum
of the wave vectors of the nonresonant photons,
i.e. , to states whose wave vector is smaller than
that of photons with the same energy. In contrast,
resonant Brillouin scattering covers a larger region
in reciprocal space, since acoustic phonons are
emitted or absorbed. This process is limited,
however, by the condition that in the initial and
final states the oscillator strength and the coupling
to the acoustic phonons are sufficiently large.
Resonant two-photon Raman scattering covers a
wave vector region up to three times the wave
vector of the incident polariton. Moreover, ac-
cording to the selection rules, exciton states can
also be involved which have no oscillator strength.

To outline the last statement we briefly describe
the hyper-Raman (HR) scattering process (Fig.
1). Two laser photons (energy k&u, ), which pro-
pagate inside the crystal as polaritons with wave
vector q, virtually excite a biexciton. The biex-
citon, serving as an almost resonant intermediate
state, "decays into two polaritons with energy E,.(k)
and E,gj), whereby no relaxation takes place in the
intermediate state. Therefore, momentum and
energy are conserved in the scattering process:
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II. THEORY OF MULTICOMPONENT EXCITONS AND
POLARITONS

Excision

The theory of Wannier excitons in zinc-blende-
type semiconductors has to consider the fact, that,
due to the valence-band degeneracy, center of
mass and relative motion cannot be separated. "
Calculations of the exciton dispersion have been
performed by a variational procedure' for differ-
ent values of the total exciton momentum hg, or
by a perturbational treatment' of the terms which
couple relative and center-of-mass motion. Both
calculations consider a spinless electron and thus
do not take into account the electron-hole exchange
interaction. " We follow here the more general
concept of an invariant expansion" of the center-
of-mass Hamiltonian whose matrix representation
corresponds to expressions given by Cho. '

FIG. 1. Schematic picture of the hyper-Raman scat-
tering. The details are discussed in the text.

One of the polaritons, say E&(f'1), is on the lower
branch and can be observed as a photon with

energy E,. in the emission spectrum, while the
second polariton (or exciton) E, (k) is not detected.
E& changes its energy if Sm, is tuned. Since Aced,

and E,. are known from the experiment, E, is de-
termined from Eq. (2). The momentum conserva-
tion, however, can be checked only if the disper-
sion of the exciton and polariton branches E,(k),
E&(Q) is known. We use Eqs. (1) and (2) together
with the experimental information from hyper-
Raman scattering in CuBr to construct directly
the dispersion of the exciton and polariton branches,
whereby the selection rules for this process—
which for this purpose are calculated —are con-
sidered. Preliminary results have already been
published.

If the biexcitons are generated resonantly, re-
laxation processes are possible within the biexci-
ton bands. Subsequent decay is a luminescence
process, which can be distinguished from the hyper-
Raman process since the frequency of the emitted
light does not vary with v, . Due to the relaxation
processes, it is also governed by different selec-
tion rules.

The paper is organized as follows. In Sec. II
the Hamiltonian for the center-of-mass motion of
the eightfold exciton ground state is constructed
by group-theoretical methods. Section III is de-
voted to the construction of biexciton states and
to the formulation of selection rules for hyper-
Raman s cattering. Experimental results for
CuBr are given in Sec. IV and analyzed in terms
of exciton and polariton dispersion in Sec. V.
Concluding remarks are the content of Sec. VI.

A. Invariant expansion and exciton matrix

fx+iy ) f 2z)—
W2l 0 ]' '

v 6 lx+iy

fx —iy) ( 0

l

(3)

where the [001]direction is used as quantization
axis. By Kramer's conjugation of the 4, one ob-
tains the electron states, whose transformation
properties are formulated by Koster et a/." The
Hamiltonian obtained reads'

H =hol, S I„+b,,o J+4,(o„J„+o,J', +o,J, ) (4)

and describes the splitting of the exciton ground
state for zero center-of-mass momentum KQ

(1, and l„are unit matrices of dimension 2 and

4, respectively). This splitting is caused by the
isotropic exchange interaction (h„b,,), and yields
the exciton states of symmetry I;+I 4 and I',
(analytic exchange), which further splits into longi-
tudinal (I',~) and transverse (I', r) states (non-
analytic exchange). The anisotropic exchange
term (6,) is considered to be small compared to
6, and 6, and is usually neglected.

At finite center-of-mass momentum 5Q of the

In CuBr, as in most zinc-blende semiconductors,
the exciton ground state is eightfold degenerate.
A Hamiltonian, acting in this space, can be con-
structed by means of an invariant expansion" from
products of the electron-spin operator cr =(o„,o„o,)
(o. being Pauli spin matrices} and the hole spin
operator J=(J„,J„J',} (J& being angular momentum
matrices for J'= —*,). Consequently the basis of this
eightfold space is given by products of electron
states a, P for spin up and spin down, respectively,
and hole states'
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exciton, the Hamiltonian has to be extended by
terms containing powers of components of Q in the
invariant expansion together with those of cr and J.
These tp)-dependent terms mix the exciton states
which at Q =0 belong to different irreducible rep-
resentations. The eigenvalues of the Q-dependent
Hamiltonian yield the exciton dispersion.

From the invariant expansion (Appendix) we
distinguish two types of Q-dependent terms:

(i) The first group is diagonal with respect to
the electron states

H ' [g ) =
{cp[Q, {p„z,' —p,'] + L .p. ] + G, p'1 „

+G.[Q„'(~„'--'~')+c p ]

Symmetry State Electron-hole r epr es entation

r4

I 2+&

I 1+&

1
(O. C4 pe, )

v' 2

1
(@42—p C»)g2

1
(me{+ v 3ncg —M3pe2 —pc4}v8

' (ne, Wane, Wspe, +pe, }

1
(~C4+ pe, ~

TABLE I. Symmetrized exciton wave functions ac-
cording to Ref. 1.

+ 2 G, [Q„Q,{p, , J ]+ 1:.p. ]
I
8 1, , (5)

1
(~30,'4& —u43 +p 4 2

—~3P 44)ve

where (A, B I= (AB+BA)/2 and c.p. means cyclic
permutation. These terms derive directly from
corresponding terms of the valence-band effective-
mass Hamiltonian, "in particular Cz indicates the
Q-linear term, G, corresponds to the isotropic
mass, while C, and G, cause splitting and warping
of the exciton bands.

(ii) The second group contains the Q-dependent
exchange terms. The invariant expansion up to
second order in {p) yields ll terms, which are pre-
sented in the Appendix. These terms correspond
to different orders of perturbation calculation,
which is indicated by the power of v and J. There-
fore, we consider only those linear in 0 and J
which can be regarded as the most important ones:

H'(Q) = o,q'o J+5,[q'„(o„j„——', v t) + c.p. ]

+25,[q„q, -', (o„Z,+o,~„)+ c.p. ] .

Using the matrix representation for the angular-
momentum operators and the Pauli-spin matrices
one easily obtains the matrix representation of the
total exciton Hamiltonian

1
(nc&+PC»)g2

B. Results for high-symmetry directions

awhile for a general direction of the exciton
wave vector Q the exciton matrix (Table II) can
be diagonalized only numerically, it can be repre-
sented in block-diagonal form for directions of
high symmetry. This form is obtained using ex-
citon wave functions which transform as basis
functions of the irreducible representations of the

group of Q.
Qll [001]. Hy specializing the wave vector to {p)

= (0, 0, Q) the matrix (Table II) falls into four
blocks, which correspond to the four irreducible
representations (b,„i=1, . . . , 4) of the point group
C,„(Table III), when the following basis trans-
formation is performed:

le ~& =(I/~&&(l&)+ ly)) In~& =(I/~~&(II+) + II-)&.
e =a'+e'(Q) +B'(Q) . (7) (8)

%e transform this matrix from the electron-hole
representation to symmetrized exciton wave func-
tions (Table I) which are the same as given by
Cho. ' The resulting matrix is presented in Table
II, where we have set 6, =0 and introduced the
splitting AsTbetween the I', +I', and T', ~ state and
the longitudinal-transverse splitting SIT.

It should be mentioned that the parameters of the
exciton Hamiltonian Eq. (7) include also polaron
corrections, when being used to describe a polar
material. The electron-phonon interaction does
not contribute separate terms to the invariant ex-
pansion.

In this case, the eigenvalues and correspondingly
the exciton dispersion may be obtained analytically.

Q II [120]. We apply the transformation of the ex-
citon functions as given in Table IV, which is
equivalent to choosing the [110]crystal direction
(z axis& as the new quantization axis. The matrix
representation of the Hamiltonian then falls into
blocks corresponding to the two irreducible rep-
resentations (5 „Z,) of the point group C, (Table
V). At Q =0, the exciton state lz) corresponds to
the longitudinal exciton (I »), lx)' and Iy)' to the
transverse exciton states (I'»). Due to the low
symmetry of Q, longitudinal and transverse states
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TABLE II. Matrix representation of the exciton Hamiltonian H [Eq. (7)] in the basis of Table I. Complex conjugated
terms of the upper (lower) part have to be added to the lower (upper) part. Cos&, cosP, cosp are the direction cosines
of Q with respect to the [00ll direction; gt denotes the splitting between the I'z+ I'4 and I5T states, ALT the longitudi-
nal-transvers e splitting.

I 2+& I 1+&

( I

(Gt+-6i)q
+ (G2 + ~2) ~Q2 ~i(Q2+ Q2)]

(20 I

(1+ I -Co Q„

(v 3/2) {G,+ 62)(Q„' Q,')

(G& + 3
6&) Q2

—(Gg + ~t) tQ, ——,(Q„'+ Q,')l

-( 2/4)Coq„

( 3/4) C~ Q,

(v 2/2)cgqg

~-', (G, + ~3) Q, Q,

-i (W3/2) (Gs + 63)Q, Q,

(G, + 3 a, )Q2

+ (Gt+ ~p) tQ' —-', (Q,'+ Q,') l

-i3 (G, +6,)q„q,

-t(WB/2)(GS+ Bt) Q, Q,

—t(Gt + (53) Q„Q~

(G, + ~~)Q

+ (Gt+ ~t)(g--', (Q,'+ Q„')l

(~2/4) Co q„ --Cg Q„
3
4

i {M3/2) Cq Q»

(y I -(~s/4)coq, 3 CqQ
4

-z (~3/2) Cq Q

(s I (~s/2)co q, i(v 3/2)Cg Q i(~8/2)co Q„

t (v 2/2) (G3-0g) Q, q. '(~3/2) (Gs - ~3)QxQ» -t ~~(G3 —~3)Q, Q,

iWS(Gt +03)Q„Q i2(G -& )Q Q -~-'2 {Gs—~s) Q.Q»

—'{Gs + ~s) Q.Q»
2

(~2/2) (Gt —hp) (Q,'- Q,') -(~3/2) (G, —~,) Q„Q, (W2/2) (G, —d, )q„q,

—'{Gs + ~s) QyQ. (v 2/2)(G) —03)q Q, (~/2) (Gg —~t)(Q,'- Q„') -(~3/2) (G, S,)Q, Q,

(G& + -', ~~)Q'

+ (Gt+ 5p) [Qg —~~(qtt+ Q„)l

-(~3/2) (Gs —~3)Q„Q, (v 3/2) (Gs —63)Q Q (~2/2) (Gg —dt) (g —Q,')

-z (v 3/2) Cg Q
st+ELTcos tt'+ (Gt tdt)Q 8(G 1 g )q q3 7 3 x
—(G --', &,) X„'--,'(qt+ qt)l

—(Gs —-'~s )Q„Q,2 3

~(~3/2) C Q„ +z T cos& cosP &~~ + ~cT cos p + (G~- &g, )Q2

+z T COS& COS +z,T COS P COSQ
st+ +LT cosp+ (Gt —

t Bt)Q

—(G; —,'dt)(q,'--', (Q„'+ Q,')l

l»f Ref. 1 is identical with corresponding terms of our representation if in the matrix elements (l+ I I x&,
(1- I I X&, and (2-1 I z& the sign of Ui is changed.
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TABLE IG. Diagonal blocks of the exciton Hamiltonian for Q= (0, 0, Q).

I 2+&

&2+ I

&zl

(G, + 36 +G +6,)Q2

(~3/2) C~ q

I 2o&

(v 3/2)Cqq

bgt+ ALT+ (Gg —-6g —G2+ -62)Q5 2

2 3

I2-&

&2o I (G, + 'e, G, e2)q2

(~S/2) C~ q

(v 3/2)cgq

(G, + '~, +G, +~2)q2-
I&+&

(Gg +
2

6i qG2 2&2)Q

z(~3/2)Cgq- (~8/2)(G2- &2) Q'

In+&

~(~3/2)cqq- (~3/2)(G -~ )Q'

bg t + (G( —-o( + -G2 —-o2) Q
5 i 1 2

2 2 6

(G( + -6( —TG —~62)q3 1 i 2

g(~3/2)t"-gq- (v 3/2)(G2-&'-)2)Q'

-~(W/2) C,q- (M/2)(G2 —~2) Q'

bat+ (6( -~o( + -G2 —-o2) Q
5 1 i, 2

2. 6

are mixed in the representation Z, .
Qll [&if]. Choosing the [lll] direction as new

quantization axis (z'
ll [ill]), we obtain the sym-

metrized exciton basis of Table IV. The resulting
diagonal blocks of the Hamiltonian are given in
Table VI. The blocks correspond to the irreduc-
ible representations A„A„and A, of the point
groups, „. As is seen from Table VI, the twofold
representation A, contains the transverse exciton
states I«) and Iy) . For Q g0, the 3 x3 matrices
have to be diagonalized numerically.

It is interesting to point out that, for vanishing
Q-linear interactions and vanishing exchange
terms, the block matrices given in Tables III,
V, and VI can be diagonalized for all Q values
analytically, giving in each direction rise to two
different eigenvalues which are fourfold degen-

crate. The dispersion thus obtained corresponds
to the "light" and "heavy" excitons. "' In this
approximation the effective masses of the light
and heavy excitons can be related to the Luttinger
parameters y„y„and y, and to the electron
effective mass m, . By comparison with the results
of Kane, 'we find

G, =h''/2M, ,

G, = (g'p'„/m, )y, ,

&;, = (a'p'„/m, )y, ,

where m, is the free electron mass. M, is a func-
tion which is tabulated in Ref. 3, and P„=(m,/m, )/
(y, +m, /m, ). Inclusion of Q-linear and exchange
interactions changes the exciton dispersion con-
siderably, however.

TABLE IV. Exciton wave functions for Q along the high-symmetry directions t110] and

I.111]which are taken as quantization axis.

New basis
Linear combination of basis functions from Table I
q II bio) q II hxt)

I
2+&'

I
2o&'

I
f+&'

I
«&'

-', (-wsl 2o&+il 2-»
- ~(l 2o& + iwsl 2-»
(1/W2) (I t+ & + I i-&)

il 2+&-
O/W»(I t+& -

I I-&)

(I/W2)( —
I «& + I y&)

0./v 2)(I «&+I y&)

I2+&

I 2o&

n/~»(l ~+& —
I t-&)

(f/v 6)(2 I 2-& —
I I+& —

I t-&)

n/w»(l i+ & +
I I-& + I 2-»

n/W2)(- I.&+ I y»
(t/~&)(2 I «& —

I «& —
I y&)

n/ws)(l. & +
I y&+ I »
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TABLE V. Diagonal blocks of the exciton Hamiltonian for Q= (1/v 2)(Q, Q, O). Complex conjugate terms of the lower

(upper) part have to be added to the upper (lower) part.

(1- I (G(+ t bt —TGt —
) bt)Q

-ig3Cg Q

i(W3/4) C, Q

I
2+&'

(Gi+ -', ~i+ ~G2

+ &62+ &G3+ -63)Q1 3 3 2

i(j 3/2)Cq

I
2O&'

(v 3/2)(G3 —33)Q'

+ (Gi —~61+ -G2 —762)q5 1 1 2

2

I 1+&
'

( 3/4)(G2-(52-G3+ ~3)Q

Ast + Az, T + (G) —5 3(2

G, + 52 &G3+ 63)q1 1 3 1 2

4 j,2 4

( I

i (G(+-3(+ TGt
3 1

2+ 2

+16 +&3G +&36 )Q2

(1+I 3CoQ

(5W3/3) Co Q

(W/4)(G, + ~, —G, -~,)q'

(Gi + ~gi ~ ~G23 1
2 4

3 3- -,' e2- -,G3- -, e3)q2

(~3/8)C~Q

3 Cgq
8

(Gi+ 361+ 71G2

+ -6 —TG —-6 )Q1 3 3 2

4 4

-(~3/4). (G2 —62+ G3 —(53)Q

bgq+ (Gt —-Ot ——Gq
5 1
2 4

+ -62+ -G3 —~63)Q1 3 1 2
4

C. Multicomponent excitonic polaritons

As dis cus sed above, the Schr odinger equation for
the exciton system

(10)

may be solved numerically. The result gives the
exciton dispersion E„"(Q) and the eigenvectors in
the form

TABLE VI. Diagonal blocks of the exciton Hamiltonian for Q= (1/v 3) (Q, Q, Q). Complex
conjugate terms of the lower (upper) part have to be added to the upper (lower) part.

A, t + Az, T + (Gg —~st —GB + ~st) Q

(2-)'

(Gi + -61—G3 —63)Q
3 2

(1st row) I2+&' I 1+&
'

&2+I'

(1+ I

(G, +-', 6,)Q'

( 3/2~2)coQ

(v 3/2v 2)CoQ

(i/ v 2) (Gg + Oa) Q

(G, + n, + G, + ~3)Q3 1 1 2

2 2 2

(i~3/2) Cg Q

-(i/W2) (G3 —&3)Q

-(G3 —~3)Q'
2

t+ (G1- 561+ YiG3 —163)q2

(2nd row)

&2OI'

(1-I'

&xl'

I
2O&'

(Gg + -Oi) Q

(v 3/2v 2)Cgq

+(W3/2v 2)CoQ

(i/v 2)(G3+ Oa) Q

(Gi + -&1+ -G3+ -63)Q
2 2 2

+i(v 3/2)C@Q

-(i/v 2)(G3-63)Q

+t (Gg —bg)Q

4sg+ (Gi —-61+-G3- -63)Q2

2 2 6
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QII (110]
X1

E{sV) Qlt [111]
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(b)
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FIG. 2. Dis rs''
pe ion of excitons (dashed lines) and of excitonic

d;ff....d;...;....fh. =
)

—yp

different branches. 5) Q I ( [110], all branche
&
z=, . . . , 4) indicate the irreducible re resen

() I:

e

' —123)'di teth '
d ibl ttrepresentations of the different branches

e y.

where ~N ~ are th e symmetrized exciton wave func-
tions of Table I.a e . The transverse exciton states
denoted I' a Q=I'» at Q =0) couple strongly to the elec-

tromagnetic radiation field, while the triplet
states with 1 and3 I 4 symmetry do not couple.
Due to the
there m

-dependent interaction at f' 't
ere may be an admixture of the transverse exci-

ton states also to the triplet and longitudinal
states. The eigenstates of the coupled dipole-

b
active exciton-photon system h bave een shown to

e polar itons." Due to the more complicated

one-oscillator model" has to be extended to the
multiple oscillator case. ' The solution EJ (Q)
=ken of the equation

Jp

, q " +.,~'.„(@)[E'(1.,) -E'(I „)]
2 s EP (Q}2 ps~2

(12)

defines the polariton dispersion E,~(Q). The index

j labels the polariton branch d than p e irreducible
ion, i one studiesrepresentation under consideration if o

one of the high-symmetry directions. The re-
fractive index is given by n(Q ), x, and c, defines
a frequency-independent background dielectric
constant. In Figs. 2(a) to 2(d) we give some typical
polar iton dis
differ

dispersions resulting from E . (12 fq. or
erent high-symmetry directions. Thions. e polar iton

rane es are given by full lines and labeled A,
B, C andD , the exciton dispersion is given by
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TABLE VII. Symmetry-adapted two-hole functions for jI,= (0, 2). The hole state functions
4;, i=1, ..., 4 have been defined in Eq. 3; quantization axis of the spin states is the [OO1]

direction.

State and
symmetry I ja, mz& Two-hole representation

r(
r~

r2

r)
r2

r3

I 2, o&

(12,2) +12, -2))/v 2

(12,2) —12, -2))/W2

(12,1&+12, 1&)/v 2

z( I-2, 1) —
I 2, -1&)/~2

-(C &44—1 2 4
2

1 (4,244

(C,C2
1 2 4
2

-(C&C2—2 4
2

—-(4(C31 2 4
2

(C)f @3
2

C 24'3 + C3 C 2
—C 44))

C)2C) 3 —4 3C)2 —C 4C g)
2 4 2 4 2 4

42Cg+ 4344 —C443)

C2C g
—C3C4 + 4443)

—43Cg + C2C4 —C4C)2)
2 4 2 4 2 4

—C)3Cg -C)244+ 44C2)

dotted lines. The irreducible representations are
indicated. As will be discussed in the next chapter,
most of the branches in the different crystal direc-
tions can be final states in a hyper-Haman scatter-
ing process.

III. BIEXCITON WAVE FUNCTION AND SELECTION
RULES FOR HYPER-RAMAN SCATTERING

The biexciton wave function IB~z(Q)) is classified
by the total wave vector Q, the total angular mo-

mentum J, and the magnetic quantum number M.
It is constructed according to Hefs. 25-27

IB,"(Q)) = e' "F„"(Q)
I j„m,) ~j„,m„), (i3)

where F„" is the biexciton envelope and lj„m,),
[j„,mg are products of Bloch states of two elec-

tionss

in the conduction band (I; symmetry) and of
two holes in the valence band (I', symmetry),
respectively. For simplicity, symmetry-breaking

TABLE VIII. Biexciton wave function in terms of the exciton wave functions of Table I.
P~ represents the preceding products with interchanged indices A and B.

State and
symmetry Exciton representation

r2
5

1
4~~(lz&AIz&z+I«&AI«&s+Iy&AIy&s —12+&AI2+&s+12 )AI2 )J

-120&„120&,+11+ &„11+&s+11-&„11 &, + 1'Azz)

1
4~2 (- I z)A I z)s + —, I «&A I «&z+ 7 I y &A I y &s -12+&A I 2+&zi 1

+12-&, 12-&z +120&A I 2o&, --', I 1+&A 11+&s . 211 )A I 1 )B

- W31«&A I 1+)z + W31 y&A I 1 ) +Is' B)A
1

(-2120&A I 2+&z+ 21z&A I 2 )B

1«&„11+&, I «&„I «&, + 11+&A I 1+&z —
I y&A 11-&z

v3 v3
2 2

vS vS
+ Iy&AIy&B 11 )AI1 )z++Az)

2 2
1

4v' 2
—(21»&A I 2-&z -21z &A I 2+ &z + z(- I «&A I 1-&s + ~31«&A I y&z

+ ~311+&A I 1 )B+11+&A I y)B) + I'AB)
1

4~2 (I «&A12+)z + ~311+)A I 2+)z + ~31«)A I 20)z —11+)„12o&,
+ z(- I y&A I 2-)z + ~311—)A I 2-)zz + ~31y&A I z&z

+ Iz&AI1-&z)+ As)

~ (I «&A I 2-&s + ~311+&A I 2-&zz + W31«&A I z &s —
I z&A I 1+&zz

+ z(- I y&A I 2+&z + F11-&A I 2+&zz + W31 y&A I »&z

+11 )A120)zz)+ P„z)
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effects of the wave vector on the biexciton wave
functions are neglected. According to the Pauli
principle IB~z(Q)) has to be antisymmetric with
respect to exchange of identical particles. Thus,
in analogy with the hydrogen molecule, "'"the bi-
exciton ground state (n =0) is built from the anti-
symmetric combination of the electron states
(I",8 I', ) and of the hole states (I', 8 I', ) with a
symmetric envelope function denoted by F,"(Q),
having I', symmetry. For Q =0, the biexciton
ground state consists according to the decomposi-
tion

r, 8(r, 8r, ) 8(r,8r, ) =r, 8r, 8(r, 6&r, er, )

(14)

of six components with angular momentum J=O
and g=2 (even-parity states) corresponding to

Fy F„' and 1, symmetry. The degeneracy of the
biexciton ground state may be lifted due to ex-
change interaction. " The biexciton state vectors
are now "onstructed by forming all products be-
tween the antisymmetrized function for two elec-
trons (upper index, 1, 3)

IO, 0), = (I/W2) (o.'P' —o.'P')

and the antisymmetrized functions for two holes
(upper index 2, 4) of Table VII. Subsequently, we
transform to the exciton representation by using
the symmetrized exciton functions of Table I.
The result is given in Table VIII.

In order to study the selection rules for dipole
transitions, the easiest way is to neglect all
polariton effects. Then the probability for the
hyper-Raman process is given by"'

~ (- k -
) Q (t]"( ) I l(q) IB"(K))(B"(K)IH;(q ) 14" (0)) &). (g) IH. (- ) I0),6(@„(k),~

K o [&,"(K)—2+~- ][&„"'(q)- I~i] q

Thereby IO) denotes the crystal ground state,
Ig" (Q)), E„" (Q) the state vector and energy of an
exciton state and IB~z(K)), Esz(K) the state vector
and energy of the biexciton. Hf(q, ) and H~(q) are
the electron-photon interaction for absorption of
a laser photon (q„~-„)and emission of a photon

(q, ~„), which is observed.
From Eq. (16) together with Table VIII we obtain

the selection rules if we consider the ground-
state symmetry (I",) and the transformation prop-
erties of the interaction operator which in the
dipole approximation is I', . Since we do not want
to calculate intensities, we do not consider inter-
ference due to the sum over intermediate states
in Eq. (16). The hyper-Raman process is dipole-
allowed only if all three matrix Eq. (16) are non-
zero.

To exemplify the procedure let us discuss the
case when all wave vectors q„k, and q are paral-
lel to the [001] crystal direction and that the laser
photons are polarized parallel to [100). In this
case Hr'(q, ) transforms as the coordinate x and
allows the transition to the exciton state Ix). With
two of these laser photons, consequently, we can
excite the two-exciton state Ix)„ lx&s which is part
of the biexcitons with symmetry I'„T",, and F',
(Table VIII). Considering for the final emission
process the two independent polarizations parallel
to [100] and [010] (transforming as x and y,
respectively) we obtain for the different inter-
mediate biexcitons (I'„I",, I",) the final states of
Table IX. These final states belong to the irre-
ducible representations h„b,, [c.f. Table III and
Eq. (8)], which are degenerate and yield two dif-

TABLE IX. Selection rules for luminescence and
hyper-Raman scattering, all wave vectors beirg along
too&l.

Polarization of
Biexciton exciting photons Polarization of emiss ion

state II (too] II (oio] II (iool II Ioio]

I f

pi

p2

pi

p2
5

r'
5

f
f
f

I x&, I 1+&

Ix&, I i+&

ly&, li-& lx&, II+&

120), I 2+) I 2-), I z&

I 2+&, I 2o&

a: hyper-Raman allowed.
f: hyper-Raman forbidden.

t

ferent solutions, which we expect to show up as
two different hyper-Raman lines in experiment.

The biexciton wave functions of Table VIII can
also be used to calculate selection rules for biex-
citon luminescence. For this case, we do not have
to consider the excitation process, but instead
to assume the biexciton states to be occupied and
discuss the emission of one photon of polarization
[100] or [010]. According to the dipole selection
rules those emission processes are possible for
which the initial biexciton contains, respectively,
Ix)„lx)s or Iy)„lx)s as a component. Then, the
final exciton state IX) is left behind in the crystal.
In Table IX we give all selection rules for lumin-
escence and hyper-Raman scattering.
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TABLE X. Selection rules for luminescence and hyper-Raman scattering, all wave vec-
tors being along [110].

Biexciton
state

Polar ization of
exciting photons
IT1o] foo1]

Polarization of emission
f11o] foo1]

r(
r3
r2

r',

r2

r3

f
f
f
f

I2o)', I2+&'

I
«&', ll+&',

I
2-&'.

I
«&'

I
«&'. ll+)', I

2-&'. I «) '

a: hyper-Raman allowed.
f: hyper-Raman forbidden.

In Table X we present the selection rules in the
case where wave vectors q„q, and k are parallel
to the [110]direction. In this case the polariza-
tions parallel to [110]or [001] lead to states of Z,
or Zy symmetry, respectively. Thus for a given
polarization of the emitted light all final states
in the hyper-Raman process have the same sym-
metry.

If the wave vectors are along the [111]direction,
the possible final states belong to the twofold rep-
resentation A, and the hyper-Raman (HR) spectra
do not change with changing the polarization of the
emitted light. Therefore, no selection rules are
calculated for this case. For experimental con-
figurations different from those given above, the
hyper-Raman selection rules can be obtained with
the help of Table VIII.

was checked during the experiment by recording
its intensity with an UVHC 20 Photocell, the
signal of which was fed through Ortec Amplifiers
and integrated in an ATNE boxcar.

The dye laser beam was focused on the sample.
The size of the illuminated spot was about 50 pm.
The maximum intensity impinging on the crystal
surface was several MW/cm'. By means of a
pivoting optical bench on which a rotating mirror,
the focusing lens, and the alan polarizer were
mounted, the angle n between the laser beam and
the normal to the crystal surface could be varied
(Fig. 4).

The samples were high-quality monocrystals
grown by a vapor phase method. They were
cooled down to liquid-helium temperature in a
quartz double Dewar. It was possible to study the

IV. EXPERIMENTAL RESULTS

The HR scattering of Cuar has been measured
with the experimental setup shown in Fig. 3. The
exciting source was a tunable dye laser using a
solution of 2 x 10 ' mol/1 of carbostyril 3 in ethanol
as an active medium and pumped transversely by

- a 1M50A Lambda Physik nitrogen laser. Two dif-
ferent types of laser cavities have been successive-
ly used: In the first one, the tuning elements
were a grating in a Littrow mount with an expand-
ing beam telescope and an additional compact
Fabry-Perot. " A spectral emission linewidth
of 0.2 meV was obtained in the spectral range of
2.920 to 2.980 e7. In the second one, the only
tuning element was a grating working at grazing
incidence. ""The spectral width obtained with
this simpler setup was equal to the preceding one.

The duration of the dye laser pulse was 1.2 ns.
The beam was spatially filtered by a diaphragm
and polarized by a Gian prism. Its intensity could
be varied by a set of neutral filters. Its stability

D

L
/

~ Pivoting
Bench

5arnpte

i

Cr yostat

/

P

M

OMA
',xYl

TV

L. SPEX

NF
FIG. 3. Experimental setup for measuring the hyper-

Baman scattering.
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Dye laser
exci t.at.ion

0] ll f1'I 0j

e, ll [11 0]
Laser

Sample

Dir ect.ion oF
obser va t.ion

FIG. 4. Forward-scattering configuration with vari-
able angles for incident e and emitted light P.

scattering in a backward configuration, the illum-
inated surface on the sample being directly ob-
served, or, in a forward configuration, the emis-
sion transmitted through the sample being re-
corded. The light emitted in a direction making
an angle P with the normal of the crystal surface,
analyzed through a Polaroid polarizer, was focused
on the entrance slit of a —,

' m Spectrograph Spex
used in the second order. The spectra were re-
corded by means of an Optical Multichannel
Analyzer (OMA) (Par 1205D). They were visual-
ized on an oscilloscope and registered on an XY
recorder.

The overall precision of the absolute measure-
ments of the spectral positions was 0.12 meV;
that of the relative measurements better than 0.04
meV. This precision was reached by keeping the
spectrograph grating in the same position during
the whole experiment and by a precision wave-
length calibration of the OMA, using the spectrum
of an argon lamp (4200.67 and 4190.71 A) and of a
neon lamp (6377.607 A) as well as the interference
fringes of a Fabry-Perot illuminated by the white

light of a tungsten lamp.
The hyper-Raman emission from the (110) sur-

face of cleaved samples of CuBr has been first
measured in a backward configuration (o. =23',

P =2'). Figure 5 shows typical HR emission spec-
tra obtained at 4.2 K for two different polarizations
of the emitted light e t [110]and e (l [001]. The ex-
citing laser beam has its polarization vector
4, ll [110]and its photon energy is close to half the

r, biexciton energy. Different emission lines R„
R„S, and N~ are observed. Some diffused laser
light is also recorded.

In Fig. 6, we have plotted the spectral positions
of the HR lines as functions of the exciting photon
energies S~, for different polarizations. The R ~
line is observed in both polarizations with a small
but definite energy difference between the two

corresponding spectral positions. This line is
detected near half the energy of all the biexciton
resonances" [-,'Es(I', ) =2.9530eV, —,'Es(I', ) =2.9551

I

2.920 2.930
I

2.940
I

2.950 j &( V)

FIG. 5. Typical backward emission spectra for
Q]] [110] and different polarizations. The different lines
are discussed in the text.

hu
(eV)

2.950—

2,948—

2,946—

2.944—

2.942—

2.940—

2.952
I

2.954
I

2.956 ~~,(e~j

FIG. 6. Position of luminescence and hyper-Baman
lines as function of incident laser energy for Q]] [110].

e']]', —,'Es(I', ) =2.9564 ep]. The 8, line is observed
at identical spectral positions for both polarizations
near all the biexciton resonances. The S line is
recorded only in the e

ll [001]polarization, as it
is also seen in Fig. 5 near the I', and I', biexciton
resonances. The T line is weakly observed for
both polarizations but only near the I', biexciton
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0
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e II [110j
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ho)
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2.956-

2954-

2.952-

I I I

2.920 2.930 2940 2.950 5 fd(eV)

FIG. 7. Typical forward emission spectrum for
QI I [110] and polarization e I I [110]observed with n
=37' and P =0 . The different lines are discussed in the
text.

2.950-

2.948-

2.946-

resonance. All these lines shift almost linearly
with Sv, with a slope of 2.0. The other lines
called Ni, N~, and N„recorded respectively at
2.9293, 2.9415, and 2.9438 eV, remain at the
same spectral positions when the exciting laser is
tuned. They are related to a luminescence pro-
cess.

The HR emission of these cleaved samples has
also been studied in a forward configuration
(o. =23, 37', and 45, P=0'). The thickness of the
platelets used was about 300 p, m. Figure 7 shows
an HR spectrum for a =3'I' and P =0' at 4.2 K. The
exciting laser beam is polarized parallel to the
[001]axis. The energy of its photons is 2.9529
eV. The emitted light is measured in e ~I[110]
polarization. The spectrum is identical in the
e

~I [001] polarization. On both sides of the laser
line, two new lines R~ and R~ are observed. The
photon energy of the laser being at the I', biex-
citon resonance, the luminescence lines N~, N„
and N~ are also obtained. An additional HR emis-
sion line, corresponding to the R, line observed
in backward-scattering configuration, can also
be seen. In Fig. 8 we have plotted the spectral
position of the R~ and B~ lines for the two differ-
ent angles of incidence n of the exciting laser
beam. The 8, line observed with this configura-
tion is at the same spectral position for the two
incident angles as seen in this figure.

%e have also studied the g~ line in a backward-
scattering configuration (o =30', t] =60'). In Fig.
9, the spectral position of this line is plotted as
a function of the exciting photon energy. The emis-
sion was polarized in the (001) plane. The scat-
tering angle in this configuration was taken to be
less than 180' in order to have a detectable R~
emission, as discussed for CuCl in Ref. 33. The
wave vector of the polariton left in the crystal was
at first kept almost parallel to the [110]crystal

I

2.952 2,954 2.956 %, (eV

FIG. 8. Position of emission lines in forward config-
uration as function of the incident laser energy. The
angle n between incident light and the t110] direction
are indicated. The emitted light was observed almost
parallel to t110]. The line position does not depend on
the polarization vector e.

%QJ

(eV)

2935—

33-

32-

31-

30-

2.929
2954 2955 2.956 ~~i (e'Iv'

FIG. 9. Position of the R~ emission line in a back-
ward configuration as a function of the incident laser
energy (m =30', P =60 ).

direction, then changed by about 25' towards the
[ill] and [001]directions by varying n and P.
No spectral shift of the g~ line could be measured
at a fixed exciting photon energy.
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(eV) QII [aaa] [eV) Q II [001]

2.950- 2950-.

48-

42-

40— 40—

2 938 29 2.954 2955

hu)~(eV)

FIG. 10. Position of emission lines for Q]] [111]as
function of incident laser energy.

2.938
2.952 2.954 2.956

5~ (eV)

FIG. 11. Position of emission lines for Q~ ~
[001] as

function of incident laser energy.

The B~ emission could also be observed in a
forward configuration. The scattering angle 8 has
to be different from zero in order to detect this
emission. " A small shift of the line towards
higher spectral positions (0.08+0.02 meV) was
measured in this configuration as compared to the
backward configuration. It was important that
no stimulated R~ emission took place.

The HR emission of CuBr has also been mea-
sured for other crystallographic directions in a
backward-scattering configuration. We have ob-
tained [111]-and [001]-oriented surfaces of CuBr
by cutting our crystals with a string saw, by
polishing them, and finally etching the surfaces
with a solution of bromhydrie acid in aceton. The
HR emission was only observed with surfaces of
perfect optical quality.

In Fig. 10, we have plotted the spectral positions
of the HR emission lines scattered in a backward
configuration by a (111)surface as functions of the
photon energies of an exciting laser polarized
parallel to [112]. These positions are independent
of the polarization of the emitted light. The A~
and R, lines are observed only close to the I", and
T', biexciton resonances. The S line is detected
near the three resonances. All these lines shift
almost linearly with hco, with a slope of 2.0.

In Fig. 11, the spectral positions of the HR
emission lines, scattered in a backward configura-
tion from a (001) surface, are plotted as functions

of the photon energies of an exciting laser polar-
ized parallel to [010]. The R „and R, are observed
near the three biexciton resonances. They again
shift linearly with Sco„ the slope being equal to
2.0. Again, the line position is independent of the
polarization vector of the emitted and exciting
light.

V.- MSCUSSION

I.et us first discuss the experimental results ob-
tained from observation along the [110]direction
with the incident light being polarized parallel to
[110]. This corresponds to the experimental data
of Figs. 5 and 6. According to the selection rules
(Table X) and the exciton matrix (Table V) the
final states of the scattering process have symme-
try Z, or Z, if the emitted light is polarized paral-
lel to [001]or [110], respectively. In the first
case (Z, ) the final state left in the crystal is ~y)

(Table X) which, due to the Q-dependent coupling
(Table V) mixes with all the other states of Z,
symmetry.

Due to the large splitting between the I"» and
I'» states (ALT) at Q =0, there is almost no ad-
mixture of the ~y)' state into the longitudinal exci-
ton at the wave vectors under consideration. A

hyper-Raman line corresponding to the state ~z)

as one of the final polariton states is unlikely to
be detected in the experiment. We expect three
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h er-Raman lines corresponding to the decay of
the virtually excited biexciton into pairs of polari-

seen, however, in Fig. 6, but the line 7 was o-
served on y in a1

' small energy range of the exci ing
laser. These lines are interpreted as follows:
B, corresponds to a final pair of polariton states

may only be explained by a stimulated emission in
the crystal surface which is diffused from the
sample surface to the spectrograph similar to the
one observed in uC Cl." The final-state wave vec-
tor k has then some arbitrary direction in the (001)
plane. The hyper-Raman line (R~) corresponding
to a final pair q(A A ) is missing in the experiment-
al configuration of Figs. 5 and 6. Instead we have
chosen-a different configuration to observe the

B~ line. According to Ref. 33 the B~ line can be
seen for Sco, being close to half the T,', biexciton
energy if the scattering angle 8 between q, and q
is near 60 and the polarization of the emitted light
is in the scattering plane (001). For this experi-
ment the wave vector of the longitudinal exciton

f' t k t parallel to the [110]direction. T en
its direction was turned towards the [100] and [ ]111

directions, in order to study warping effects.
In the forward-scattering configuration (Figs. 7

and 8), the hyper-Raman lines R'r and Rr were oh-' hich, correspond to transitions with bothserve w c
but withfinal states on the lower branch (A„A, u wi

different wave vector combinations. As discussed
in Ref. 32 in more detail, three scattering chan-
els exist for one given scattering angle 8& 30',

two of which are observed in the experiment. T
8, line of Fig. 8 is interpreted as before as being
due to a final pair (A„A,).

The B~ line [final pair (A„A4)] was also ob-
served in forward scattering configuration. A

d t '1 d analysis of the experimental data givese aie
= 0.08for the B~ line an energy which is hE~ =0.

+ 0.02 meV higher than in the backward-scattering
configuration for the same exciting photon energy.
This energy difference is attributed to the curva-
ture of the longitudinal exciton band as for CuC1
in Ref. 15.

The experimental data allow one to calculate
from the law of energy conservation Eq. e2 the
energy E&(k) of the final state, which is not ob-
served. W'ith this information on the energies we

k E . (1)], thedetermined the wave vectors {I and k Eq.

E{EV)

2.975-
Ag

2.975-

2.965- —A2

A]

2.965- —B3
Bg====- B)

2960- 2960-

2.950- 2.950-

2.940- 2940-

I

0
(b){a}

{ « i i {

0 5 t0 155 10 15

Q{10 cm } Q {10 cm ")
full lines and experimental data for Q [110). Observed hyper-HamanFIG 12. Calculated polariton dispersion ( u ines)~ ~

re used to fix the wave vector of t e secon po a 'h d olariton () which result from the
b th d hdl' ()P 1

a a
ion of the corresponding excitons is given y

metrb ol io i
ecay

branches with Z~ symmetry observed with polar' prization arallel to 00
observed with polarization parallel to f110].
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k2 A+22, =G, --,'6, -G, +-'.5, +4, ', , Qll[001]

2
5 . j

2M c„
S =Ci ——.&X ——.&2+m&2

3Q2- -,'a, +-,'6, +, , ', Q II [IID]
i+ST + LT

S2

2M' =Gi —a6i —Gs+ s5s 4 II [111].
CX

(17)

If we do not consider for the moment Q-dependent
exchange terms (5, =0, i = 1, 2, 3), we can check
the validity of the band parameters for CuBr which
were obtained more recently from the fine struc-
ture of excitonic 2P states. " Using the I uttinger
parameters y', =y, +m, /m, = 5.7, y, =0.2, and y,
=0.56 from Ref. 36 and the electron mass m, /m,
=0.22 we calculate from Eq. (9) G, =0.69h'/2m„
G, =0.25 h'/2m„and G, =0.71 h'/2m, (m, is the
free electron mass). These parameters yield a
strong warping of the longitudinal exciton band
with a negative curvature for /II[111]. There are
several possibilities to explain this unreasonable
result: (1) The band parameters of Ref. 36 must
be corrected due to the k-linear term which was
not considered in analyzing the fine structure of
the 2P states. (2) The influence of the electron-
phonon interaction on the excited exciton states
studied in Ref. 36 is different from that on the
exciton ground state. (3) The Q-dependent ex-
change terms compensate most of the warping
effects. Since the information provided by the HR
experiment is restricted to small Q values, we
were not able to give a final solution to this prob-
lem. It was possible, however, to fit all experi-
mental data by assuming G2 =G3 0 5 53 0,
G, =0.69 h'/2mo and determined 6, from Eq. (17)
by neglecting the influence of the Q-linear term

scattering angles 8, and the refractive index
n(q, &o) .from the polariton dispersion Eq. (12) in a
self-consistent way. ""Using the experimental
data discussed so far, together with the fact that
no directional dependence (warping) of the longi-
tudinal exciton mass could be detected in our
experiment, we determine some of the free param-
eters of the multicomponent system which are
given below. The obtained fit is shown in Figs. 6,
8, and 12(a).

The observed isotropy of the longitudinal exciton
mass Mc„can be discussed in terms of the exciton
matrices of Tables III, V, and VI. Due to the
large splitting E(I', ) —E(I', + I', ) =hsT+b, „T=13.9
meV and the small Q values involved (I@I~15x10'
cm ') the coupling between the longitudinal and
triplet excitons via Q-linear term is considered as
perturbation. We obtain the linearly dependent
relations

on the longitudinal exciton dispersion, which is
of the order of the experimental accuracy of
jlf~„=11+3m, . We thus obtain from the HR data

E:(eV)

2.975-

2.965- 02

2960-

2950-

2.940-

I l ) I I I I i I I i & I t I

5 10

Q(105cm ")
FIG. 13. Galculated polariton dispersion and experi-

mental data for Qll [001]. Notation as in Fig. 12.

E(I',L) =2976.6+ 0.1 meV,

E(I', r) = 2964.4+ 0.2 meV,

E(I', + I",) =2962.7+ 0.2 meV,

~2 ~vx10 2 meV,

go =(73+4)x10 ' meV cm,

gb = 5.4 + 0.2,

5, = (0.24+ 0.02)h'/2m, .

A splitting of the I", and I', excitons [E(I',)
—E(I,) =36,] is estimated to be smaller than 0.2
meV and could not be detected within our experi-
mental accuracy. It was, therefore, neglected in
our analysis. The value of C@ is in good agree-
ment with those given by Khan, "Suga et al. ,' and
Fiorini et al. ' The most recent ref lectivity mea-
surements of Ref. 9 support the above discussion
of the mass and exchange parameters, since there,
also, no indication of warping was obtained. In
addition, an isotropic mass parameter was used
for the triplet exciton states which is in agreement
with our result and with that of Ref. 38. As a
cross check on the derived set of parameters we
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2975-

2965-

2.960-

2.950-

——C2

In this context, it is very important that not only
the energy of dipole-active states may be obtained,
but also longitudinal exciton states and triplet ex-
citons may be one of the final states in the scatter-
ing process. In addition, we were able to obtain
experimental results on the polariton dispersion in
different crystal directions.

A detailed analysis of the experimental data
yields direct evidence on interaction between the
different exciton states, on the exciton mass
parameters, and gives a strong hint on the wave
vector dependence of the exchange interaction. We
expect, that the method proposed here will also
work in other semiconductors with zinc-blende
s tr ucture.
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APPENDIX

calculated the energies of the hyper-Raman lines
for the other scattering configurations presented
in Sec. IV without any further adjustable param-
eter. The calculated energies were used to draw
the solid lines in Figs. 8, 9, 10, and 11, which
agree nicely with the experimental data. The
energy of the experimental hyper-Raman lines
together with the ener gy of the final s tate partner
and their corresponding wave vectors, as calcula-
ted from the polariton dispersion, are visualized
in Figs. 12(b), l3, and 14 to demonstrate the con-
sistency of the polariton model and the reliability
of the derived parameter set.

Since the HR experiment is sensitive to the polar-
iton dispersion at small Q values, it allows one to
determine in particular the exchange splittings
(bar, b.„T) at Q =0 and the Q-linear term. The
parameter values for G„G„5„and i5, can be
obtained from the polariton dispersion at larger
Q values, which can be studied by resonant Bril-
louin scattering. Thus a complete set of param-
eters can be determined when Brillouin scattering
data are available.

VI. CONCLUSIONS

We have shown in this paper that hyper-Raman
scattering is a good tool to determine the disper-
sion of multicomponent excitonic polaritons in the
bottleneck region, if one or more intermediate bi-
exciton states enhance the transition probability.

In order to formulate the center-of-mass Hamil-
tonian, we first form symmetrized expressions of
the electron-spin operator 0„, a„a„ofthe hole-
spin operators J„, J„J„and of the components
of the center-of-mass wave vector ~

yP

While o,. and J, transform as F„Q, transforms
as I,. Using the Tables of Ref. 23 we obtain up to
second order in Q, :

I', : Q'; l„ l„
F, : J„J,J.

Q'- Q' ~(Q'- Q') 3J'- J' ~2(J'- J')
J„,J„J„J„',J,', J.'

5' x& y& 8& y z& 8 x& x

(J„J,},(J„J„},(J„J,};
(J,J' —J'} (J J' —J'}(J J' —J'}

To make the operator act in the eightfold space
of the exciton ground state, we have to combine
the symmetrized expressions in 0 with those in J
using again Ref. 23. Finally, we form products of
these combinations with the symmetrized Q ex-
pressions, having the same symmetry. Thus we
obtain the desired terms which are fully invariant
under the symmetry operations of 7'~. Since the
Hamiltonian has also to be invariant with respect
to time inversion, we drop all invariants which
consist of odd powers in Q, o, and J; The result-
ing invariants are: independent exchange terms
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1,8 &q, 0 ~ 4; o'„J„+a~4, +ogden,
' (Al) 10 .Q,Q,(o,J,"+a,J'„)+ Q,Q,(a,J„'+o„J,')

Q-dependent exchange terms

l. Q„o„(J„'—J,') + Q,o,(J,' —J„')+ Q,a,(J„' —J„'),
2. q„(a,(J„,J„}—a.(J., J„))+q, (a.(J„J,) —a„(J„,J,))

+ Q. (a„(J'„,Jj—o,(J„J,}),
S. Q'a J,
4. 4'(a„J„'+a,J,'+a,J,'),
5. Q'„a„J„+Q'„a,J', + Q',o,J, ,

+ Q„Q„(a„J,'+ a,J„'),
11. Q,Q,(,(J., J„' —J,') .—(J„J,' —J,'))

+ Q,Q„(a,(J„,J", —J,') —o„(J„J„'—J,'))
+ Q„Q,(o'„(J„J,' —J„'}—a,(J„,J,' —J,')),

and finally nonexchange terms

(Q„(J„,J,' —J,') + Q,(J„J,' —J„')

+Q,(J., J„' —J,')) 8 1, ,

2. Q 1, lq,

(A2)

7. (Q', - Q'.)a.(J., J„'-J,')+(O', - Q'„)a,(J„J*, J'„)
+ (Q'„- q'„)a,(J„J,' —J,'),

8. Q,Q,(a„J,+a+,) + Q,Q„(a„J,+a,J„)

+Q„Q (a„J +a J„),
9. (Q,Q,o„+Q,Q,o, + Q„Q,a,)J„J,J'„

[Q,'(J,' —sJ )+Q', (J„' —' J')+Q', (J,' —sJ')]1, ,

(Q.q.(J. J.)+Q.q.(J. J.}+Q.Q,(J. J,})+l. .
Out of these invariant expressions only those of
(Al) and (AS) have been considered in previous
work (see, e.g. , Ref. 1). The Q-dependent exchange
terms correspond to the Q dependence of the Bloch
functions in the exchange integral.
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