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Molecule adsorbed on plane metal surface: Coupled system eigenstates
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As part of a test of the surface plasmon mechanism for surface-enhanced Raman scattering by molecules adsorbed
on plane metal surfaces, we have developed the quantum-mechanical theory of the interaction between

physiadsorbed molecules and the plane surface of a metal. Particular attention was given to the coupling between a
discrete dipole-allowed excitation on the molecule and the continuum of excitations of the surface plasmons at a
plane metal surface. Coupled system eigenstates were obtained by Pano's method for cases where the metal was

nonspatially dispersive and where spatial dispersion was included. The interaction energy V& was computed in both
cases. In this absence of spatial dispersion the classical image-field-theory result is obtained in the nonretarded
limit. In the presence of spatial dispersion a significantly different result is found. The results were used (see
following paper) to calculate the cross section for enhanced Raman scattering.

I. INTRODUCTION

Strongly enhanced Baman scattering by mole-
cules adsorbed at a metal-solution interface has
been observed recently. ' ' The scattering cross
section of the adsorbed molecules has been re-
ported to be as much as 6 orders of magnitude
larger than that for the same molecule in solu-
tion. This great enhancement has stimulated many
investigators to produce models suggesting that
this is a type of resonance scattering. ' ' Most of
these models are either qualitative or classical;
the intermediate states involved in the scattering
processes are not clearly specified.

In this and the. following paper we investigate a
new quantum theory of the eigenstates and Baman
scattering cross section of the composite system
of molecule adsorbed on a plane metal surface.
Our theory is based on a simple model for the
surface of the metal assumed flat, and for the
electronic structure of the molecule assumed to
be a two-level system with allowed transitions.
We allow the metal to be characterized by a fre-
quency-dependent dielectric function g((u), or a
more general frequency- and wave-vector-depen-
dent function g(~, k) including spatial dispersion.
The metal can sustain elementary excitations such
as those that originate in surface plasmons, vol-
ume plasmons, and interband and intraband elec-
tronic transitions. The molecule is idealized as
a two-level system with a discrete dipole-allowed
excitation and is assumed to be weakly physiad-
sorbed on the metal surface. The excitations in
the metal related to both electron-hole polariza-
tion given by interband and intraband transitions,
and the macroscopic electric field external to the
metal surface produced by the plasmons, will in-

fluence the electronic excitations in the adsorbed
molecules.

The coupling between the discrete excitation of
the adsorbed molecule and the continua of elec-
tronic excitations in the metal is of decisive im-
portance. We investigate the new coupled eigen-
states of the composite inhomogeneous molecule-
metal system quantum mechanically, using Fano's
general theory' of discrete-continua coupling, and
we are able to make quantitative statements about
these states. Because the surface plasmons pro-
duce a large macroscopic electric field outside the
metal, we only consider the surface-plasmon con. -
tribution in these two papers.

Mahan' has shown that the interaction between
surface plasmons and an electron outside the met-
al is equivalent to that of the image field, in the
classical limit. The proper dynamical nature of
the interaction between the electrons and metal
can only be taken into account by working in a
quantum picture of surface plasmons. The macro-
scopic electric field due to surface plasmons de-
pends sensitively on the dielectric function of the
metal and the boundary conditions on the inter-
face.""Another important factor is the presence
of spatial dispersion: If this effect is included, a
drastically different density of states of surface
plasmons will result compared to neglect of the ef-
fect of wave-vector dependence in the dielectric
function. The density of plasmon states affects
the doupled eigenstates in an important manner.

In Sec. II of this paper we investigate carefully
the coupling coefficient between surface plasmon
and molecule for both cases". spatial dispersion
absent and present. In Sec. III, the Hamiltonian
for the coupled systems is set up and the eigen-
states are obtained. In Sec. IV, the eigenstates of

1980 The American Physical Society



5954 TING-KUO I.EE AND JOSEPH I. . BIRMAN

the coupled systems are analyzed —presence and
absence of spatial dispersion are contrasted. In

Sec. V, we discuss our results and compare with
various simpler limiting cases: classical (non-
retarded} limit of the image charge and a picture
in which shifted and broadened molecular levels
are invoked. The merit of basing a theory of Ra-
man scattering on a quantum theory of the coupled
system should be evident. The theory presented
here is capable of being applied to arbitrary sur-
face configuration; in the particular applications
reported in this and the following paper, the metal
surface is taken as plane.

H. COUPLING COEFFICIENT Vg

We model the composite system as a semi-infi-
nite metal outside of which are molecules. The
metal occupies the half-space z &0 and has dielec-

tric coefficient «(e, k). Molecules are affixed at
distance R,&0 from the interface z= 0. We as-
sume the dielectric function is g, = 1 for the half-
space z& 0 taken as vacuum. The metal surface is
an ideal plane, and roughness is ignored in this
model. We proceed to compute the interaction en-
ergy of metal and molecule.

A. Absence of spatial dispersion in the metal

In the case of a nonspatially dispersive metal for
which the dielectric function is assumed to be in-
dependent of wave vector k, the quantized polari-
zation field of a surface plasmon has been de-
rived by many authors. "' Here we shall follow
Nkoma" et al.

The quantized vector potential field for the sur-
face plasmon outside the metal is given by

where q and r are two-dimensional vectors paral-
lel to the surface and q and 2 are unit vectors.
The normalization constant f; is given by

and the surface-plasmon-dispersion relation is

c q «(&)
1+ «(~}

In the nonretarded limit, i.e., cq/~» 1, the sur-
face plasmon frequency ~„ is determined by the
equation

«((o„)+ 1= 0.
Equations (1)-(4) were also derived .by Elson and
Bitchie" for the special case of the Drude dielec-
tric function:

«( td) = 1 —&dp/&d

The electric field outside the metal is given by

18AE=--
C

(6)

This electric field can cause an electronic transi-

where A is the area of the surface. The variables
y, q, and ('d are related by the equation

2(dy=q-—
C2

q'

where p,, and p,, are the electric dipole moments
of the molecules in the direction perpendicular
and parallel to z, respectively. In the limit cq/&o

»1, Eq. (8) reduces to the simple form

(8)

We have used Eq. (6) to derive Eq. (8). This re-
sult was also given by Gersten and Tzoar.

Instead of using the Drude form equation (6) and
if we use the more general form of dielectric func-
tion given in Eq. ('l), then in the nonretarded lim-
it ~V;~' is given by

tion in the molecules adsorbed on the metal sur-
face. Generally the dielectric function of the met-
al will be assumed to include both interband and
free-electron contributions, i.e. ,

«(&d) = 1+ «„(~) —(d,',/(0',

where co„ is the free-electron plasmon frequency.
We shall assume the molecule has only two

electronic levels, 0 and 1, and the dipole approx-
imation will be used for the transition matrix ele-
ment. Thus the interaction between surface plas-
mons and molecules is given by a coupling coeffi-
cient V-', of the form
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(10)

B. Effect of spatial dispersion in the metal

When spatial dispersion or the wave-vector de-
pendence is included in the dielectric function
e(&,k), the surface-plasmon —dispersion relation
is no longer given by Eq. (4) and depends on the
boundary conditions used.

Fuchs and Kliewer" have used several forms
of dielectric function to calculate the surface-
plasmon-dispersion relation, assuming specular
reflection as the boundary condition. It turns out
that the simple hydrodynamical form of z(ur, k)
gives a result similar to the more complicated
Lindhard dielectric function, so we shall use the
hydrodynamical form of e(&u, k) given by Fuchs
and Kliewer. "

We shall restrict ourselves to the nonretarded
limit in the derivation of

~
V,

~

. It will be appar-
ent below that the important region of (tu, k } space
is far away from the light line. In the hydrody-
namical approximation, the longitudinal dielectric
function is of the form"

e,(~, k) = 1+ q,(~)—

where ~„ is the free-electron plasmon frequency

and P'=
—,
' v2~, vz is the Fermi velocity. Equation

(11) agrees with Eq. (7) in the long-wavelength
limit.

Following the result of Fuchs and Kliewer" it is
easy to show that outside the metal the potential
field due to the surface plasmon is gi.ven by

E e Qz lg'1'

where

47t@(U 1E = co 7+5&+
Aq " ' 1+ &

. b

(13)

A derivation of Eq. (13}is given in the Appendix.
Here cu and q are related by the surface-pias-

mon-dispersion relation

(14)

In the limit P = 0 and e„=0, Eq. (14} reduces to the
weil known surface-plasmon-dispersion relation
(in the nonretarded limit), ~'= —,

'
&u2, .

In the dipole approximation and with spatial dis-
persion included, the coupling constant V, is given
by

(15)

Having obtained the interaction constant V„we
can now proceed to set up the Hamiltonian for the
coupled systems and obtain the new eigenstates.

r

by

H,„=QV;C~~c,a;.+ H. c. ,
q

(18)

III. HAMILTONIAN AND EIGENSTATES
OF THE COUPLED SYSTEM

Since the molecule is assumed to be a two-level
system, the Hamiltonian of the molecule in the ab-
sence of interaction is taken as

where H. c. is the Hermitian conjugate. The
ground eigenstate for the uncoupled Hamiltonian
H +H„ is denoted ~o, g&. The excited states that
will be considered are given by

~l, g&= C„'C, ~O, g&, ~O, q&= a- ~o, g&,

H = P e„c~c„,
n=o, l

(16)
and

~i, q&= C,'C,a ~O, g&.
where 0 and 1 denote the ground and excited states;
C„are Fermion operators. The surface plasmons
are described by the Hamiltonian

Thus the matrix elements of the total Hamiltonian

H=H +H, +H„t

H„= gh~ata;, (17) ar, e given by

where the frequency &o, is given by Eq. (4) or Eq.
(14). In the dipole approximation, the interaction
between molecule and surface plasmons is given and

&i,g[H)j, g&= &,.5„,
&o, q/H f0, q'&=ace-, 5;;, ,

(2o)

(21)
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5;(E}=ls +z(E)5(E-e, -n~, ) v*a(E).
0 q

(25)

In Eq. (25), (P denotes the principle part. The
function Z(E) is defined by the equation

z(E}
I v, I'=E ~, -F(E)

and functions F(E) and
I
V~ I' are given by

F(E}=~ s'E

(26)

(2'I)

(o, q lail, g&= v,
all other matrix elements are zero. We are neg-
lecting two plasmon excitations because their con-
tribution to the Raman scattering matrix element
is negligible.

Equations (20)-(22) in effect describe the cou-
pling between a discrete state I1,g) and a contin-
uum IO, q). The coupling between ground discrete
state IO, g) and the upper continuum ll, q) has
been neglected' in Eq. (18), since the energy dif-
ference e, + ji&, —eo for states IO, g) and I1,q) is
much larger than e, -h~, —eo for ll, g) and IO, q).

Fano' has solved the problem of interacting dis-
crete states and continuum given by Eqs. (20)-(22).
Following his analysis the eigenstates of the total
Hamiltonian H are given by

IS & = a(E}ll.g&+Z I';(E) Io q& (23)

where a(E) and b-(E) are given by

la(E} I'I v, I'= [~'+ z'(E}] ' (24}

v&
I

5(E —e, —a&,). (28)

Evidently, F(E) and m
I
V~ I' are the real and imag-

inary parts of the function b, (E),

n(E) =Z E-&,-N~ -i~'
q 0

(29)

where 6-0+.
Using Eqs. (26) and (29), la(E) I' can be rewrit-

ten in the form

or

[E-e, —F(E)]'+m'/ V
(30)

la(E) I'= —Im[E —e, -n(E)] '. (31)

la(E)l' has a resonant behavior near Es = &,
+F(E ) for very small values of

I
V(E~) I'. This

property is thoroughly, analyzed by Fano' and it
will not be discussed here. In the following
paper, "we used

I
a(E}I' to investigate the possi-

bility of resonant Raman scattering.
Here we wish to emphasize that the states

I ps)
[Eq. (23)] represent a new set of eigenstates of the
entire system. They have properties of both sur-
face-plasmon states and molecular states. They
should not be identified as shifted and broadened
original molecular states as discussed, for ex-
ample, by Philpott. " In fact, if leo, &g, —g, for
all surface plasmons, besides the continua given
by Eq. (23) which have energies less than g, —e„
there exists a discrete state whose energy E& p,
—e, and satisfies the equation E —e, = F(E). Thus
these new states are more like bonding and anti-
bonding states then shifted levels.

IV. FUNCTIONS F(E) AND IV~ P

The function b(E), or F(E}and
I
Vs I', completely specifies the new eigenstates of the coupled system.

In the case of no spatial dispersion, substitution of Eq. (8) into Kq. (2t) yields

R&)= fq q da'(td)lc(td)I)+&(~))+—,~) —,'g.'+ —,v,' e'""'6' . ()
2hc'y

2 S(d 1+q2/y2 c ( y2 ' e-eo-K(d '

Using Eq. (4}, we obtain

(33)

Using Eqs. (3), (4), and (33), Eq. (32) is reduced to the form
2

(35)

where &()„ is the surface-plasmon frequency defined by Eq. (5). Equation (34} can be further reduced by
introducing the oscillator strength of the molecules for the transition:

2m(s, —eo)
Oi

=
em@2 i) z
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and

m(e, —e0)
01 & 2 lJ. 'e~ (36)

Equation (34} then simplifies to the form

m(a, —~,) ~', & —~. -)f~ " " I-( —~(~))"[(—~(~)) ( ~[-( —~(~)l"*)

(37)

Inspecting the integral in Eq. (37), we can easily see that F(E)~ (R,) '. Equation(37) canalsobe evaluated
approximately by using the fact that the integrand in Eq. (3'I) is heavily weighted near the region 1+ e((d)
= 0 or (d= &o„. Using the approximation &v- &u„ in Eq. (37), we obtain

~) c' 2 ~ 2~ 2[-(-a(td))' ' c[-)-a(ra))'~')
If we choose the Drude dielectric function, Eq. (6), the integral in Eq. (38) can be easily evaluated, and

the result is

(38)

I /

(39)
g

g(d

At E= q„Eq. (39) gives the well-known expression for the self-energy of a dipole and its image field. "
Since R, is usually a few angstroms, F(E) of Eq. (37} is very large. When spatial dispersion is included

the value of F(E) is greatly reduced and it will not depend on R, in the functional form F(E) 0c R,'.
Substitution of Eq. (15) into Eq. (27) yields F(E) for the spatially dispersive medium. It is of the form

rvhere

0x g& Q — ~+ Q 7+ 5q2+ [P
1+ q, ) 1+ C2 (E -e0)/'K(0„—0 ' (40)

-2(, 2P2 2P2 / 2 [02 1/ 2

F(&= e0)= --2'(p,'+ —,
'

p,,') q'dqe "~2 1+, —,~1+ (41)
0 (d( (d ( q~

Without spatial dispersion, i.e. , p= 0, Eq. (41) reduces to Eq. (39}for E= &0. In the limit of very small

R„ the leading term of Eq. (41) is proportional to R,'. Equation (41) is much smaller than the value given

by Eq. (39). Thus the effect of spatial dispersion, even using simplest hydrodynamic form equation (11},
greatly reduces the strength of image field obtained classically.

Not only are there quantitative differences for F(E) between spatially dispersive and nonspatially disper-
sive media but also a qualitative change. Without spatial dispersion, F(E) is positive for E h0)„, since
there are no surface-plasmon states with energy larger than i2(d, . This is clearly shown in Eq. (39). In

the presence of spatial dispersion as in Eq. (11},most surface-plasmon states with large wave vectors
are above [0„. Thus F(E) is still negative for values of E immediately above 5[0„.

The quantity
~
Vz ~, defined by Eq. (28), is easily calculated using Eq. (8). Without spatial dispersion,

Vs I' is given by

)
V~ )'= —,(o' [f'„-g([0)f'„] exp —2 —R,eK 1 2 1 2 e'(~)

m(e, —e0) c' " " [-1—e((0)]"'[1—&((d)] c

where '(d= (E E0)/L Equation-(42) has also been derived by Philpott", in discussing the decay rate of ex-

(42)

q= ~, II=C CO

and (I and &0 in Eq. (40) satisfy the dispersion relation Eq. (14). The finite cutoff Q, was taken to be Q,
=—c/'P.

For the special case &2= 0 and E= e„F(E)of Eq. (40) reduces to the self-energy of a dipole and its image
field (in the presence of spatial dispersion). In other words, F(E= g0) reduces to the form
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cited molecules interacting with surface plasmons.
We remark that Eqs. (28} and (42) are correct using the assumption that the surface-plasmon energy

k&o, is real. It is obvious that if 5/I' is the intrinsic lifetime of the surface plasmon,
I
V~

I
is changed to

the form

~ 1
I
v. I'=-, Q I v. I'(E, ~„-).,1. ~

Substitution of Eq. (7} into Eq. (43) yields

e@ 11 Sp

z I ~( ) 3 J
d& ~'

(E @~ )2+ p2 [foi —e(+)fox]

e'(~) f 2&oR,
X — exp-

& c[-I -~(~)]'" &

Equation (44) is the same as Eq. (N) after replacing the factor

1
g q @'~

(43)

(44)

in Eq. (37) by

1 l"
m (E —eo -K~)'+ I"'

Note that
I
V~.I' given by Eq. (40) is also proportional to R,'. By using the same method

I Vz I' for the
spatially dispersive medium can be obta. ined from Eq. (40). It is of the form

1 1

'-n
Aw„) N~„E@~„&

I
V~ I' for the spatially dispersive medium [Eq.

(45)] is much larger than
I
V~ I' for the medium

without spatial dispersion [Eq. (44)]. Note
I V, I'

of Eq. (43) increases with q and v provided that
qR, & l. In the integration of Eq. (44) without
spatial dispersion ~ is restricted to values less
than (d„. In contrast, by including spatial disper-
sion as in Eq. (45) &o can be larger than &o„.

V. CONCLUSIONS

A new approach was used to study the interaction
between a weakly adsorbed molecule and a plane
metal surface. Special emphasis was given to the
coupling between discrete electronic levels of the
molecule and continuous levels of the surface
plasmons of the metal. A set of new eigenstates
was obtained for the coupled systems. These
eigenstates are combinations of the bare surface-
plasmon states and the excited level of molecules.

Since the polarization field and the density of
states of surface plasmons depend on the dielec-
tric function of the metal, the eigenstates of the
coupled systems are quite different for a spatially
dispersive metal, where the wave-vector depen-

dence is included in the dielectric function of the
metal, and a nonspatially dispersive metal.

Without taking spatial dispersion into account,
the interaction between surface plasmons and
molecules reduces to the classical image field in
the nonretarded limit. The eigenstates are shifted
from the bare energy levels of the molecule. The
separation is proportional to the inverse cube of
R„ the distance between molecules and the metal.
When spatial dispersion is included, for example,
by using the hydrodynamic approximation, the
separation between the eigenstates and the bare
levels of the molecule-is greatly reduced and is
not proportional to R,'.

Since we have used the simplest hydrodynamic
form of dielectric function for the metal and have
neglected the variation of electronic, density near
the surface, the conclusion drawn above for the
effect of spatial dispersion on the eigenstates
serves as an indication of the importance of the
surface-plasmon-dispersion relation.

Efrima and Metiu' used classical image-field
theory to explain the observed enhanced Haman
scattering for adsorbed molecules on metals. In
the following paper" on the eigenstates for Raman
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scattering, we show that without spatial dispersion
and using a simple Drude dielectric function for
the metal, the result is similar to that found in
Ref. V. Inclusion of spatial dispersion will drasti-
cally change the result.

Philpott" was the first to point out that resonant
Raman scattering could occur at energies far away
from the bare molecular levels due to interaction
with surface plasmons. As pointed out at the end
of Sec. XV, his description of the new eigenstates
as shifted and broadened molecular levels are
misleading. Hexter and Albrecht4 have discussed
this problem recently, but their eigenstates are
not derived explictly and the final Raman scatter-
ing matrix elements seem incorrect (see Ref. 1V).

We remark that in this paper we emphasized
the surface plasmons as the primary excitations
interacting with the molecules. In general, other
excitations, such as inter- and intraband transi-
tions and volume plasmons, could also contribute.
But the coupled systems can still be classified by
interactions between discrete states and continua.
The result given in Sec. III will still be correct
but with different V,. Gersten et al. ' have investi-
gated the tunneling interaction between molecule
and metal in a perturbative approach. Since their
system involved interaction between the discrete
state of the molecule and all the electronic states
above the Fermi level in the conduction band of
the metal, their result can be obtained by the
theory given here.

In this paper, for convenience of calculation,
we have made several important assumptions:
The metal surface is taken plane, and roughness
is neglected; the molecule is taken as a two-level
system, and the dipole approximation is used to
evaluate the induced electronic transition in the
molecule due to surface-plasmon polarization
field. Results for multilevel molecules could be
obtained by extending the theory as described by
Fano. ' Since the distance between molecule and
metal B, is only a few angstroms, the wave vec-
tor involved in the calculation of V; is very large.
The dipole approximation assuming e"'- 1+iq r
in evaluating the matrix element should not be
used; instead, the exact matrix element of e"'
should be used. At present the magnitude of such
effects is not known and they may indeed be very
important and change results based on the two-
level and dipole approximations. However, we
restricted oursleves here to a careful guantum-
mechanical treatment of one particular model.
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and

&„(z)=i—,e ":dq, , q'
„(('b' e,(k, (d)

(A1)

E ( )
bEq dqz qzq„k' &g(u, (o) '

where

P2 q2+ q2 ~

(A2)

Note that the total electric field is proportional toe""where r z=0. Substitution of E(l. (11) into
(Al} and (A2) yields

and

x~, , e' ~ q e' -s, '(d (d 2 l/2h

(P2q2 . Pbq2 (qz q2 )1/ Z
e

)
(A3)

where

(o,'= (d,',/[1+ zb((d) ] (A5)

pb b j)2

vO (d
(A6)

The potential associated with the electric field
E is given by

and

E
&+&, &P'q~

CO
I' q/(q* q*)'"e"*''"'*)e"'

pbq2

APPENDIX

By using the longitudinal dielectric function of
the form given by E(l. (11}, Fuchs and Kliewer"
have shown that in the nonretarded limit the elec-
tric field inside the metal (z& 0) is given by
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All the fields above are in the metal, i.e. , z & 0.
The potential in the region z&0 is
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y(z) @ e-cs+iq r (AS)

2 +
(q2 q2)i)2 g2 i b ~2) (AO)

The boundary condition that P is continuous at z
= 0 yields the dispersion relation

where e(z) is the step function. It is interesting
to observe that in the case q„= 0 there is no sur-
face charge density but only volume charge density
associated with evanescent volume plasmon. '
Without spatial dispersion i.e. , P= 0 in Eq. (11),
there is only surface charge density"„

Equation (A9) is equivalent to Eq. (14).
The charge density is given by the equation p =—' qe"'5(z = 0) .2' (A11)

p 4m

Eq=—'q 1 V(z=0)e"'
4m 1+ q~

The normalization constant E, in Eq. (AS) can be
determined by quantizing the potential field. The
quantization is done by following Stern and Fer-
rell. " The p and p given by Eqs. (A7), (AS), and
(A10) satisfy the equation

+ o — e ~ -~~& e«'e(-z)&a n q ~ ('-' '~' ~

4v 7&'1+a, (q' —q~)"'

(A10)

p dzA .

Thus E, is obtained and given by Eq. (13).

(A12)

~M. Fleischmann, P. J. Hendra, and A. J. McQuillan,
Chem. Phys. Lett. 26, 163 (1974).

~D. L. Jeanmaire and R. P. Van Duyne, J.Electroanal.
Chem. 84, 1 (1977).

3B. P. Van Duyne, in Chemical and Biochemical Appli-
cations of Lasers, edited by C. B. Moore (Academic,
London, 1978), Vol. 4, Chap. 5.

4R. M. Hexter and M. G. Albrecht, Spectrochim. Acta
35A, 3 (1979).

5J. l. Gersten, R. L. Birke, and J. R. Lombardi, Phys.
Rev. Lett. 43, 147 (1979).

6F. W. King, R. P. Van Duyne, and G. C. Shatz, J. Chem.
Phys. 69, 4472 (1978).

S. Efrima and H. Metiu, Chem. Phys. Lett. 60, 59
(1978); J. Chem. Phys. 70, 1602, 1939, and 2297
(1979).

U. Fano, Phys. Rev. 124, 1866 (1961).
9G..D. Mahan, Phys. Rev. B 5, 739 (1972).
~oP. Fuchs and K. L. Kliewer, Phys. Rev. B 3, 2270

(1971).

A. A. Maradudin and D. L., Mills, Phys. Rev. B 7, 2787
(1973).
J. M. Elson and R. H. Ritchie, Phys. Rev. B 4, 4129
(1971).
J. Nkoma, P. Loudon, and D. R. Tilley, J. Phys. C 7,
3547 (1974).

~4G. S. Agarwal, Opt. Commun. 13, 375 (1975).
J. I. Gersten and N. Tzoar, Phys. Rev. B 9, 4038
(1974).

' A similar approximation in a different context was
made in treating the atom-radiation interaction in
R. Loudon, Quantum Theory of Light (Oxford Univer-
sity, London, 1974), p. 188.
T. K. Lee and J. L. Birman, following paper, Phys.
Rev. B 22, 5961 (1980).

~8N. P. Philpott, J. Chem. Phys. 62, 1812 (1975).
~~S. Q. Wang and G. D. Mahan, Phys. Rev. B 6, 4517

(1972).
E. A. Stern and R. A. Ferrell, Phys. Rev. 120, 130
(1960).


