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New thermoelectric effect in tunnel junctions
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A new type of thermoelectric current effect is derived for tunneling through oxide barriers

between metals at different temperatures, for both superconducting and normal tunnel junc-
tions. This effect was observed in both current and voltage measurements on Al-PbBi tunnel

junctions in which one electrode was heated by laser irradiation. The existence of this ther-

moelectric effect may resolve long-standing discrepancies between experimental results-and

theoretical predictions for a series of point-contact experiments.

I. INTRODUCTION

A temperature gradient across a bimetallic super-
conducting loop is predicted to induce a current flow
around the loop, if the quasiparticles have nonzero
thermopower S." A number of different experi-
mental designs have been used to look for such an
effect, most recently a laser-heated loop experiment
by Schuller and Falco, and a toroidal geometry ex-
periment by Van Harlingen and Garland. 4

A second group of experiments has concerned
thermoelectric effects caused by interaction of tem-
perature gradients and supercurrents. An effect pro-
portional to v, 9T was predicted5 to give rise to a lo-
cal charge imbalance within the quasiparticles which
could be measured with a tunnel junction probe. The
magnitude of the effect depends on the mean free
path of the quasiparticles, as well as 5, but is entirely
independent of the normal-state thermopower. Ex-
periments by Clarke et al. , and others'8 confirm the
existence of an emf which is proportional to v, O' T,
although the theoretical magnitude and temperature
dependence have been open to debate, '

This paper will treat an entirely different type of
thermoelectric effect, applicable to tunneling through
oxide barriers between both superconductors and
normal metals. Laser illumination of one film of a
tunnel junction was used to create a nonequilibrium
situation which can be modeled as a temperature
difference across the oxide barrier. Observations of
the thermoelectric effect will be presented for both
open-circuit voltage measurements and short-circuit
current measurements. The existence of this ther-
moelectric effect can explain discrepancies between
experimental results and theoretical predictions in
several earlier superconducting thermopower experi-
ments.

II. DERIVATION OF A TUNNELING
THERMOELECTRIC CURRENT

The tunneling barriers in tunnel junctions are typi-
cally 10—40-A-thick oxides of one of the electrodes.
Moderately thick oxide barriers reduce the transmis-
sion probability of electrons to cross the barrier to—10 ' . The oxide barrier also serves as a barrier to
phonon propagation. " As a result, the metal films
comprising the tunnel junction can have significantly
different temperatures in nonequilibrium situations. "
These effects are especially important at low tempera-
tures, when the phonon heat transmission (—T4) is
low.

Qualitatively the physical processes explaining a
thermoelectric quasiparticle current at zero voltage
can be seen in Fig. 1, in which the semiconductor-
model density of states is plotted for an Al-PbBi tun-
nel junction. A heat source creates an equal number
of electronlike (upper branch) and holelike (lower
branch) quasiparticles in the PbBi, so that the super-
conductor on the left (PbBi) is effectively at a higher
temperature than the superconductor on the right
(Al). The Fermi energies are held equal externally
by a superconducting shorting wire. Electrons tunnel
across the barrier from the PbBi to the Al in the tun-
neling channel labeled A. There is a back current, la-
beled 8, for states in the lower branch. For an oxide
transmission probability X(E) that is energy indepen
dent, the charge transfer for the two processes exactly
can=els. Harrison has noted" that the densities of
states of the metals are proportional to (dE/dk )
and the group velocities for electrons to approach the
barrier are proportional to dE/dk, so that the branch
cancellation is independent of density of state
changes. If transmission probabilities for A and B
processes are not exactly equal, however, there will be
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evaluated as

ns 23+ In(RA)
(2y' ')

where R is in ohms and A is in cm'.
Typical values of the parameters for an aluminum

oxide tunneling barrier would be s = 10 A and

/ =3.7 eV." Evaluating Eq. (5) for electron states
near the Fermi surface and a 1-ohmcm2 junction
resistivity, this simple model gives

3.1 eV ' (6)
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FIG. 1. Semiconductor model of tunneling, shown for an
Al-PbBi junction illuminated on the PbBi side.

ln[X(E) ] = —ns ($ —E)' 2+ const,

where

a net thermoelectric current, which can be experi-
mentally measured by using a galvanometer in place
of the superconducting shorting wire.

An estimate of the energy dependence of the elec-
tron transmission probability can be obtained using
the one-band %KB approximation. For an oxide bar-
rier potential P, electron energy E (both measured
from EF), and oxide thickness s, X(E) is given by'4

[It should be noted that Gundlach" has done calcula-
tions using a slightly more sophisticated, two-band
model. This model introduces the effects of the
valence band of the oxide on the tunneling probabili-
ties. In general the results of these calculations are
to lower the estimates of ct, although accurate pre-
dictions for c~ are rather difficult. The two-band
model has proven superior to the one-band model
when applied to explain high voltage asymmetries in
tunneling I ( V) characteristics. "'8

If the relevent energy separation of the two
branches is 2LLpba; (=—3 meV), Eq. (4) suggests that

. the A currents illustrated in Fig. 1 could be expected
to be on the order of 1% larger than the 8 currents.

The exact magnitude of the current depends on the .

excess number density of excited q~ siparticles that
are able to tunnel as well as details of the junction it-
self. The semiconductor model predicts

Io= „X(E)AI'i(E)Wp(E)

x[f, (E) f,(E)]dE, (7—)

where 10 is the predicted zero voltage current, N; is
the superconducting density of states normalized to
the electronic density of states per spin, N (0), and e
is negative. The normalized transmission probability
can be expanded as

a=4m(2m)'~'/h =1.025 eV '~'A ' (2) X(E)/X(0) =I+ciE+ (8)

The dependence of X on the angle of incidence upon
the barrier has been integrated out.

%e will restrict our analysis to study of tunneling
at low voltages, i.e., V « P/e. In this case, only
states close to EF contribute significantly to the tun-
neling current. The transmission probability for
these states may be expressed in terms of a Taylor's
expansion about EF..

Using this expression in Eq. (7), the first term in-
tegrates to zero, leaving

1Io= c) J EN)(E)lV2(E) [f((E) f2(E)] dE . . —

Although the semiconductor model used to
describe the phenomena of a thermoelectric current

ln[X(E)] = —b +c~E +

The fractional change in X as E varies is given by

1dX d=c) = ln(X)
X dE q dE

F

For the model described by Eq. (1) this may be

(3)

(4)

correctly predicts the rough magnitude and correct
sign of the effect, it does not carefully take into ac-
count the combined hole-electron nature of quasipar-
ticles. (For a more detailed and rigorous calculation
of the thermoelectric current, see the Appendix. )
The major conclusion should be valid, however,
namely, that a thermoelectric current proportional to
the excess number of quasiparticles able to tunnel
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should be excited across the oxide barrier of the tun-
nel junction, i.e.,

Ipcc n —np(T) (10)

n np = (Pr,ff)/[4 (E ) 6(0)lV (0)0 ]

where v, qf is the effective lifetime of the excitations
before recombination occurs and (E) is the average
energy per quasiparticle. ' The lifetime v, [f is itself
dependent on the number of quasiparticles. For a

quasiparticle to recombine, it must pair with another
quasiparticle. The recombination rate for quasiparti-
cles is simply proportional to the number of combina-
tions of pairs of quasiparticles ( n), so th—e effective

recombination time is given by
r r ]
dnr, ff = n — = b v py„
dt

where vp is a characteristic time for the superconduc-
tor, " b is a dimensionless constant of proportionality
(equal to 0.048), and y is the phonon trapping fac-
tor, " which may be on the order of 50 depending on
the materials at the interface.

If n « 1, 5 is independent of n, and Eqs. (11)
and (12) may be solved self-consistently, yielding

(12)

n —np=
2

([np2+Pybrp/[(E)AN(0) 0] } np)

(13)

where n is the number density of quasiparticles [con-
ventionally normalized to 4N(0) h(0) 0], 0 is the
electrode effective volume, and np( T) is the thermal
equilibrium value defined by the counter electrode
(Al) effective temperature. [See Appendix equations
(A6) and (A7).]

It should be noted that the thermoelectric current
derived here is entirely a tunneling barrier eff'ect.
The current is independent of those electrode materi-
al parameters normally associated with thermoelectri-
city: the thermopower S, the quasiparticle diffusion
length A0, the mean free path I, etc. The only irn.-

portant material parameters are those determining the
number of quasiparticles which are able to tunnel.

For the experiments reported here, a laser was
used to supply heat to one of the films comprising
the tunnel junction. An advantage of this technique
over Joule heating techniques is that it avoids induc-
tive or capacitive coupling between external heaters
and the tunnel junction. A difficulty of the laser
heating technique is that the effective temperature of
the illuminated film, T", must be estimated rather
than measured directly.

The value (n —np) is related to the incident laser
power P, as well as the gap parameter. The number
of quasiparticles excited may be estimated using the
coupled Rothwarf-Taylor rate equations. ' The
steady-state number of excited quasiparticles (in nor-
malized units) is

For small power levels, or large np(T), (lr lrp) is

linear in the absorbed power, with a coefficient that
depends on temperature essentially as np(T) '. For
high-power absorption at low temperatures, (n —np)
saturates and is proportional to P' '.

III. NORMAL-METAL TUNNELING

For the special case that both metals are normal,
the zero-voltage thermoelectric current may be calcu-
lated explicitly. For a tunnel junction with side 1 at
temperature T] and side 2 at temperature T2, the
current at zero voltage may be calculated by direct in-

tegration of Eq. (9). Then

Ip= (I/eR )cr( 6
n' )ka(T,' —T2 ) (14)

For a 1-ohm cm' junction with a barrier h'eight of 3.7
eV,"Eq. (14) predicts a current:

IpR = —8,3 x 10 (T,' —Tj ) (15)

where IpR is measured in volts and T is measured in
kelvin. In the limit of small temperature differences
across the barrier, this is

I R = —1.7&10 TdT (16)

IV. EXPERIMENTAL PROCEDURE

A. Voltage measurements

Two experiments were performed to measure the
thermoelectric current through the oxide. In the first
experiment, Al-PbBi tunnel junctions were formed
using standard techniques, which are described in

more detail in an earlier paper. " Dirty aluminum
films were evaporated onto single-crystal sapphire
substrates to a thickness of 1000 A and were oxidized
in 0.1 Torr of oxygen for I min. Next a 1500-A-
thick layer of Pbp 95Bip p5 was deposited, forming a

Of course, actually to measure this current, or the
open-circuit voltage for a tunnel junction, care must
be taken to recognize the Seebeck thermoelectric
emf's within the metals themselves. Although the
oxide thermoelectric effect increases at higher tem-
peratures, the higher thermal conductivity makes
maintenance of a large thermal gradient more diffi-
cult. In a superconductor, on the other hand, the ex-
istence of a gap can serve to slow relaxation to ther-
mal equilibrium, thus making a fairly large tempera-
ture difference possible. More critically, in a super-
conductor the existence of supercurrent flow at
constant-pair electrochemical potential allows one ac-
tually to maintain the equality of the electrochemical
potential across the junction, which is assumed in

making this model.
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junction with an area of 1.5 mm' and normal-state
resistance of tens of ohms. T, of the dirty aluminum
was 2.2+0.2 K. The junctions were immersed in su-
perfluid helium in a Dewar with transverse optical ac-
cess.

A schematic diagram of the experiment is shown in

Fig. 2. An argon laser beam chopped at 337 Hz pro-
vided heat to the PbBi side of the junction. The rela-
tively poor phonon coupling between the two films
allowed the PbBi film to reach a temperature signifi-
cantly above that of the Al film, which remained near
the bath temperature. (The electron temperature
rises were estimated by observing the changes in the
gaps of the two films as the laser was turned on. )

The tunnel junctions were biased at constant
current for several voltages and temperatures. The
laser-induced voltage change, dV, was detected syn-
chronously and digitally recorded as a function of
voltage. Both the in-phase (0 ) and out-of-phase
(90 ) components of d V were tabulated in order to
check for shifts in phase of the signal. Junction capa-
citance did introduce phase shifts and some attenua-
tion, 'but these were readily corrected out by multiply-

ing the measured magnitudes of d V by the secant of
the measured phase shift.

There are two observable effects of laser illumina-
tion. The first is a general increase in the tunneling
conductance, caused by the larger number of excited
quasiparticles (see Ref. 22). For constant-current
biasing, this leads to a contribution to the observed
~dV ~

which is an even function of voltage, and is de-
fined as the symmetric contribution. [The measured
dV( V) reverses sign near the origin. ] Of more con-
cern here, is the thermoelectric contribution to ~dV~

which is antisymmetric in V. The thermoelectric
current through the tunneling barrier should be only

I dVI

I I I I I I I I

I

-1.0 0
v{mv)

I

1.0

weakly voltage dependent, as is clear from the argu-
ment leading to Eq. (5). For a fixed-current bias, the
thermoelectric current, lo, must be countered by a
decrease in the conventiona1 quasiparticle current.
This gives rise to an observable shift in the junction
voltage given by

dVJ
dI

(17)

where d V/dl is the dynamic resistance of the tunnel
junction.

Typical behavior of ~dV~ is shown in Fig. 3. The
absolute value of d V is plotted to show the asym-
metry, especially at low voltages. The observed vol-
tage shift ~d V( V)

~
could be decomposed into a sym-

metric d V*( V), and an antisymmetric d V'( V). The
measured antisymmetric contribution is plotted in

Fig. 4. The falloff in dV" for large voltages corre-
sponds to the decrease in the dynamic resistance of
the tunnel junctions at high voltages expected from
Eq. (17). Figure 5 shows the asymmetry plotted as a
function of the dynamic resistance of the junction for
one tunnel junction at a fixed temperature. The

I I I I I I I I I
I

I I

FIG. 3. Observed values of ~dV~ vs Vfor an Al-PbBI tun-

nel junction illuminated on the PbBi side. The temperature
was 1.588 K.

dv
(~v)

VOLTAGE

LEADS

FIG. 2. Schematic diagram for voltage measurements.
The current through the tunnel junction could be controlled
externally.
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I I I I I I

0.5 1.0
v (mv)

FIG. 4. Measured dV vs V for data shown in Fig. 3.
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FIG. 5. Observed dV vs d V/dI. The bath temperature
was 1.78 K. The straight line is the best fit to a constant
thermoelectric current model.

straight-line fit, corresponding to a constant ther-
moelectric current of 1=0.91 nA, is good to within
the accuracy of the data.

B. Current measurements

In order to study further the temperature and
power dependence of the thermoelectric effect, a
more direct method of measuring the thermoelectric
current ~as devised. To measure currents of pA at
low voltages, it was necessary to use a superconduct-
ing quantum interference (SQUID) system as a high-

ly sensitive, low-noise galvanometer. The experi-
mental system is shown schematically in Fig. 6. Tun-

nel junctions were made with areas of about 5 mm',
somewhat larger than in the earlier experiment. In
addition to the tunnel junction, the substrates con-
tained an evaporated Al strip, used for determining
T, of the Al film of the tunnel junction. As before,
the junctions were immersed in the helium bath. No
voltage leads or external current leads were attached
to the tunnel junction. Laser illumination induced a
thermoelectric current out of the tunnel junction. A
superconducting transformer with a current gain of
l4 coupled the tunnel junction to a S.H.E. SQUID
system. The SQUI'D output was detected synchro-
nously using the two-lock-in scheme described ear-
lier. The bath temperature was measured using a

germanium resistance thermometer near the sample.
Measurements of Io, the temperature, laser power,
and Al strip resistance were taken simultaneously and
digitally recorded.

The necessity of using the highly sensitive SQUID
and a high-power argon-ion laser presented special
problems in noise shielding. The difficulties were
overcome by the use of a Corning graded-index glass
optical fiber to couple the laser radiation to the tun-
nel junction. The argon laser beam was focused
down to excite one end of the fiber. The fiber ran
down the hall, into an rf shielded room, through a
vacuum'seal, and down into the liquid helium, where
the output beam illuminated a spot on the tunnel
junction.

Results for a sweep in temperature, with constant
(low) laser power, are shown in Fig. 7. The sample
temperature was initially at 3 K and the temperature
was reduced eventually to roughly 1.6 K. The
current became larger as T [and hence no( T) j de-

LOCK- IN
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= LOCK- IN
90

T
R
P

= LSI-11

= COMPUTER

10—

Io
( nA)

S. H. E.
SQUID

Pb8i

Ag
0
1.6

x Af.~Tx Tc
I l

2.0
T(x)

I

5.0
FIG. 6. Schematic diagram for current measurement of

the thermoelectric effect. The bath temperature, laser out-
put power, and resistance of an Al strip were monitored in
addition to lo.

FIG. 7. Observed 10(T) for an Al-PbBi tunnel junction,
illuminated on the PbBi side. The laser power was held
fixed at 15 m W.
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FIG. 8. . Io(P) for four different fixed temperatures. As
expected the thermoelectric current is more nearly linear in

power for higher temperatures, but proportional to P'~ for
lower temperatures, The fit to square-root dependence for
low temperatures was quite good.

creased, as expected from Eq. (13). There was no
noticeable change observed upon passing through T,
of the dirty aluminum film. The solid curve is pro-
portional to no(T) ', as our model predicts. The fit
is good for temperatures above the A. point of helium.
At the A. point there was an abrupt decrease in the
measured signal. This was due to the improved cou-
pling of phonons to the now superfluid bath, and the
resultant decrease in ~,ff. At a temperature near 1.85
K the signal disappeared to the limits of resolution (I
pA) of the experiment. This temperature corre-
sponded to that at which the Josephson supercurrent
became large enough to be observed in a separate ex-
periment in which current and voltage leads were at-
tached to the sample. Accordingly, we interpret the
disappearance of the external thermoelectric current
as due to its being effectively shorted out by an inter-
nal backflow of supercurrent. This interpretation is

supported by the fact that at nonzero voltages, where
there is no dc supercurrent, a thermoelectric current
is measured in the experiments reported in Sec. IV A,
even at temperatures as low as 1.5 K.

The SQUID galvanometer experiment was also per-
formed at fixed temperature while varying the laser
power P. Figure 8 shows the power dependence of lo
for several temperatures. As expected, the observed
currents become nonlinear in power for the lower
temperatures.

Figure 9 shows the predictions for our simple
model [Eq. (13)]. The value of e~ and the value of
the phonon-trapping factor have been adjusted to
give a best fit. For an assumed film optical absorp-
tivity of 2%, and ~0 of 4.3 x 10 " sec, the fit value of
y is 15. The fit value of e] was an order of magni-

x x

10

Io
(nA)

00 50 100
INCIDENT LASER POWER (mW)

FIG. 9. Predicted lo(P). Two fitting parameters have
been adjusted to attempt to fit all four curves.

V. COMPARISONS WITH OTHER EXPERIMENTS

The existence of a thermoelectric current across
tunneling junctions can explain several discrepancies
between earlier experiments and existing theory. In
particular, it is useful to examine the experiments of
Clarke and Freake in light of temperature gradients
across oxide barriers. Their experiment consisted of
a point contact formed by bringing a sharpened Pb
wire into contact with a Pb foil. The temperatures of
the wire and the foil could be independently varied
and measured. Although the point-counter super-
current effectively shorted out any thermoelectric
current, it was possible to measure the difference in
the magnitude of the critical current for the two
directions of current flow. This asymmetry was inter-
preted in terms of a thermoelectric quasiparticle
current. Clarke and Freake measured a sizable

tude less than predicted by the one-band-model cal-
culation [Eq. (5)], but was in qualitative agreement
with the two-band corrections proposed by
Gundlach. ' While the general magnitude and shape
of the lo( T ) curves are in good agreement with the
simple Rothwarf-Taylor calculations done here, the
exact temperature dependence was less satisfactory.
No attempt has been made to include liquid-helium
effects which would cause a temperature dependence
to the phonon-trapping factor. Available literature
suggests that heat transport through helium is strong-
ly dependent on the exact sample geometry and sur-
face structure, and is therefore difficult to calculate
realistically. The importance of the liquid helium in
determining phonon trapping factor is evidenced by
the dramatic decrease in Io as the helium becomes
superfluid.
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lo ——(2/eR )c i (0.0862) (18)

where LL is the lead gap at 5.3 K. Estimating c~ is not
as simple as for our experimental geometry. For Pb
tunnel junctions, Basavaiah et al. have measured the
oxide barrier height as 1.05 eV." The actual junction
area is somewhat poorly defined for a point contact.
If a 1-p,m2 area is assumed, and the junction resis-
tance is 1 ohm, then c~ ——4 e~ ' and

I t"eo& =0 7 pA (19)

If the junction effective area is larger, the prediction

current whenever the point and foil were at different
temperatures, although the size of the effect varied
over a factor of 50 for different point contacts. The
existence of any asymmetry current was surprising to
those who expected no steady-state thermoelectric
current to be possible within a superconducting chan-
nel.

In an effort to clarify matters, Welker and Bedard'
performed a somewhat similar experiment using Nb
wire. They were extremely careful about sample
preparation conditions. For very clean, oxide-free
point contacts, where a small but continuous super-
conducting channel could be assumed to exist, they
found no evidence for a thermoelectric current. If
they allowed an oxide to form in the point-contact
area, however, they did note a significant thermoelec-
tric current. The deduced current was in the same
direction relative to the temperature difference as was
observed by Clarke and Freake, although Nb and Pb
have thermopowers which differ in sign. Thus, the
thermoelectric voltage was of the wrong sign to be
predicted by the thermopower arguments of Clarke
and Freake, but is correctly predicted by our model.

A follow-up experiment by Matsinger et al. ' was

performed using both Nb and Pb point contacts.
Asymmetry was looked for over the entire I ( V)

curve of the point contacts, for both directions of ap-
plied temperature gradient. For situations ~here one
electrode was raised above its T„while the other
electrode was superconducting, they measured the
expected normal thermopower. With both metals
below T, no asymmetry was observed to the limit of
their sensitivity. Matsinger et at. concluded that the
Clarke and Freake measurements were "caused by a
surface layer, " and were not an intrinsic supercon-
ducting effect.

It seems likely that the asymmetric critical currents
measured both by Clarke and Freake and by Welker
and Bedard are the result of thermoelectric currents
across oxide barriers. The sign predicted here for
tunneling-barrier thermoelectric currents agrees with

experimental results. The magnitude of the predicted
effect can be calculated using the point-contact
parameters given in the Clarke and Freake paper. In-
tegrating Eq. (7) numerically for Pb electrode tem-
peratures of 7.0 and 5.3 K gives

is logarithmically larger. If not all the temperature
difference occurs at the oxide, a smaller lo should
result. Given the variance in the experimental
results, uncertainties in several of the barrier parame-
ters, especially A and $, and the tendency of the
one-band approximation to overestimate c~, this
theoretical value is in good agreement with the plot-
ted Clarke and Freake result

10" ' =0.265 R, A (20)

(Note that their experimental result has been adjust-
ed by a factor of 2 because the published values are
peak to peak. ) Coincidentally, the expected normal-
state thermoelectric current for the point contact is
the same order of magnitude, 0.4 p, A. The two
mechanisms are entirely independent; the mechanism
reported here is an oxide effect, dependent on the
barrier height and thickness, while the Seebeck effect
depends on the metallic density of states of the elec-
trode materials,

VI. SUMMARY
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APPENDIX

To calculate correctly the current through a super-
conducting tunnel junction, it is necessary to take ac-

For nonequilibrium situations in which a tempera-
ture difference exists across a tunneling barrier, we
have shown the existence of a thermoelectric current,
which exists even with no voltage. difference across
the oxide. This current results from the energy
dependence of the electronic tunneling probability for
barrier penetration, and is largely independent of ma-
terial parameters of the electrode materials. We have
measured this thermoelectric effect in an open-circuit
experiment as well as with a current measurement
scheme. In both cases the data are in at least qualita-
tive agreement with theoretical predictions.

The existence of the tunneling thermoelectric
current may explain the supercurrent asymmetries
studied in point-contact experiments by a number of
authors. The theor'y presented here correctly predicts
the. sign and order of magnitude for these asym-
metries, as well as the absence of any asymmetry in

very clean point contacts.
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count of the coherence factors which describe the quasi-
particle wave functions. Barrier transmission probability
amplitudes T«describe coupling between states with
momenta k in one metal, and q in the other metal. For
weak coupling through the. oxide barrier, we can assume
the familiar tunneling Hamiltonian of the form

r = X Tkq ck cq + Tqkcq" ck (Al)
k, q

where c~ annihilates an electron from the q side of the
junction. The sum is taken over electron spins as
well as momenta.

The tunneling Hamiltonian must be rewritten in
terms of quasiparticle states in order to compute the
allowed tunneling current in the superconducting
case. Following the notation of Tinkham'

~T $ [ kq(~ky ho»+ ukyhkl) (~qyeqo + uq yhq1 ')+ Tqk( kyeko+ ukyhk1 ) (uqyqqo+ uqyhq ~) 1 (A2)

The Hamiltonian consists of eight terms, which fall
into two categories. There are four terms involving
one creation and one annihilation operator. These
terms describe tunneling of quasiparticles from one
side of the film to the other. The other four terms
each have either two creation or two annihilation
operators, and describe pair-breaking or pair-forming

tunneling processes.
For simplicity we will restrict our attention to the

case that eV ( (6k+ k»). In this situation pair-

breaking and pair-forming tunneling is prohibited by
conservation of energy.

By "Fermi's golden rule, " the quasiparticle current
is simply

I„,= X dEITkql'luku»Nk(E)N»(E+eV)[fk(E) ,fq(e+eV—)1

—uk2uq'Nk(E)N»(E —eV) [,fk(E) ,fq(E —eV)] )— (A3)

The sum is over both excitation branches for both
films (four terms). The sum over spins contributes a

factor of 2, which has been incorporated into the
equation. The terms involving uku~ describe the
probability of tunneling of electron excitations from
the k-side film to the q-side film, shown as A-type
processes in Fig. 1. The vkv~ terms involve transfer-
ring charge in the other direction (i.e., 8-type hole
tunneling).

To simplify the calculations further, we will study
the special case of zero-voltage current for a normal-
metal —insulator —superconductor (N-S) tunnel junc-
tion ( V=0 and iLq =0). Under these restrictions,
Eq. (A3) may be reduced by performing the sum
over the electron and hole branches of the normal
metal using the values:

Tkq

T 0
= I +ciE, q & qh-, (A6)

where T(0) is the tunneling probability amplitude at
the Fermi surface. Similarly for hole tunneling (uk
terms)

Tk

T(0)
=1 —c]E, q ( qF (A7)

I

fore, the uk' terms describing tunneling from elec-
tronlike states in the superconductor, through the ox-
ide, and into the normal metal with an energy E
above the Fermi surface. For this electron tunneling
it will be assumed that to lowest order in the energy
(measured from the Fermi energy)

2

0, q(qF
uq

q &q'F

Therefore

1, q&qF
[0, g )QF

~o X dE(I Tkq I uk I Tkq I uk )

(A4)

Substituting these values for Tkq into Eq. (AS) yields

( = (4»re/g) I T(0) I

x X&l dE c~E(uk2+uk2)

x N„(E)[fk(E) fq(E)] . (A8)—
Using the identity (uk+uk'= I), we can eliminate the
dependence on coherence factors in Eq. (A8). The
sum over the k & kF and k & kF branches then sim

ply introduces a factor of 2, leaving
x N„(E) [ fk(E) fq(E)] . (AS)—

The sum now is only over the k ) kF and k & kF
branches of the superconductor. As was the case be-

=2[(4»re/0) I T(0) I']ci

x J dE EN„(E) [f„(E) fq(E)] . (A9)—
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The factor [(4qre/t) ~
T(0) ]'] may be replaced by

(1/eR).
Several limiting cases of Eq. (A9) are worthy of

note. If both electrodes are at the same temperature,
there will be no net current flow. On the other hand,
if the q-side film is at zero temperature (f, =0), Eq.
(A9) reduces to the not-too-surprising result

Bessel functions. Then

I/vs
& g2-=2

eR

( 1) + & I/) & tl15
OO kT

kr„m a kr,

POO

I = c1 '~ dE ENk(E) fk(E)
eR

2 c I ~ (Ek) ~k
eR

(A 10)

(A11)

mA k~q mA

kT~ m 5 kTq
j

(A12)
The series converges rapidly at low temperatures.
The leading low-temperature behavior is

where (E„) is the average quasiparticle energy in the
k-side film and nk is the normalized quasiparticle
density.

If the quasiparticle occupation of the k-side film is

a Fermi-Dirac distribution with temperature Tq, and
the q-side film has temperature T, then the integral
of (A9) can be expressed as a sum of modified

(A13)

I+ s = [(/&Tk/g) ~ exp( —g/kT )k

—(k T, /6 ) '~' exp (—5/k Tq ) ]

The more general case of tunneling between two
superconductors can be calculated in a manner simi-
lar to that used to derive Eq. (A9). For voltages not
large enough to break pairs [eV ( ( hk + d, q ) ]

lq, = „dE([1+c1(E+—,eV)]Nk(E)Nq(E+eV)[fk(E) fq(E+eV)]—

—[1 —c1(E— eV ) ]N—k(E)Nq(E —eV ) ( fk(E) fq(E —eV ) ] ]— (A14)

The —e V terms account for energy gain (or loss) of the electron as it traverses the oxide barrier in the presence of
2

an electric field. Generally the thermoelectric contribution to the current is only slightly voltage dependent. The
coefficient c~ is only weakly voltage dependent, ' and can generally be treated as a constant for low voltages.

In all cases examined here, the basic temperature dependence is well described by the approximation made in

Eq. (10).
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