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Homogeneous fluorescence linewidths for amorphous hosts
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A contribution to the homogeneous linewidth of optical transitions in amorphous hosts is cal-

culated. The microscopic process is diagonal in the phonon interaction with two level systems
(TLS) common to amorphous materials, and diagonal in the coupling between TLS and the op-

tical center. The model predicts an optical homogeneous linewidth proportional to the square of
the temperature at low temperature.

INTRODUCTION

Optical linewidths in amorphous hosts are known
to be anomalously large compared to crystalline
hosts. ' A recent report' showed the homogeneous
width of optical transitions to increase as the square
of the temperature over a wide temperature regime.
This behavior cannot be understood with any previ-
ous calculation. ' The purpose of this paper is to
present a new calculation which gives the correct
temperature dependence and magnitude of the optical
linewidth.

Amorphous solids are known to possess centers,
known as two-level systems (TLS),~ 5 which generate
anomalous properties such ah a linear term in the
specific heat, 6 and nonlinear ultrasonic propagation. '
These centers have been interpreted in terms of a
distribution of double-well sites with random relative
energies, between which tunneling can take place
through barriers of random heights. The process we
calculate involves diagonal electrostatic coupling
between the TLS and the optical center and diagonal
phonon modulation of the double-well site energies.
The resulting homogeneous optical linewidth is pro-
portional to T2 at temperatures low compared to the
maximum TLS energy splittings or the Debye tem-
perature, whichever is lower, and to T at high tem-
peratures. Previous treatments' have considered only
the high-temperature limit for this process, or the full
temperature range for diagonal coupling between the
TLS and the center and off-diagonal coupling between
the TLS and the phonons.

II. CALCULATION OF THE OPTICAL LINEWIDTH

Consider an optical transition which takes place
between two levels, designated by IO) (the ground

level) and Il) (an excited level). Let there be an
electrostatic interaction between the optical energy
levels and the TLS. In general, the strength of the
coupling will depend on the state in which the optical
ion resides, as well as the difference in coupling to
the wells from which the TLS is composed. Let ( V, ),
represent the difference in the strength of the cou-
pling Hamiltonian between the two wells for the opti-
cal ion in the state j for the ith TLS. Then an effec-
tive matrix element exists for V, acting between the
eigenstates of the TLS

( V&);
(&I& IH;„,l&I&~) = '

irp&p exp( —z)

where the states I&I&+) and If ) represent the eigen-
states of the TLS, fcoo is an energy of the order of
the zero-point vibrational energy within one of the
wells, the factor exp( —

A. ) corresponds to the overlap
between the vibrational wave functions of the two
wells of the TLS,' and F. = (5'+ [tip&pexp( —k)]'}' ',
~here 5 is the energy asymmetry of the TLS's wells.
In addition to Eq. (I), we assume that the energy
levels of each well are coupled to the running wave

phonon field. We require that the coupling be dif-
ferent at the two well sites

(L IHphlL) = fL~L, (& IHpi, lR . & =fReR

where L, R label the "left„" "right" wells, respective-

ly, fL, fR the respective phonon coupling strengths,
and ~L, eR the respective lattice strains at the ap-
propriate sites. For sufficiently long-wavelength pho-

no0

ns ( 6 L
—tR —e ), '

(y+I ph I p+&
—(e I Hphl p —) (fL —fR) e =,f'—e ,. ,

(3)
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The frequency modulation of the optical energy
levels for phonon emission takes place via the two
processes pictured in Fig. 1. Notice that the order of
the interactions (I) and (2) are reversed for the two

processes shown in Fig. 1. The process correspond-
ing to phonon absorption gives the same contribution
to the linewidth as phonon emission. Using the
method of McCumber and Sturge, the optical
linewidth for the transition i I) i0) is given by

ho) = X „dhdo)od). dfP(4, cop, A, f)
I, qpS

,

[it'cooexp( —X) ]'f'(( V~ —Vo) ),„6'exp( —PE/2)
E4(e -, , )'cosh(PE/2)

x
I &n„+ I(~in„, ) i'g(E —)I~„,) . (4)

Here, ( V~ —Vo); represents the difference in interac-
tion constants to the ith TLS site, n-, , denotes the
equilibrium boson occupation function for a phonon
of wave vector q and polarization vector s, and P the
probability distribution function normalized to

Pd ado)pd h df = 1.
Following Anderson, Halperin, and Varma, 4 we

perform the statistical averaging in Eq. (4). The ac-
ceptable range of A. is given by the condition that the
level separation of the TLS be larger than the tunnel-

(ks T)'~D ( V') ""' xe "ex-
AQJ =

~o 1 —e
(5)

where g is a constant of order unity, v the sound
velocity, p the mass density, 0 the Debye tempera-
ture, 8 the TLS bandwidth, and ( V') = ( g,. ( V,
—Vo); ),„. The' quantity ksO in Eq. (5) should be
replaced by the cutoff energy of the TLS splittings
should the latter be smaller than the Debye energy.
The quantity D is given by

D = 3m8 J d(sad fP (0, coo, h.
;,„,f) f

The factor 8 in the above equation is introduced for
normalization purposes: 8 J Pdcodfdk= l. For
temperatures below 8, Eq. (5) reduces to

(ka T)'AID ( V')

96k 4m'p8

ing integral [i.e. , h. ;„=In(2tcoo//1. ) ( A. ], and that the
thermal equilibrium be achieved within the time t of
the experiment [i.e., h. ( h. ,„=—, ln W, r, where

IV, exp( —2X) is the phonon-assisted tunneling rate at
a TLS with energy E = ks T]. Note that A;„and
A. „, „have a very slow energy dependence. Assuming
that the probability distribution function P is slowly
varying in 5 and A. in their relevant regimes, we ap-
proximate P =—P (0, ~o, h. ,„,f) and transform the 5
integration into an F. integration. %e carry out the A.

integration and the sums over q and s assuming a
Debye approximation to find

(2)
)I

Note that for a TLS density of states proportional to
E~, the width in Eq. (6) is given by Ace ~ T'+".

It is possible to obtain an estimate for the magni-
tude of Eq. (6) if one approximates4

D = '" 3~(f2).„.
~max ~max

[ai

I.IG. 1. Important processes for the I matrix. Black dots
represent the ion or the spin interacting with TLS. In (a) a
phonon is emitted (directed wiggly line) in the upper level
of TLS and then tunneling takes place. In (b) the order is
reversed. The circled numbers indicate the sequence in the
perturbation chain,

For typical parameters, " f = 1, ( f2),„=1 eV',
~~;„=S, and A.~»=10, we find D =0.5 eV'. The
TLS bandwidth 8 is taken as 0.1 eV. The inhomo-
geneous linewidth of optical transitions in glasses is
of the order of hundreds of wave numbers. In the
absence of detailed structural data concerning the lo-
cal environment of the optical center„we are forced
to make a very strong assumption concerning the
magnitude of the coupling between the optical ion
and the TLS. %'e associate the inhomogeneous
broadening of the optical transition with the coupling
strengths to TLS which are "static" on the time scale
of the optical transition. This allows us to take ( V')
of the order of the square of the inhomogeneous width.
For the case of BeF2 we take' ( V') = (60 cm ')2,
v = 3.0 x 10' cm/sec, and p = 2.0 g/cm'. Inserting
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all these estimates into Eq. (6), we obtain

hem =-2.1 && 10 4T' cm ' (7)

III ~ CONCLUSIONS

for T in K. This implies a homogeneous linewidth
of 0.02 cm ' at 10 K, in reasonable agreement with
the very recent results of Hegarty and Yen' for the
Pp —H4 resonant transition in Pr-doped BeF2 glass

at low temperatures and Seizer et al. ' and Avouris
et at. ' for the Dp Fo resonant transition in Eu-
doped silicate glass at higher temperatures.

mation in superconductivity. Fluctuations associated
with the diagonal phonon coupling at one TLS site by
themselves would do nothing. The tunneling matrix
element mixes the two TLS wells, so that phonon-
induced fluctuations give rise to an interruption of
the phase of the optical center via the electrostatic in-
teraction between the TLS wells and the optical
center. For superconductors, the fluctuations of the
order parameter above T, mix electron hole pairs into
hole electron pairs, giving rise to a divergence of the
imaginary part of the conduction-electron susceptibili-
ty at small energy, and hence of the nuclear-spin-
lattice relaxation rate. See T. Maniv and S. Alex-
ander [Solid State Commun. 18, 1197 (1976)j.

In conclusion, we have exhibited a one-phonon-
assisted relaxation process whose signature is a qua-
dratic temperature dependence extending down to the
lowest of temperatures. It appears to explain quanti-
tatively the temperature-dependent homogeneous
linewidth for optical transitions in glasses.

Note added in proof. It has been pointed out to us
[S. Alexander (private communication)] that the tun-
neling between the inequivalent wells of the TLS
mixes states very much as the Bogoliubov transfor-
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