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From the known bulk properties of CaF2 crystals and the theoretical parameters of the impur-

ity ions Gd3+ and M+ (M = Li, Na, . . . . Cs) describing the Coulomb, polarization, and the

repulsive interactions with neighboring ions in the crystal lattice, we have calculated the ionic

positions associated with minimum total potential energy as a function of the M+ radius. These
results have been employed to evaluate the behavior of the crystal-field parameters el, B2, and

B2, which has been investigated extensively with various experimental techniques in earlier p l-

pers from this laboratory, It is concluded from the results given in this paper that with the elec-

trostatic model employed here the crystal-field parameters mentioned above can be described
quite well. For the parameter 82 it is suggested that it is necessary to allow rather large

numbers of ions neighboring the Gd +-M+.complex to relax towards new equilibrium positions.

I. INTRODUCTION

Because we want to assess the capabilities of the
point-charge model in calculating the magnetic
crystal-field parameters B20 and B2 for Gd'+ impuri-
ties in ionic materials, it is of importance to deter-
mine the ionic positions in the immediate surround-
ings of the Gd'+-M+ complex independently. In
this paper we present a calculation based upon the
polarizable-point-charge model to evaluate the
minimum potential energy with respect to the ionic
positions. These defect-modeling calculations have
been applied in the literature to treat many different
types of defects. "

Besides the polarizable-point-charge model, various
shell models have been used in the literature. 3 4

From diffraction experiments it is concluded that in

CaF2 the ions are well-defined entities', also it has
been shown that CaF2 is an ideal ionic material. We
expect to obtain reliable results employing the polar-
izable-point-charge model because in our approach
we focus our attention on the trends of the magnetic

parameters as a function of the ionic radius of the
monovalent-cation impurity. It is rewarding, that
also the absolute values of B2 and c~ calculated are
in good agreement with experiment.

II. DESCRIPTION OF THE CALCULATION

The calculations carried out in this paper are based
upon the polarizable-point-ion (PPI) model, implying
that in the CaF2 lattice the host Ca and F ions are
represented by charges +2e and —e, respectively.
The electronic polarizabilities of the Ca'+ and F ions
are chosen to be n(Ca'+) = 0.98 A' and a(F ) = 0.76
A' in accordance with Franklin. ' The repulsive in-

teractions are described in terms of Born potentials
which have been modified such that for two ions with
an interionic distance smaller than 85% of the sum of
their ionic radii, the repulsive energy becomes very
large (hard cores). The van der Waals interactions
are included implicitly in the repulsion terms be-
cause of the relatively low electronic polarizabilities
of the host lattice, ions.

When impurity ions are introduced into the CaF2
lattice the total energy of the new system contains
contributions from (i) the effective charges of the
impurities, (ii) the changes of the repulsive interac-
tions, (iii) polarization effects, and (iv) effects associ-
ated with relaxations of the ions of the surrounding
lattice.

In the systems under investigation (Gd'+-M+ in

CaF2) we are dealing with two effective charges
which polarize the surrounding lattice. We em-
phasize that the effects of the induced dipoles are ap-
preciable here, in contrast with the results of van
Winsum et a/. ' for SrC12.Mn + and KCl:Li+ where
the valency of the impurities are equal to the valency
of the ions which have been substituted. In this
work we have applied a defect modeling computer
program that evaluates the minimum total energy of
a crystal with respect to variations of the positions of
a collection of ions in the neighborhood of the im-

purity ions. In order to demonstrate the limitations
of the model due to too small a number of relaxing
ions we shall present some results (A ) obtained for a

system containing 24 of these ions; the corresponding
region is referred to as region I. More accurate
results (8) are obtained when we extend region I to
44 ions. The charges and induced dipoles present in

region I are allowed to interact electrostatically; also
repulsive interactions between nearest neighbors and
next-nearest neighbors are taken into account.
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FIG. 1. In the calculation of the total energy the crystal is

divided into a number of regions; the complex is situated in

region I.

about —(ri+r, ) where ri and r2 are the radii of the

ions under consideration. From this it follows that
possible polarization catastrophes are caused by defi-
ciencies of the model used. It our calculations we
have not observed these polarization catastrophes
whenever the iterative process to account for dipole-
dipole interactions is included in the minimization.

The total energy of the crystal consists of three
main contributions:

(i) Coulomb interactions: we define a deviation
AE, from the perfect lattice energy, which can be
written as

In addition we define a second and third collection
of surrounding ions which are not allowed to relax,
but the ions in these regions can be polarized. In re-

gion II the ions are polarized by the charges and in-

duced dipoles present in region I and by the induced
dipoles present in regions II and III. This implies
that the induced dipoles must be calculated self-
consistently; in our program we employ an iteration
method as described by Bijvank and den Hartog in

the preceding paper. 9 For ions more distant than
those in region It we assume that the induced dipoles
are due to charges in region I. For the calculations of
type A (less accurate method) region II contains 70
and region III 180 ions (see Fig. I). The calculations
B are carrried out with 246 ions in region II; the ef-
fect of polarization of more distant ions (region III)
has been neglected. Finally, we note that in accor-
dance with van Winsum et al. ' we have taken into ac-
count the contributions due to point charges present
at unperturbed lattice sites; these contributions have
been expanded in a Taylor series. This series clearly
also consists of contributions from point charges at
the unperturbed lattice positions of region I; there-
fore we have corrected the above-mentioned contri-
butions of region I as explained below.

An important reason for Catlow and Norgett' not
to use the polarizable-point-charge model but one of
the shell models is the occurrence of a "polarization
catastrophe. " It is easy to show from the treatment
given by Bottcher" that a polarization catastrophe
does not occur at interionic distances larger than

where i 6 C means that we sum over an appreciable
part of the crystal ( —106 ions) considered.

(ii) Polarization interactions: AEp is the variation
of the total energy due to the interaction between
point charges and induced dipoles and the interaction
between induced dipoles; the self-energy of the sys-
tem of induced dipoles is also included

~(])I ~(i) I
tlrEp

2 X rsi (Epoinr charges+ Einduced dipoies)
i EC

~(i) I

Epoint charges (2)

for the two particle problem this formula has been
derived by Bottcher. "

(iii) Repulsive energy: The variation of the repul-
sive interaction due to the presence of the impurities
can be written as

AE, = X [yJ(r; - rJ) —pJ(r, —rJ)] .
j)i

Ji cc

In Eqs. (I), (2), and (3) the primes refer to the actu-
al charges, polarizabilities, positions, and repulsive
potentials in the crystal. The unprimed quantities in
the energy expressions are associated with the pure
CaF2 lattice.

In order to calculate the energy efficiently it is
necessary to separate the contributions connected
with the regions I, II, and III and because we want to
employ the Taylor-series expansion given by van
Winsum et al. ' we have to rewrite Eq. (1) as follows

I

J

I
e;ej

(4)
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TABLE 1. A summary of the polarizabilities and the repulsive parameters, used as input parame-
ters in the computer calculations. The parameters deduced from the physical properties of pure
CaF2 are taken from Franklin (Ref. 1). The parameters concerning the impurities Gd + and M+
have been collected from Catlow el al. (Ref. 12) and Boswarva and Lidiard (Ref. 13).

Ion
Lattice constant: 5.436 A

Polarizability .(A ) Ion Polarizability (A )

F
Ca'+
Gd3+
Li+

ion i-ion j
F -F

Ca2+-F

Ca +-,Ca +
Gd'+-F-
Li+-F
pa+-F
K+-F

Rb+-F
Cs+-F

0.76
0.98
1.04
0.029

8&(10 ' erg)
7.33

27.46
102.96
60.00

2.40
. 6.41
12.44
15.10
28.06

Na+
K+

Rb+
Cs+

& (A)
0.282
0.282
0.282
0.282
0.291
0.296
0;315
0.323
0.323

0.255
1.201
1.797
3.137

Here i 6 I means that the summation is carried out
over the ions in region I and j 6 R refers to contribu-
tions from all ions outside region I but inside C. The
last three terms in Eq. (4) ar'e omitted in our com-
puter calculations since they do not depend on the
actual positions of the ions in region I.

The electric fields occurring in Eq. (2) are calculat-
ed as described in the preceding paper9 (Appendix
A). We note that in the present paper the formulas
have been given in cgs units, whereas in the preced-
ing paper we have worked the SI units. The repul-
sive potentials used in the calculations are of the
Born type and can be written as

$;, ( r; —r, ) = 8& exp( —
( r; —r, ~/p;, )

A compilation of the important parameters used in

the calculations has been given in Table I.
It is obvious that the number of relaxing ions (re-

gion I) is limited by the computation times necessary
to minimize the total energy of the crystal containing
the two impurities Gd'+ and M+. In addition the
computation of the self-consistent electric fields felt
by the ions in regions I and II is rather time consum-
ing. It is possible to make the corresponding itera-
tion process highly efficient by calculating the electric
fields in an order of succession such that in the be-
ginning the corrections for K are small; also it is

found useful to employ the calculated electric field
strengths and dipoles immediately in the evaluations
of the next E corrections. As the system approaches
the minimum conditions the corrections for the elec-
tric fields added to the previously calculated ones are

V ( r ) = c + c, P, + c,P, +c,'P,'

+c3P3 +c P +c P4 + (6)

where PI are defined by Abragam and Bleaney. "
The expressions for ci have been given in Appendix
A of the preceding paper and contain contributions
from point charges and induced dipoles. The method
used to calculate the induced dipoles has also been
described in Appendix A of the preceding paper.

Although our EPR results allow us to calculate the
crystal-field parameters 8I of the spin Hamiltonian
[see Bijvank et al. ,

'6 Eq. (I)] for I =4 and 6 we can-
not use this information to test the electrostatic po-
tential because the connection between the magnetic
parameters BI and the electrostatic ones cI is highly
uncertain for I ) 2. ' Therefore we restrict ourselves
to testing the parameters c~', c2, and c2. An outline

reduced dramatically; therefore it was found not
necessary to iterate more than once for each energy
evaluation. By suitably combining the minimization
and iteration processes it was possible to reduce the
computation times significantly, allowing us to extend
regions I and II to sizes corresponding with the calcu-
lations of type 8; these methods have been devel-
oped by Hess '4

The minimization of the total energy of the system
provides us with the equilibrium positions of all ions
in region I. Using these positions and those in the
remainder of the crystal we can calculate the electro-
static crystal-field potential at the Gd3+ ion, which is
expanded in a series of homogeneous polynomials
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FIG. 2. Schematic three-dimensional representation of region I. In the calculations of type A region I contains the first 24
ions indicated in this figure; in the calculations of type B region I contains 44 ions. Ion 1 represents the Gd3+ ion, ion 10 the
M+ ion.

of the method used for the calculation of the parame-
ters BI from c~, c2, and c2 has been presented by
Lefferts ef al

III. RESULTS OF THE CALCULATIONS

A. Calculations of type A

In order to find a measure for the quality of the
calculations, we have checked the unperturbed cubic
CaF2 lattice using the parameters of Table I. The cal-
culations were started with ionic positions in region I
which differed from lattice sites. %e found that after
minimization of the energy the displacement parame-
ters were equal to zero with 5 x 10 4 A. Region 1

contains 24 ions and is sho~n schematically in Fig. 2,
The introduction of trivalent Gd in the CaF2 lattice

is now considered in a situation of nonlocal charge

compensation; i.e., the interstitial fluoride ion that is
formed is assumed to be far away from the Gd im-

purity. If the surrounding ions forming region I are
chosen such that the Gd'+ ion is at the center of re-
gion I, the calculated positions of the ions in region I

are in accordance with cubic symmetry within reason-
able error bars. If, on the other hand, region I is
chosen as depicted in Fig. 2 (ions 1 —24), the result is
a noncubic situation; the symmetry of the displace-
ments within region I is C2„, which corresponds with
the symmetry of the collection of ions within region
I. The displacements of the most important ions in

region I are given in Fig. 3. Associated with this sit-

uation we find 82 = —39.7 G, 82 = —36.5 6, and
c~ = —2.9 && 10 V/m. From these values compared
to the experimental ones' we conclude that the
number of ions in region I is too small to describe
the physical properties of cubic Gd +. %e have ta
limit the number of ions in regions I and II in the
calculations of orthorhombic Gd'+-M+ complexes;
therefore it is impossible to choose an array of lattice
points surrounding the Gd + impurity which is large
enough to describe cubic Gd3+ as well as the specific
features of the M+ impurity. The existence of the
above mentioned contributions to 82, 82, and e&,
however, is not very important in our approach; we

FIG. 3. Schematic three-dimensional representation of
some calculated positions and lattice positions of the ions
around a "cubic" Gd + ion in CaF2. The Gd + ion lies in-

side the cube of the eight fluorine ions. The other cation in
the figure represents a Ca2+ ion; the direction of the shift of
this ion is away from the Gd3+ ion. All deviations from cu-
bic symmetry have been enlarged by a factor of 3.
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0
TABLE II. Calculated displacements in A with respect to pure CaF& for the most import ~nt ions

in region I; this calculation corresponds with method A in the text. The numbers in this table,
which indicate the ions in region I, correspond with the numbers in Fig. 2; the system of ~xes has
been given in Fig. 2. Displacements of ions occupying symmetrical positions with respect to the
complex can be deduced from the displacements by symmetry operations.

Li+ Na+ Rb+ Cs+

ion 1: dx
~.v

ion 2: hx
b,y
lL;

ion 4: hx
b, v

hz
ion 8: Lhx

4.v
b, z

ion 10: hx
hv
hz

0
-0.128

0.128
—0.071
-0.104

0, 104
—0.024
—0.049
—0.022
—0.029
—0.029

0.029
0

—0.301
0.301

0
-0.116

0.116
—0.053
—0.079

0.079
—0.032
—0.040
—0.017
—0.021
—0.030

0.030
0

—0.394
0.394

0
—0.020

0.020
0.004
0.013

—0.013
—0.034

0.014
—0.058
—0.040
—0.003

0.003
0

—0.120
0.120

0
0.042

—0.042
0.059
0.090

—0.090
—0.055

0.063
—0.085
—0.036

0.015
—0.015

0
—0.058

0.058

0
0.108

-0.108
0.121
0.144

-0.144
—0.071

0.089
—0.099
—0.039

0.026
—0.026

0
-0.188

0.188

mainly concentrate on the variations of these parame-
ters as a function of the M+ radius.

We now simulate an orthorhombic complex by in-

troducing the charge associated with the substitution-
al M+ impurities neighboring the Gd'+ ion, in addi-
tion the repulsive interactions associated with the im-

purity are different from those of the corresponding
host ions. The computed displacements for ten im-

portant ions of the defect system have been compiled
in Table II and a review of the results for all ions in

region I has been depicted in Fig. 4. It should be
noted that in Fig. 4 all deviations from the lattice

200.

iao .

FIG. 4. Schematic three-dimensional representation
of the positions of the ions in region I, resulting from
calculations of type A (see also Table II). All 24 ions of
region I have been indicated in the figure; for clarity the
displacements from the lattice sites have been enlarged

by a factor of 3. The Gd + ion is represented by a

black sphere, the M+ ion by a grey sphere of varying
radius.

0'-

IppK: red&us (Aj

f IG, 5. Calculated values, as given in Table III, of the
magnetic crystal-field parameter 82 ~s i function of the ra-

dius of the M+, ion.
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TABLE III. C calculated and experimental values of the crystal-field parameters B2, B&, and c&.
The calculated values have been obtained from the results of method A and formulas (3) and (4)
(given in the preceding p ~per).

B2 (calc)
(G)

B2 (expt)
'(G)

B2 (calc)
'(G)

B2 (expt)
(G)

Li+
Na+
K+
Rb+
Cs+

34.5
41.2
56.4

108.4
194.3

i ~~ (calc) (10 V/m)

17.7
3.4

83.6
141.8
220.5

cI (expt) (10 V/m)

92.6
85.7
66.7
62.0
51.6

—46.3
—30.0
—20. 1

—11.9
—4.0

Li+
Na+

K.+

Rb+
Cs+

—4.4
—4.6

1.4
5.0

10.3

+11.3
+10.7
+6.3
+3.2

configuration have been magnified in order to give a

clear review of the shifts of the ions in region I.
From the calculated positions of the ions we have

calculated the magnetic parameters B2 and B2 and
the odd crystal-field parameter c&. The results have
been given in Table III and Figs. 5, 6, and 7.

B. Calculations of type 8

As mentioned before, in these calculations region I

is extended to 44 ions (see Fig. 2); this implies that
the number of displacement parameters in C2„
point-group symmetry is 37. Similar to the calcula-
tions of type A we have performed a minimization of
the potential energy for a trivalent Gd -ion without a
charge compensating M+ impurity in the immediate
vicinity. It appears that the impurity ion is located at
the lattice position, while the surrounding ions show
displacements of 4 x 10 3 to 0.1 A. The largest dis-
placements are found for two of the nearest Ca'+
ions (ions 10 and 39); the relaxations of these ions

are in outward directions with respect to the Gd'+ ion.
Starting with the calculated configuration we have

evaluated the crystal-field parameters and the results
obtained are 82 =70.9 6, B2 = —6.1 6, and
c~ = —4.8 &10 V/m. This result shows that also in
the present calculations the size of region I is chosen
too small; the asymmetry of region I induces the
crystal-field parameters of degree lower than 4. It is

impossible, however, to increase the size of region I

significantly because of the extremely long computing
times.

%e note that in the calculations of this type we
have introduced a "hard core" for each of the ions in

region 1; for the F ions we have chosen R(hard
core) =1.25 A, for Ca'+ R(hard core) =0.90 A. For

lDD-

50
C9

N 04
N

s(Q

l

ionic radius[A'I

FIG. 6. Calculated values of the magnetic crystal-field
parameter B2, given in Table III, as a function of the radius

of the M+ ion.

FIG. 7. Calculated values of the electrostatic crystal-field

parameter c&, given in Table III, as a function of the radius

of the M+ ion.
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2

ic radius(A)

-I00"

FIG. 8. Schematic three-dimensional representation of
some of the ionic positions in region I, resulting from calcu-
lations of type 8 (see also Table IV). For proper compari-
son with Fig. 4 the corresponding part of region I has been
depicted here. Displacements from the lattice sites have
been enlarged by a factor of 3.

-200"

FIG. 10. Calculated and experimental values of B as a
function of the radius of the M+ ion.

an interionic distance which is smaller than the sum
of the hard core radii of the ions the repulsive energy
becomes very large.

Analogous to the treatment given for the calcula-
tions of type A we have presented a review of the
results in Figs. 8, 9, 10, and 11 and Tables IV and V.

In the figures, showing the behavior of B2, 82,
and ci we have included the experimental values.
An interesting additional result of the defect calcula-
tions is the relative substitution energy of the various
monovalent metal ion's in the charge compensation
complex. The results have been plotted in Fig. 12;

200

1

ionic radius (A)

100
C9

CI N
CQ

-10"

a i 2
ionic radius IA, ~

FIG. 9. Calculated and experimental values of the mag-
netic crystal-field parameter B2, given in Tables III and V,
as a function of the radius of the M+ ion.

FIG. 11. Calculated and experimental values of c& as a

function of the radius of the M+ ion.
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0
TABLE IV. Calculated displacements in A with respect to pure CaF& for the ions in region I ac-

cording to calculation 8. The numbers in this table, which indicate the ions in region I correspond
with the numbers in Fig. 2; the system of axes has been given in Fig. 2. Displacements of ions oc-
cupying symmetrical positions with respect to the complex can be deduced from the displacements
by symmetry operations.

Li+ Na+ Rb+ Cs+

ion 1:

lOll 2:

ion 4:

ion 8:

ion 10:

ion 11:

ion 15:

ion 17:

ion 19:

ion 23:

ion 25:

ion 29:

ion 31:

ion 35:

ion 39:

ion 40:

ion 41:

hx
bv
b, z

bx
&.v

b, z

hx
b,y
hz
hx
hy
diaz

hx
hy
Az

hx
b,y
Az

lLx

hy
b, z

Ax
hy
hz
b,x
hy
hz
bx
b,y
h, z

Lkx

dy
hz
hx
b,y
bz
bx
b,y
b, z

hx
hy
b, z

hx
dy

dx
hy
hz
b,x
Ay

Lkz

0
—0.096

0.096
—0.013

0.014
—0.014
—0.019
—0.002

0.002
0.023

—0.014
0.014
0

—0.496
0.496

—0.033
0.028

—0.028
0.067
0.043
0.045

—0.009
—0.038

0.038
—0.014

0.007
—0.015
—Q.012

0.019
—0.019

0.037
—0.014

0.014
—0.015
—0.001

0.001
—0.002

0.024
—0.035

0.001
—0.010

0.011
0
0.034

—0.034
0

—0.025
0.025

—0.011
—0.089

0.106

0
—0.070

0.070
—0.016

0.019
—0.019
—0.018
—0.001
—0.009

0.020
—0.001

0.001
0

—0.095
0.095
0.046

—0.014
0.014
0.067
0.069
0.030

—0.013
—0.026

0.026
—0.016

0.011
—0.012
—0.016

0.017
—0.017

0.033
—0.003
—0.010

0.032
0.020

—0.020
0.001
0.029

—0.044
0.002

—0.007
0.001
0
0 044

—0.044
0
0.040

—0,040
0.016

—0.061
0.108

0
—0.039

0.039
0.053
0.084

—0.084
—0.018

0.022
—0.023

0.021
0.005

—0.005
0

—0.112
0.112
0.268

-0.214
0.23 4
0.166
0.160
0.135
0.004
0.004

—0.004
-0.011

0.022
—0.002
—0.016

0.008
—0.008

0.058
0.029

—0.040
0.089
0.042

—0.042
0.008
0.049

—0.064
0.011

—0.004
—0.017

0
0.052

—0.052
0

-0.058
0.058
0.079
0.001
0.084

0
—0.029

0.029
0.047
0.043

—0.043
—0.013
—0.001
—0.051

0.017
0.012

—0.012
0

-0.130
0.130
0.512

—0.335
0.335
0.436
0.454
0.344
0.002
0.053

—0.053
—0.001

0.048
—0.010
—0.020

0.007
—0.007

0.126
0.083

—0.060
0.194
0.059

—0.059
0.009
0.096

-0.133
0.022
0.009

—0.032
0
0.054

—0.054

-0.111
0.1 1 1

0.138
0.054
0.035

0
O.G12

—0.012
0.080
0.092

—0.092
—0.007

0.017
—0.070

O.G21

0.031
—0.031

0
—0.157

0.157
0.512

—0.335
0.335
0.538
0.577
0.382

—0.007
0.069

—0.069
0.010
0.064

—0,015
—0.019

0.006
—0.006

0.196
0.138

-0.112
0.194
0.057

—0.057
—0.017

0.134
-0.198

0.016
0.007

—0.053
0
0.062

—0.062
0

—0.120
0.120
0.157
0.095
0.000
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Bo (G) c
&

(10 V/m)

Li+
Na+
K+
Rb+
Cs+

30.2
24.6
70. 1

151.1
184.3

-206.8
—129.9
—196.0
—17.4
—67.2

—13.9
—11.0
—8,4
—2. 1

—0.3

the difference between the values for Li+ and Cs+ is
about 1.6 eV. (We note that the values for Rb and
Cs are not as accurate as those associated with Li+,
Na+, and K+ because of the very large displacements
of the ions 11—16). From the calculations of type A

we find a difference of 3.5 eV. Figure 12 shows that
it is easier to introduce Gd'+-Li+ complexes in CaF2
than Gd'+-Cs+, in agreement with our experimental
observations. It was found to be quite difficult to in-

troduce sufficient Gd'+-Cs+ complexes in CaF2 crys-
tals to carry out EPR experiments.

IV. DISCUSSION

In this paper we have presented an attempt to cal-

culate from the known bulk parameters of CaF2 and

the properties of Gd3+ and M+ (Li+, . . . , Cs+) ions
the crystal-field splittings associated with first and

second degree potentials. Using some selected physi-

cal properties of CaF2 as a basis one is able to calcu-
lated the polarizabilities of the ions of the host crys-

tal; in addition the repulsive interactions have been
obtained. ' In this treatment (polarizable-point-charge

ionic radius (A)

FIG. 12. Total energy of the crystal after the minimiza-

tion procedure as a function of the M+ ionic radius. Abso-
lute values of the energies could not be given in this figure
because constant terms in the energy expressions have been
neglected; the condition of zero energy has been chosen ar-

bitrarily.

TABLE V. Calcul ~ted values of the crystal-field parameters

B2, B2, and c&, obtained from the results of calculation B
and formulas (3) and (4) (given in the preceding paper).

model) the ions are considered to carry charges of in-

teger values. 8'e emphasize that in this method we did
not employ any fitting procedure to improve the agree-
ment between theory and experiment.

From the calculated positions of the ions surround-
ing the defect we have calculated the important
crystal-field parameters c~, 82, and 82 in accordance
with the procedures reviewed in Appendix A of the
preceding paper. We note that for the description of
the even magnetic splitting parameters B2 and 82 we
have used Eqs. (3) and (4) given in the previous arti-
cle. These formulas have not been fitted to describe
the experimental results; they have been derived
theoretically in Refs. 16 and 17.

An important limitation of our calculations present-
ed in this paper is the restricted number of ions
which have been taken into account in the minimiza-
tion procedure. In order to find the minimum energy
of one particular complex in CaF2 we need of the or-
der of 1 h computing time of the Cyber 74-16 CDC
computer. The effect of this limitation is visualized

by comparing Figs. 4 and 8, showing that especially
the immediate surroundings of the M+ impurity is
affected by the boundary between regions I and II.

In the case of a small region I (24 ions) some of
the surrounding ions show rapid variations of
minimum energy positions as as a function of the
M+ radius. In particular, the ions referred to as
10—16 behave in a rather irregular way (see Figs. 2

and 4). Considering the behavior of the same ions in

the treatment of type B we observe (see Fig. g) that
these ions move gradually as a function of the M+
radius. From this observation we conclude that the
results associated with treatment B are more reliable
than those of type A.

It is of interest to compare the theoretically calcu-
lated shifts of some of the surrounding ions with the
experimental ones as obtained from our electron-
nuclear double resonance (ENDOR) work discussed
in the previous paper. For a quick review of the
results obtained so far we have compiled some of the
calculated shifts together with the experimentally ob-
served ones in Table VI. It is immediately clear that
there is good agreement between the "ENDOR
shifts" and those calculated by means of method B.
Except for the theoretical shifts of ions 13—16,
method 3 also gives good results. From Table VI we

find support for the conclusion given above that
treatment B gives more reliable results than treat-
ment A.

We shall now discuss the results obtained for the
crystal-field parameters B2, B2, and e~. From Figs. 5

and 9 it is clear that the theoretical description of 82
is good; especially the trend of this splitting pararne-

ter shows good agreement with experiment. From a

comparison of the theoretical B2 curves obtained
with methods A and B, with the experimentally ob-
served one we conclude that the description by
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TABLE VI. Shifts obtained from ENDOR experiments (see Ref. 9) for some ions around a
Gd +-K+ complex in CaF2. These shifts are compared to the results of calculations A and 8 (see
Tables II and IV), The numbers, indicating the ions, correspond with the numbers in Fig. 2.

ENDOR Calculation A

0
Displacement (A)

Calculation 8

&on 1

ion 16
ion 19
ion 21

0.03
0.28

&0.05
0.04

0.03
0.80
0.05
0.05

0.06
0.27
0.02
0.02

method B is preferable. A similar conclusion is
drawn from a comparison of the theoretical and ex-
perimentai c~o curves (Figs. 7 and 11).

Significant deviations between theory and experi-
ment are found for the parameter B2. %'e note,
however, that the description of this parameter within
methods A and B is uncertain, probably because re-
gion I is too small. An important result is that as a
function of the size of M+ and of region I, large vari-
ations of the parameter B2 are found. From the
good agreement between theory and experiment for
the parameters B2 and e~ and the theoretical and
ENDOR displacements we expect that with an in-
creased volume of region I, one should be able to
describe the B2 parameter equally well.

Although appreciable efforts have been made to
understand and predict the magnetic crystal-field
parameters of Gd'+ in many solid materials, no clear
cut theoretical explanation has been given until now.
In this regard we mention the systematic review of

the magnetic properties of Gd'+ impurities in crystal-
line hosts by Buckmaster and Shing'8 and the consid-
erable amount of theoretical work done by Newman
and Urban' and Edgar and Newman. ' The present
study shows that with an extensive theoretical ap-
proach we are able to describe the important features
of the magnetic splitting parameters of Gd + in a
series of complexes in a strongly ionic material such
as CaF2.
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