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The theory of quantum solids by Lowy and Woo employs a Hartree-Jastrow wave function in
which the Hartree product, thus the wave function, is given its proper exchange symmetry.
Coupled integral equations were derived for the one- and two-particle distribution functions,
which enter into the energy expression. On account of mathematical and computational compli-
cations, the two-particle distribution function was not obtained from actually solving the integral
equations. Instead, it was approximated by a product of two one-particle distribution functions
with the pair-correlation function for the /iquid. The latter lacks the proper lattice symmetry,
and is not anisotropic. In this paper, we take into account the effects of both lattice symmetry
and anisotropy on the pair-correlation function, solve the coupled integral equations to higher
orders, and recalculate the energy curves. It is shown that lattice symmetry in the pair-correla-
tion function lowers the liquid-to-solid transition density by about 2%, while anisotropy raises it

by about 7%.

I. INTRODUCTION

The more successful treatments of the ground state
of quantum crystals have all employed variational
wave functions of the Hartree-Jastrow form, in which
the Hartree product (of single-particle orbitals) is
modified by a product of pair-correlating factors.
Earlier variational calculations"? had shared two com-
mon pitfalls. First, the single-particle orbitals had
been taken as individually localized about lattice sites.
As a consequence the Hartree product, and thus the
wave function, failed to possess exchange symmetries
which are appropriate for quantum crystals. Second,
the energy expectation value had been evaluated with
the help of cluster expansion procedures. In each
case, mathematical complexities and computer limita-
tions had required that the cluster series be truncated
at a very low order. The mode of truncation was jus-
tified on the basis of physical insight which was less
than reliable.

In 1976, we advanced a new variational method for
treating the ground state of Bose solids.® In this
theory, the single-particle orbitals have the prescribed
lattice symmetry. Each is periodic and localized
about every lattice site. Thus the Hartree-Jastrow
wave function is symmetric with respect to particle
exchange. Also, the energy expectation value is ex-
pressed in terms one- and two-particle distribution
functions which are solutions of coupled integral
equations. Thus the theory abstains from cluster ex-
pansions. It describes a procedure which sums the
cluster series approximately to all orders.

In the actual solution of the coupled integral equa-
tions, a short cut was taken. The equation for the
two-particle distribution function was solved only in
the lowest order, rendering a liquidlike short-range
pair correlation. The latter was then entered into the
equation for the one-particle distribution function for
an accurate solution of the density distribution. It
was (and remains) our belief that for close-packed
structures the short-range pair correlations are indeed
liquidlike, and the approximation is highly reliable.
However, some questions were raised* on the validity
of such an approximation. In the desire that our
theory, which has, we hope distinguished itself by the
use of a properly symmetrized wave function and its
abstention from cluster expansion procedures, not be
marred by an approximation introduced purely for
computational convenience, we conduct an investiga-
tion on the effects of the approximation. The equa-
tions for the one- and two-particle distribution func-
tion are solved to higher orders. The short-range
pair-correlation function is first given its proper lat-
tice symmetry in an isotropic approximation, and
then proper anisotropy is introduced. We are able to
demonstrate that at least for solid *He the corrections
are not large.

II. GENERAL FORMALISM
For a system consisting of N molecules in volume
Q (such that the number density p equals N/ Q)

governed by pairwise, central interactions, the Hamil-
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where ry =|T;—T;|. The Hartree-Jastrow wave func-
tion takes the form
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(2)

¢ (T) denotes a single-particle orbital, and e*("/?
represents a pair-correlating factor which goes to zero
when two strongly repulsive molecules overlap, and
to unity when they move too far apart to interact. In
Ref. 3, hereafter to be referred to as the Lowy-Woo
theory, ¢ (T) is expanded in the reciprocal-lattice
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where G denotes reciprocal-lattice vectors. The wave

“function ¢ is thus symmetric with respect to particle

exchange. Equation (2) is not of the most general
form, but it is quite acceptable for describing a Bose
solid which possesses strong short-range pair corre-
lations. Where multiparticle correlations are impor-
tant, Eq. (2) can be modified to include higher-order
correlating factors.’ A particular advantage of such a
wave function is that it includes as a limiting case
(when rg=0 for all G #0) a description ‘of the liquid
phase.

We define the n-particle distribution function as

pM(1, ... ,n)=

(N —=n)! fllll(_fl, N

In particular, the one-particle distribution function

(T, ..., TW)dT, ..., dT,
p“)(l)=Nfll‘l 1 v) 2d T N
flw(?l, Co L TWPATL L dTy

gives the density distribution. It describes ldng-range order
function

(Fi, ..., TATS .
pm(l,2)=N(N_1)i|d' N ) Tw)|2d Ts

LTIV NAT, L

,dT,

4)

(5)

in broken symmetry. The two-particle distribution

flu:(?,, o TN AT L

L =pM(1)p W (2)g(1,2) )

., dTN

gives additional information on pair correlations. In liquid phase, p‘"’ (1) reduces to p, and g (1, 2) to the radial
distribution function g¢(r;;). In this paper, we shall also need the three-particle distribution function

p3(1,2,3)=N(N=1)(N=2)

iNf(?l, C L TWAT, L d Ty

In the Kirkwood superposition approximation (KSA),
g3(1,2,3) takes the form
g3(1,2,3)=g(1,2)g(2,3)g(3,1) . (8)

In terms of these distribution functions, the energy
expectation value is given by

E=(ylHIp)/(wly)

—i? o\ g
=-4’—nfp“’(l)v%ln¢(r1)dr1

+ 1 fpP21, 250 dT T, O

where

o(T)=v(r)— (B/4m)IV2u (r) . (10)

fllp(?,, L TNMT, L d Ty

=pM(DpM(2)p™M(3)gs5(1,2,3) .
@)

Let us employ the center-of-mass coordinate sys-
tem and introduce the variables

— 1 = -
s=7(r|+r2) ,

(1)
(12)

2— Iy

=l
=l

First we expand the density in the reciprocal-lattice
space, in fwo ways for later convenience:

pV(1)=p Epaeic"?‘ (13)
G

and

p”)(1)=%exp (14)

iGT
[Mze o,
"]

where X is a normalization constant. Next, we apply
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lattice symmetry to p” (1, ..., n): we write for later convenience also the expansion

p(")(l,...,'7)51)(")(?1""’?") g(l,2)=iexp 276(?)6,4'6'._5' (18)
‘ G

=p™(F,+R, ..., T, +R) , (15

Finally we note that the KSA, Eq. (8), is consistent
with the lattice symmetry condition (15).
We are now ready to derive equations for the dis-

where {R} denotes the set of lattice vectors, and
realize that

g(1,2)=¢g(7,, 7)) =¢ (T +R, T, +R) (16) tribution functions.
) . . First, differentiate Eq. (5) with respect to T, and
permits g (1, 2) to be expanded in the reciprocal- introduce Eq. (6). We find

lattice space in the position coordinates § and T:
le(”( 1) =p(”(l)V1 lﬂd)z(?|)

(1,2)=3gg(T)ei®~ . (17)
¢ g'g(' +fp(“(l,Z)Vlu(rlz)d?z (19)
. Again, with u in the role of a normalization constant, or
]
V,1np“’(1)=v,|n<¢>2(?,)+fp‘”(?2);;(1,2)v.u(r,2)d?2 . (20)

With the help of Egs. (3), (11)—(14), and (17), we reduce it to a relation between the quantities IIg, pg, and
gg(T), for given 1z and u (r):

lg—2g=ip Epa_a,f%ru'(r)ga,(?)e”a-a'm?d? : 1)
—Gor

Next, differentiate Eq. (6) with respect to the relative coordinate T and introduce Eq. (7). We obtain

Vp2(1,2)=p2(1,2) [V Ind*(T,) + V Ing?(T2) + Vu (ryy) 1 +fp‘3’(1, 2,3)[Vulri3) +Vulry)ldTs
(22)
In the KSA it reduces to

VinpP(1) +VinpP(2) + Ving (1,2)=V Ing?*(T}) + V In¢*(T,) + Vu (ry3)
+ [ P30 (1,3)g 2 HITu(riy) + V(1) 1d T (23)

With the help of Egs. (3), (11)—(14), (17), and (18), we then find a second relation between the quantities 1z,
Pg, yg(T), and gg(T) for given 1z and u (r):

Vyg(T)=iu'(r)dg ,+G(Illg —215) sing G- T

P RIPASRIVRRI | WY ¢ (i BIVIN [t e 1l N AW
+p_‘”2i”/76_(—3.,_(_3.,,f/ u (g (T )ga (T =T )cos[ G 5 T [ T|dT
G ;G 4\
In the case where only G =0 components survive, this relation reduces to the Bogoliubov-Born-Green-
Kirkwood-Yvon (BBGKY) equation for liquids, as expected.
Now, through the definitions (13) and (14) and (17) and (18), we have two more relations
1 f g7l -t =
Pg = I expgﬂa,e e dT 25)
G
and
e TT gy (26)

Equations (21) and (24)—(26) are to be solved simultaneously for Ilg, pg, yg(T ), and gg( T ), and in turn
pV(1) and g(1,2).
The energy expression (9) reduces to

2 =y —-
-ﬁ——pa-tanﬁhép 3.0GP =, = f{/(r Vg (T ) (CHG DT 7| 27
6[

E=N§ 4m G+G
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III. g(1,2) WITH PROPER LATTICE SYMMETRY

In this section we would like to investigate the effect of imposing on g (1, 2) its proper spatial symmetry. We
shall assume, however, that g (1, 2) is dominated by its isotropic part. In other words, we write

g(1,2)=g,(1,2) +8g(1,2) ‘ (28)
and assume 8g (1, 2) small compared to g,;(1,2), where®
8(1,2)=3g5(r,)e T~ ’ (29)
[
=—1—exp Eya(rlz)e’a'? . : (30)
v T .

The assumption is introduced to simplify the numerical work in Sec. IV. What we have now is a situation under
which the short-range correlation between a pair of molecules depends on where the pair sits in the unit cell, but
not on the orientation of the pair axis. In Sec. V we shall investigate the effect of introducing anisotropy into g (1,2

We might reexamine the equations for p'!” and g (1,2). For g(1,2) we could have started with a differentia-
tion with respect to Ty, as in Ref. 3. There, Eq. (20) gives

le‘z’(l,2)=p(2’(l,2)[vlln¢2(?1)+vlu(r12)]+fﬂm(1,2,3)V1U("13)d?3 G
or, as in Eq. (30) of Ref. 3, now with g;(1,2) replacing g (1,2):

Vllngl(l,2)=V|u(r|z)+fp“)(3)g/(1,3)[g/(2,3)—1]V1u(r13)d_r'3 : (32)
In place of Egs. (21) and (24) we now have

g =25 =ip Srg g J SEu(gg (e T mT 47 (33)
and ¢

—i(G/2)yg(r) +iyg(r) —fu'(r)ég ,=iG (Mg —2tg)e~C/2T

-fl(E’—G’")/zlrr*
—0! 6”
1 =444

"ff'u’(r’)ga,(,f)ga,,(l?—-r"l)e”a’-‘a HEOMT g7 (34)

Our next task is to reduce them to manageable forms.
Equation (33) is easy to handle. The integral

/= fC;’-Fu'(r)ga,(r)e”a’alm'?d_r’

reduces to
= —dmi (G-Gl)fu’(r)g_,(r)(Glr cosGr —sinGr) dr , (35)
G? a
where
G,=G-G/2 . ~ (36)

This can be seen with the aid of Fig. 1. Thus, Eq. (33) becomes

1 G A A
g~ 2Ug=4 o5 G—-——(GG
n mp Ep S GGT [ 5 ( )
Equation (34) requxres more work. We take its inner product with 7 and integrate over the direction of 7, ob-
taining in the end

fu'(r)ga.,(r)(Glr cosGr —sinG,r)dr . 37

7 . ’ 4 P
Yg(r)=u (r)Sg,O—Er—Z(H(, 2r—){——Gr cos Gr —siny Gr]+ m}_‘,ﬂpa a-g (38)
GG
with the integral J given by
J=fdffd_r"(f'f')u'(r')ga,(r')ga.,,(|_r'f_r'll)e’[a G@'+G"27 -i[(a—al')/ﬂ’?

_.,'GJ.—'

= a7 uw (e (T [ G g (1T =F DT (39)
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where
G,=G-(G'+G2, ‘ (40)
G;=(G-G"/2 . (41)
In Appendix A, we show how J can be further simplified to yield
.'(G;r)fH’a,,(r,r')u'(l")ga,(r')P,(62-63),i1(621")dr' : (42)
where
! o —l r+r’ r +I‘ “Z2 n_ .2
Ha.,,(r,r ) =3 flr—r’\PI o g-.,,(z)(l +r'?2=z8zdz . (43)

Consequently Eq. (38) reduces to the final form (for G =0)

rots (f—pr )2
—f dYO(I)—M(Io)—‘n'pf ds u' s)go(s)fo —(:—@)—r[go(ltl)—ll

, oo , o*‘ s2=(t—
—mp 3, WG"‘”E;"J; ds u (s)gc.,(s)/ol—]fro rgo(ltl)

(G")

—2mp 3 w_.,p_.,E(ZI+l)f dp—— /'(G'/z) f dr'r'u'(r') j; sz,.r lgo(r')

{G")

For G =0, (44)
—f dyG(r)—-— 21~)f dr—

s < dr .| Gr
=2 DAVIED! — il
7TppG/.o( I )‘I:o » 72

G (o5 0 _5in Cr
2 2

J; dr'r'u' (r')go(r') ji (Gr")

T2 2
re+rc—z
2rr’ 'gg(z)

' 24,722

r+r ret+rc—z

X f ,dz z ; P,
lr=r'] 2rr

x+y dr .
(14 x2 +xy)'/2]f [

* St Yo (') i Gr’ 2 1/2
xJ:) dr'r'u’ (r')go(r )4/,[—2 (1 +x2+2xy)

—2mp 3,(20+1) 3, paP

=0 T'(%3C)

/ 21422
r+r retr =z
Xf dz z P, T C”(Z)
| g -

r24r't—z2
2rr'

-2 2/+1) P P
p% {GE] Sl N Tx2—xy)'/?

f dr.[Gr

f dr'r'u’ (r')g g (r') i (Gr' (1+41 7X 2—xy)2)

' 24,2 _ 2

r+r re+rc—z

X f ,dz z - P,
lr=r'| 2rr

2rr'

il il 3 ]go(z) @)
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|

FIG. 1. Coordinate system for evaluating the integral / in
Eq. (33).

where
x=G'/G , (46)
y=G-G , 47)

and the symbol 2'[5.,) represents a summation over

shells in the reciprocal space, each shell containing
War reciprocal-lattice points. The prime indicates the

omission of G =0 from the sum. A four-
dimensional integral form that appears repeatedly in
the derivation has in the process been transformed
into a simple two-dimensional integral, thus

had ! ,\'A/ U , % _‘__./
J:Odrfdr(rr) eHvar-t1h

o0 rots  s2—(t—rp)?
—n Jlas v [0 v

(48)

Note that a simplifying assumption has entered the
derivation that leads to Egs. (44) and (43). The as-
sumption is that for all G#0 gg(r) is very small
compared to go(r). This has enabled us to keep only
terms which are linear in gg(r), G #=0. In writing
out the double sum of Eq. (38), we omit terms which
have simultaneously G #0and G" #0. Thus such
terms do not appear in Egs. (44) and (45). That
such an assumption is valid must be demonstrated
numerically. In the meantime, we wish to point out
that the assumption is not related to our isotropic ap-
proximation. The isotropic approximation—which
neglects 8g (1, 2) in Eq. (28) —leaves g (1,2) in the
form of g;(1,2), which is isotropic but nevertheless
varies with the center-of-mass position of the pair in
the unit cell. The present assumption casts Egs. (29)

and (30) in the forms

g1, D=g(r)+ 3 g5(r)e’®7 (49)
G =0
=L ey S yg(r)e@T , (50)
. T 0

and declares go(r,,) dominant over the sum and

¢ gominant over the product. It is tantamount
to saying that an isotropic, liquidlike description of
g (1,2), not unlike that of Lowy and Woo, is basical-
ly sound, and will need only minor corrections. The
validity of this statement, at least for solid *He, will
be demonstrated numerically in the next section.
Developing the same thoughts further, we write
from Eq. (49)

g‘-'(r) .
g(1,2) =go(r)|1+ 3 =T (51)
G0 &o(r)
and from Eq. (50)
g/(l,Z)zi—e’“(’”) 1+ 3 yg(r)e T~ (52)

G =0

Equation (52) is consistent with keeping only linear
G #0 terms. From Egs. (51) and (52), we obtain
Ingo(r) =17yo(r) —Inu or

% 1ng0<r)=§;yo(r) (53)

and

ga(r)/go(r)=yg(r) . (54)

Finally, in summary, we focus on Egs. (13), (14),
(37), (53), (54), (44), and (45) as a closed set of in-
tegral equations. Given a variational wave function,
ie., asetof rz and u(r), Eq. (37) is the first gen-
eralized BBGKY equation, which relates {IIz} to
{pz]. It requires information about {gg(r) }.
Equations (44) and (45) form the second generalized
BBGKY equation, which relates {yg(r)} to
{g5(r)}. Itin turn requires information about
{Ilz ) and (pg ). Equations (13) and (14) give us a
defining relation between {IIg} and {pg}, while
Egs. (53) and (54) give us defining relations between
{yg(r) ) and {g5(r)}. The solution of this set of
coupled integral equations yields the one- and two-
particle distribution functions: the density distribu-
tion and the short-range pair-correlation function.
When the solution is substituted into Eq. (27), we
obtain the energy expectation value E (rg,u (r)). At
every number density p, or specific volume 1/p, E is
to be minimized with respect to the variational
parameters g and the parameters in u (r).
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IV. APPLICATION TO SOLID “He

In this section, we apply the isotropic approxima-
tion g (1,2) —g,(1,2) to the ground-state calculation
for solid *He. This represents a step beyond the
Lowy-Woo theory, which employed a liquid approxi-
mation on g (1,2), i.e.,

g(1,2) —g(1,2) = go(riz) = giiquia(r12) .

The model consists of a Lennard-Jones pairwise
potential

v(r)=4e (55)

where €=10.22 K and o =2.556 A at zero tempera-

ture and number density p=0.030 A3 (or 1/p=33.3
A3, the value identified as the solidification density

in the Lowy-Woo calculation.’ The variational wave

function contains a one-parameter u (r)

ulr)=="(ba/r)’ , (56)

had r+s _
lngo(r)=u(r)—7rpj; ds u’(s)go(s)fr_s L

o0 G
—ij; ds u'(s)[Spmgm(S)jo[ =

® dr' .
8mer i

—2mp 3, (21 +1)
1=0

< dr' .
+617(2)J: P

s
2

G([)"“

where b =1.15, again from Ref. 3. For rg, in keep-
ing with the experience gained in Ref. 3, on]y two
shells are taken; i.e., we retain only /() and ¢(,); and
t(2), being insensitive in the actual numerical work, is
fixed at the Ref. 3 value of 0.04. All this has been
necessary since the solution of the set of coupled in-
tegral equations is an exceedingly expensive venture.

The ground state of solid “He is fcc, and thus the
reciprocal lattice bce. In all the reciprocal-lattice
sums we keep just two shells: G(,=2.13 A~ (half
the body diagonal), and G, =2.46 A~ (edge of a
unit cell). The corresponding weights are w( ) =38
and W)= 6.

In Eq. (47), we realize that a combmdtlon of two
G(” s can yield 0 ora Gm, both of which we retain;
it can also yield a Gm, which we discard. Combina-
tions of G“, dnd G(z, or two Gy)’s, can lead to ei-
ther 0 or other GH, s and Gm s, which-we keep, as
well as G(,), =3, which we discard. In other words,
we demand consistency in keeping only two shells in
all the sums. Equation (44) now reads (for G =0)

tlgo(lrl) =11

G s r+s 2_(4__,)2
+6p(2)g(2)(s).io[ ;-2) ” J‘,_s df—s%mo(“l)

s 17 ! 1 ’ . G ,‘I
J; dr'r'u’ (r")go(r )‘/,‘%]

"ot "y 422
rotr retr—z

X f , ,dz z P,
|r

—'| 2r'r" 21"

12 412 2
retro—z
]gm(Z)

G(2)"” * NIRRT Y G(Z)rl
—i— j:) dr'r'u’ (r )&’o(l ),I/ —2—

r ’ I i 2
rotr ro+rc—z
X f dz z P
|

rll_’!‘ 2,‘/"/1 2/”/'”

. 2
retrc—z
]gm(Z)]

(57)

For G # 0, we note that another approximation should be made for the sake of consistency. By normalizing
p(1) in Eq. (13), we find po=1. All other pg’s are small compared to po. Hence it is reasonable to keep pg
only where there are no other G # 0 factors. Thus Eq. (45) reduces to

21—~)f dr’

—ﬂpf ds u (s)go(s)/ol

gglr)=¢g 0(/)[

_27p2(2/+l)f d'“ Ji Gr”

1=0

f ai—L=r7
lf dr'r'u’( [gG(I )//[621

! 1202 2
rokr retrt—z
xf "o dz z 2" PI

r)t tggle])

+p Ggo(r )i (Gr' )]

2r'r"

r=r'|

12 412 2
re+re—z
]go(Z) ] s



22 THEORY OF QUANTUM SOLIDS: EFFECT OF LATTICE SYMMETRY . .. 3237

with
G=G(|), 01'6(2) . (58)

Note that in this mode g(;,(r) and g, (r) become
decoupled. i

If in Eq. (57) one considers only the first two
terms on the right, go(r) will reduce to gjiquia(r) of
Lowy and Woo. Equation (57) shows that there will
actually be correction terms even for the 1sotrop|c
liquidlike part of g (1, 2).

Equation (37) now reads

g —2tg=rgag +B3, G=Gu orGypy , (59

where

4mp j:odr u'(r)(Gr cosGr —sinGr)gy(r) (60)

ag

and

f dr u (r) ———-cos———-sm—— gg(r) .

(61)

The computational procedure begins with solving
the liquid “He equation for gjqua(r). Using that as
go(r) and setting gz (r) to zero for the moment, we
solve Egs. (59)—(61) with Egs. (13) and (14) itera-
tively for I and pg. Table I(a) shows how well the
iteration procedure converges in a typical case. Using
these Ilg, pg, g0(r), and g5 (r) we next solve Egs.
(57) and (58) with Egs. (53) and (54) for a new set
of go(r) and gz (r). These are then entered in Egs.
(59)—(61) for a new iterative solution for Ilz and

TABLE L. Iterative procedure for p=0.030 A3 at
1(1)=0.07, t(,=0.04, and b =1.15.

I I1(2)

First iterative calculation

(a)
0.192 0.111
0.218 0.124
0.232 0.131
0.240 0.134
0.245 0.136

Second iterative calculation

(b)
0.178 0.127
0.198 0.144
0.210 0.150
0.216 0.153
0.220 . 0.154
0.222 0.155

4
1.2
1.0
0.8
o6
0.4
02

0
0.2

FIG. 2. ¢o(r) and g (r) for p=0.030 A=3 at 1;,=0.07,
1(2)=0.04, and b-=1.15. ——go(r); ———=10xg|)(r);
—=10X g5,(r).

pg. Table I(b) shows intermediate results from this
new round of calculations. This continues until con-
vergence is attained.

Figure 2 shows a typical set of go(r), g(;)(r), and
g (r). Note that g()(r) and g(;,(r) are indeed
small compared to go(r). [In the figure, g(,(r) and
g2 (r) have been amplified by a factor of 10.] Figure
3 shows the new density distribution at p=0.030 A3,

r(lo\)

FIG. 3. Density distribution at p =0.030 A3 —
present calculation; — —— Lowy and Woo (Ref. 3).
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It appears slightly more localized than that obtained
by Lowy and Woo (LW).?> Figure 4 shows the energy
expectation value as ;) varies from 0.0 to 0.09. We
learn that the minimum remains at 7(;,=0.07, but
the energy decreases by 0.16 K.

We were not in the position of carrying out numer-
ical computation at more than one density. The new
solidification density had to be estimated. In Ref. 3,
the solidification density had been determined by a
Maxwell construction. Figure 2 in Ref. 3 is too small
to show an inflection at 1/pY =33.3 A3, defined as
the point at which Egiq= Eiquia. Let us exaggerate it
in the plot of Fig. 5. Let the dashed curve labeled
ELY /N represent the Lowy-Woo solid energy, and
the solid curve labeled E 4/ N the result of our
present calculation, even though only one point—
shown as the solid circle—has actually been calculat-
ed. Since Ejiqiq is unaffected by present work, the
“‘solidification density’’ simply shifts from the inter-
section of E&Wy with Ejguiq to that of Egjiq with Ejguig,
i.e., from 1/pt¥ to 1/p.. Geometrical construction
shows that BC equals 4B times the slope of AC, or

[l
|d(1/p)

We fitted Ejquia(1/p), as given in Table I of Ref. 3,
to a cubic formula, and obtained

1 | . l Egia  Esoiia

N N

Eliquia
N

Pc P([)'W

(62)

F(ld/T [Eliquid/N]
2
1

p

1

=—093+13x107? +2.5%x107* . (63)
p

-5.51
3

-6.0

Equuid

-6.5

1 1 | 1

0.02 0.04 0.06 0.08
tin

FIG. 4. Energy expectation value as function of the varia-
tional parameter 7(y). 1(,)=0.04 and b =1.15. —— present
calculation; ——— Lowy and Woo (Ref. 3).

E/N
Lw
\Esolid/N
\
AN

FIG. 5. Liquid to solid transition: an illustration.

The slope at 33.3 A% is then —0.22 K A~*. Since
|Esla\l?ld/N_Esolid/N | =0.16 K, l/pc = l/chw +0.73
A¥=34.03 A’ pe. the new solidification density,
equals 0.0294 5\‘3, a mere 2% below the Lowy-Woo
value of 0.030 A3,

V. ANISOTROPIC g (1, 2)

In this section we investigate the effect of introduc-
ing anisotropy into the pair-correlation function.

Let us return to Egs. (21) and (24)—(26) in Sec.
I, which make a complete set of equations for I1=,
pg, vg(T), and g5 (T). Along with the defining
relations (17) and (18), Eq. (24) relates yz( T ) to

{

o

o

p
T

1

o

o

o
T

FIG. 6. oGﬂ, (r), obtained after one iteration for
p=0.030 A=3,
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gg(T). We wish to solve these equations simul-
taneously, given g, u(r), pg, and IIgz. The solu-
tions are then entered into Eqgs. (21) and (25) for a
new set of pg and Ilz. The iterative process contin-
ues until self-consistency is achieved. This, of
course, is the same program as pursued in Secs. 111
and IV. The only difference is that we now wish to
consider g (1, 2) anisotropic. Accordingly, we expand
g (1, 2) further, taking
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gg(T)=3GZ(r)Y,(0,¢) (64)
Lm
and .
vg(T)=3T8(r)Y(0,4) . (65)
Lm

Only even / need be retained on account of the mver-
sion symmetry of g5 (T ) and yg(T).

Substitution of Eqgs. (64) and (65) into Egs. (21)
and (24) leads to

J

Mg —2tg=ip, Epa._a., fdr u'(r)G% (r) fdf%e”a“al/”"r'ylm(g, ®) (66)
g’ Im
and

d im ' (B =) O T
717[‘%.(,):(47)‘/214 (r)8,_085‘0+(115—2t5)fdr(G' T ) sin 5

Yim (8, ¢)

+p 2

G m' o,

) Ps g nfdrY,,,,(G ¢)fdr’wu (r )G " (1)

i = = G+G"| . |G=-G"|.
xGLn (| T = T'|)cos [G S l 5 lr
x Yy (6,6 Y (87, ¢") (67)

where 6" and ¢'' denote the polar and azimuthal angles of (F' — T).

The iteration procedure reads as follows. We start with the liquid correlation function, i.e., all G"" (r)=0ex-
cept G§° (r) =go(r). Using Egs. (66) and (25) we find Iz and pg. Then Eq. (67) gives us '"(/) and Eq.
(26) gives us G"" (r). In this step Eq. (67) is simplified to read

F'LG"'(r)=—27r[(2/+1)7T]1/2PP65m,oE(2/'+1)J: K, (MG dr' (68)
I '
where
l ’ . !
K = J PGP, (x) Re(i'em@'s12) (69)
00 Tep!t 24 112 2 14
M,,(r’)=J; a’r”u'(r”)</'I,(Gr")1,’0(r”)fr,+ . +r’2 z y ! +r, — [go(z)-—l]zdz . (70)
lr'=r"" 2r 2r'r
, E
0.08- (K
St
0.04- -5.5
|
L. 0.00 '
-0.04F
-6.0
0.08}-
Eliquie T
-0.12F
|

|
0 0.04 0.08 W
"FIG. 8. Energy expectation values including anisotropic
FIG. 7. GQ, (r), obtained after one iteration for effects. —— present calculations; — —— Lowy and Woo
p=0.030 A3 (Ref. 3).



3240

It can be seen that at this point only the m =0 com-
ponents survive. In other words, we have only

G% (r). Entering G (r) into the right side of Egs.
(66) and (67) leads to a new set of Il and Gg (r).
This process will be repeated until convergence is
reached. The approach to convergence is expected to
be exceedingly rapid for solid *He since anisotropic
effects are known to be small. In other words, we
expect that for nonzero G, /, and m, G%"’ (r) be very
small compared to G§° (r).

Numerical results shown in Figs. 6 and 7 bear this
out. G, (r) at G(,, and G'3, (r) at G(,) all turn out
small. The amplitudes are all less than 0.15, while
G{° (r) —the liquid correlation function, or go(r) as
shown in Fig. 2—reaches a peak of 1.3. Practicality
does not permit us to go beyond one iteration. It is,
however, easy to see that only minute changes are
expected in the energy calculation even if we were to
proceed further.

Figure 8 shows the variational energies obtained at
density p=0.030 A-3. We see that the effect of tak-
ing into consideration anisotropy in the two-particle
distribution function is to shift the energy curve up-
ward. Using the same method that determined the
solidification density in Sec. IV, the transition density
is found to have increased from 0.030 to 0.032 A3,
This is unfortunate since the experimental value lies
below 0.030 A=3. Nevertheless, we have succeeded to
show that the shift, at < 7%, is not large, and that
the approximation made on g (1, 2) in Ref. 3 is ac-

TIECHENG LI, XIN SUN, AND CHIA-WEI WOO

=
=81r2§‘, 2L Gy(e r)P(—G‘-f’)fld g (P27 =2rr" W) M P ()
& . Ji 3 1 3 L TRLE 1< w o,
where u =cosf.
Z

FIG. 9. Coordinate system for expansion, Eq. (A3).

ceptable. The discrepancy with experiment can no
doubt be made smaller by a more thorough search of
the variational wave-function space. We intend to do
it if and when demands on computer expenditure can
be met.
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APPENDIX A

Let the directional integral in Eq. (39) be denoted
by 7:

=0 mw=—|

’ ' —i‘G.’;_r'
r=f G (1T —F DT L (aD
Using the Rayleigh expansion formula:
7 oo ]
e' 1 2=47T2 2 (/')’Y,,’,',(él)Y,,,,((?z)j,(alaz) (A2)

and the coordinate system shown in Fig. 9, we find

oo 1 2w 1 ' — '
2 2 4”(’)’/[(63")."0 dd)f_ld”#’g—d//((rz+r/2—2r,/,lL)l/2) Y[:,(’A’A )Ylm(— G}f)
1=0 m=—|

(A3)

FIG. 10. Coordinate system for expansion, Eq. (A6).
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Let
1

rr'?

[Same definition as in Eq. (43)] J becomes

1
Hr (1) = g (41— 20 ) P ) (Ad)

—t

J=2m 3 (21 + 1)(i)'j;((;3r)%2 fdr'dF'u'(r')g-G.,(r')eiGz' ' HIG‘” (rr)P(=GyF') . (AS)

1=0

Now, with the help of Fig. 10

’ A 1o iG o F ’ A i iGyT A oA 1 iG o'
[ a7 pi= G2 = (=1 [ PGy T = (=12 PGy ) [ dne T Riw)

=%j1(62ﬂ)P}(G3'éz) . (Aé)
We obtain finally
J= s i(2/+1)i(G r)fdr'u'(r')g (r"YP(G3Gy)j(Gyr' YHL,, (rr") (A7)
) prt JIVY3 reld [ASSENSSRN/ANS 5 g \n i
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