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Calculation of diffusion coefficients at any temperature and pressure
from a single measurement. I.Self diffusion
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A method is proposed which permits the determination of the diffusion coefficient D at any temperature and

pressure when it is known for one single experimental situation. In order for the method to be applied, the thermal

expansion coefficient and the elastic constants have to be known in the corresponding temperature and pr-.ssure

range. The method gives good results for the' temperature dependence of D of Pb, Cu, Ag, K, and W. The pressure

dependence can be checked only for Na because for other metals elastic data are not available at high temperatures

under increased pressure.

INTRODUCTION

It is well known that the (tracer) diffusion co-
efficient D is given by

D = yn'v exp( g/&T),-
where y is the correlation factor, n is the lattice
constant, g the Gibbs energy for the activation
process, and v is a frequency factor which is of
the order of the Debye frequency. By considering
that g= h —Ts Eq. (l) can be written as

y~ 2 ve 8 /k~ - k /k T

where s[= —(&g/&T)~ p] and h[=g- T(&g/&T)j ~] de-
note the activation entropy and enthalpy, respec-
tively. In principle h and s may depend on tem-
perature, which means that g does not decrease
linearly with T. Even in the simplest case, i.e.,
when h, s are temperature independent, Eq. (2)
indicates that the knowledge of D for a single ex-
perimental situation (P„T,) cannot lead to a de-
termination of (h, s); therefore the prediction of
D at any temperature and pressure from a single
measurement is not possible. It is the object, of
the present paper to show that regardless of the
constancy of h and s this becomes possible when
an appropriate expression of g—in function of
bulk quantities —is used without the knowledge
of any other quantity related to defects.

TEMPERATURE DEPENDENCE OF THE DIFFUSION
COEFFICIENT

Recently a connection between the Gibbs activa-
tion energy g and the isothermal bulk modulus 8
has been proposed by the authors'

(3)

depends on the type of defect that is being acti-
vated.

By inserting into Eq. (l) the value of g given
by Eq. (3), we get

D = yn' v exp(- cBQ/kT) .
If the value D, has been found experimentally for
a temperature T„ the value of c can be deter-
mined because the pre-exponential factor yn'v
is roughly known. Even if an error of a factor of
2 is introduced by setting v equal to va, the value
of c remains practically the same. Once the
value of c has been determined from D„ the value
D, for a temperature T, can be found by a direct
application of Eq. (4) provided that elastic data
and the expansion coefficient p are available for
this temperature; the frequency factor v(= vD)

is assumed to be constant. This latter approxi-
mation introduces an insignificant error if one
considers that D eventually differs by 7 orders
of magnitude (or more). Note also that when c
is known from the single measurement (D„T,)
the value of the activation enthalpy h can be di-
rectly calculated at any temperature from the
relation

(5)

which immediately results from the relation
h=g —T(sg/BT)~~ by introducing Eq. (3). An in-
spection of Eq. (5) shows that h varies with tem-
perature. The curvature in the lnD vs l/T plot
therefore depends on the temperature dependence
of the bulk quantity Q[B —TpB —T(sB/sT)~~] (see
the Appendix). In order to check the reliability
of the prediction of D at various T and P we apply
it to a few metals.

where 0 is the mean volume per atom and c a
constant which is assumed to be temperature and
pressure independent. For a given solid, c only

fcc METALS

We apply Eq. (4) to a "low-melting" metal Pb
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and to two "high-melting" metals Cu and Ag.
Lead. For the evaluation of the pre-exponen-

tial factor of Eq. (4) we use the values vD =1.8
x 10"sec ', o'. = 4.94 A (Ref. 2), and y = 0.78. As
no isothermal bulk modulus values B are available
we will use the adiabatic values'B, and make a
correction with the help of the formula

B,/B = 1+TVB,p'/CI, , (6)

where C~ is the molar specific heat for constant
pressure. From the adiabatic value one obtains
for Ty 447 K the isothermal one B,= 36.96 x 10"
erg/cm'. Introducing this value and' D, = 4.8
x10 "cm'/sec, Eq. (4) gives c= 0.1257. For
I,= 595.6 K the isothermal bulk modulus is
B,=33.64x10" erg/cm' The. insertion of these
data into Eq. (4) leads to a calculated value of
D, =3.68x10 "cm'/sec. Assuming an error of
+1/0 in the value of B„ the calculated D, should
lie between 3.14 and 4.32 x 10 "cm'/sec. The
corresponding experimental' D, value is 4.09
x10 "cm'/sec which is in quite good agreement
with the predicted values.

CoPPex. All the available experimental data' '
for self-diffusion in Cu have been inserted in Fig.
1. The value of D varies by 10 orders of magni-
tude.

Direct experimental values for the adiabatic
bulk modulus B, exist up to 800 K.' In order to
extend the calculation to higher temperatures we
make first a least-squares fitting to a straight
line of the measured B, values between 500 and
800 K; then B, values at higher temperatures are
calculated by a linear extrapolation. The iso-
thermal bulk modulus has been obtained by using
Eq. (6). For its application we have used the
specific heat measurements of Brooks" and the
expansivity data reported in Metals Handbook. "

The lowest temperature to which the self-dif-
fusion has been measured' is 7, = 613.7 K; its
value is D, =1.63x10 "cm'/sec. The value of
the pre-exponential factor ya'v is obtained by us-
ing the values @=0.78 (Ref. 12), n =3.61 A, and'
v =6.52X10" sec '. By using also the values
B,=1267 kbar and 0, =11.9017 A,

' we obtain
c=0.2025 from the D, value at 613.7 K. Then by
applying Eq. (5) for various temperatures T„we
obtain the D, values inserted in Fig. (1) in the form
of a line; it agrees well with the experimental
data (points) up to the melting point. Note also
that the application of Eq. (5) for T, = 613.7 K
gives k = 2.1 eV which agrees with the experi-
mental value"' (see the Appendix).

Sieve~. The adiabatic elastic data have been
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FIG. 1. Diffusion coefficients as a function of temperature. Measured points for copper: (o) Ref. 5; (Q) Ref. 6;
(0) Ref. 7; (~) Ref. 8. Measured points for silver: (&) Ref. 15; (0) Ref. 16; {i)Ref. 17. The arrow indicates the high-

est temperature for which elastic data are available. Full line: calculated.
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quoted by Varshni" up to 800 K. The isothermal
bulk modulus was obtained by inserting into Eq.
(6) the isobaric specific heat values" and the ex-
pansivity data. " The value of the pre-exponen-
tial factor is found from y = 0.78, n = 4.08 A and
v = 4.7&&10" sec '. Starting from the value
D, =3.38X10 "cm'/sec given by Backus, Bakker,
and Mehrer" for T, =630.7 K, one finds c=0.1629.
By applying Eq. (4) for various temperatures T,
up to 800 K, one gets the line drawn in Fig. (1).
It agrees well with the experimental values""
(points). At higher temperatures a linear ex-
tension of the adiabatic bulk modulus has been
assumed. The computed line agrees well with the
general trend of the experimental data" but is
systematically slightly higher than the experi-
mental ones. However, by accepting the plausible
error, 2/o in the values of the isothermal bulk
modulus, the calculated values come to lie within
the margin of th.e experimental errors.

Equation (5) when applied for T =630.7 K gives
h = 1.88 eV which agrees with the value 1.86 eV
derived from a least-squares fitting (to a straight
line) of the diffusion data. "

bcc METALS

pre have chosen for the application of Eq. (4)

a low-melting metal (K) and a high-melting one

(w).
Potasium. For this metal, values of the iso-

thermal bulk modulus are directly available. ""
The pre-exponential factor was calculated from

Q 5 225 Ap p 0 7277 and vD = 1~ 9 & 1Oi2 sec

By using in Eq. (4) the values T, = 220.8 K, B,
= 32.68 kbar, and D, = 9.02 & 10 "cm'/sec, we

getc = 0.224. Then Eq. (4) gives for T, = 288 K

(where B,=30.97 kbar) the result D, =0.9(-0.2,

+0.3) x10 ' cm'/sec which is in satisfactory agree-

ment with the experimental value" D, =1.15

&&10 ' cm'/sec

Tungsten. The self-diffusion of W has been
studied very recently by Mundy, Rothman, Lam,
Hoff, and Nowicki" from 1700 to 3400 K. The
pre-exponential factor was calculated from
e = 3.18 A, vD=8. 33&10"sec ', and y=0.727.
The elastic constants have only been measured'4
up to 1800 K; they follow a second-degree law"
which we assume as correct up to 3400 K. The
data for the correction of the bulk modulus from
adiabatic to isothermal are also only available"
at low temperatures, however, this correction
is not very critical. Equation (4) for T, =1705 K
gives c = 0.1915 if we use the values B,= 2682
kbar and D, =1.37&&10 "cm'/sec. Then by using
the existing elastic, isobaric specific heat, and
expansivity data up to a temperature of 3400 K,
various values of D, can be calculated from Eq.

, (4). The results have been plotted as a continuous
line in Fig. 2. At higher temperatures a syste-
matic difference appears for D, of about a factor
of two between calculated and experimental val-
ues. This can easily be explained by assuming
that at temperatures nearing the melting point
the bulk modulus starts falling faster than in the
lower temperature regions, an effect that has
been noticed in other solids. " A reduction of B
by about 4~//g from the second-degree law is suf-
ficient to produce this increase of D,.

By using the values 8 = 2682 kbar, p = 18&10 '
K ', and (sB/sT)~~= —2.68 kbar/K, Eq. (5) gives
for 7.'=1705 K the result &=5.6 eV; this is in
satisfactory agreement with experiments if one
considers that the monovacancy formation and
migration enthalpy is 4.0 +0.3 eV and 1.5 *0.3
eV, respectively. "

PRESSURE DEPENDENCE OF D

In the following the symbol (0) indicates values
at zero pressure. By dividing the equations
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FIG. 2. Diffusion coefficient of W as a function of temperature. Measured points: (o) Bef. 22. The arrow indicates
the highest temperature for which elastic data are available. Full line: calculated.
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D(0) =yo. '(0) v(0) expt-g(0)/kT],

D ya'v exp(-g/kT),

and taking the approximation v(0) = v and n(0) = u
one obtains

D/D(0) = exp[cB(0)Q(0)/kT —cBQ/kT] .
c can be determined as before froin D(0) T.he
bulk modulus has to be expressed in terms of the
compressibility /t(—= 1/B); the latter is defined as
~ = —(1/Q)dQ/dP and hence,

P
0 = 0 (0) exp

J
—~ d&) .

0

Therefore, Eq. (7) becomes

=exp
k

B(0) -B exp —zdP
i

0 j.
(8)

Equation (8) permits the calculation of D from
D(0) for any pressure provided that the variation
of the elastic constants with the pressure is
known.

Sodium. The pressure variation of the iso-
thermal bulk modulus has been measured by
Grover, Getting, and Kennedy" from which we
extracted O'B/aP'=0. 068 (kbar) '. In Table I
we give all the data required for the calculation
of the quantity exp( f, z dP) at T = 300 K for pres-
sures up to 7 kbar. Mundy" for T = 298.2 K re-
ported D(0) = 5.81x 10 ' cm'/sec. By using
a=4.225 A, y=0.727 (Ref. 12), vD=3.33x10"
sec ', and accepting for 298.2 K the values given
in Table I for 300 K, an application of Eq. (4)
given c =0.24; then Eq. (8) gives D=2x 10"
cm'/sec for 7 kbar. For this pressure the
experimental value" is Sx 10 " cm'/sec in
agreement with the calculated value if one con-
siders the large experimental error in K and drldP.
To the best of our knowledge no other high-tem-
perature elastic data under pressure for high-
melting materials are available so that Eq. (10)
cannot be checked for such materials.

TABLE I. Elastic data for sodium at T =300 K.

APPENDIX: DISCUSSION OF THE CURVATURE
OBSERVED IN Cu

sk TvP'
2

P"

aT~ ~ p a (A1)

where P" and z" are the thermal expansion coef-
ficient and the compressibility of the activation
volume v. Nowick and Dienes" by assuming, in
the lack of the direct experimental values that

TABLE II. The activation entha1py in copper as cal-
culated from Eq. (5). The value c =0.2025 has been de-
termined from D& value at T =613.7 K.

An inspection of the calculated curve of Fig. 1
shows a slight upward curvature which seems to
be comparable to that observed experimentally.
In the frame of a single mechanism this curvature
implies that the activation enthalpy increases with
temperature. Once the value of c has been de-
termined from a single D, value, Eq. (5) permits
the direct computation of h for each temperature.
Unfortunately, as mentioned, direct elastic data
at high temperatures —where the lnD vs 1/T plot
is curved —are not available so that an accurate
plot of the calculated h values as a function of T
is not possible. However, as an approximation,
we have applied Eq. (5) by using the extrapolated
B, values mentioned above. These indicative re-
sults are given in Table II. We notice a small
increase of h as the temperature increases.

The calculated h values are not unreasonable.
For instance, the simultaneous least-square fit-
ting of the high-temperature self-diffusion data
reported by Rothman and Peterson' (700-1060 'C)
and by Bartdorff, Neumann, and Reimers (737-
1079 'C) gives' an activation enthalpy of about
2.18 eV. This value is comparable to the calcu-
lated h values, at the same temperature region,
if one considers an uncertainty of, at least 1%
(due mainly to the experimental uncertainty of B).

The fact that the expression g= c&~ predicts an
upwards curvature of the Arrhenius plot may be
viewed in an alternative way. According to Gilder
and Lazarus" the specific heat c~ per vacancy is
given by the approximate relation

(kbar) (kbar)
dB
dP

P
K dP(10 )

0 (K)
h (eV)

calc. from Eq. (5)

0
1
2
3

5
6
7

59.90
63.86
67.61
71.16
74.51
77.66
80.60
83.34

4.06
3.99
3.92
3.86
3.79
3.72
3.65
3.59

0
1.50
3.14
4.58
5.96
7.27
8.53
9.76

613.7
700
800
900

1000
1100
1200
1300

2.134
2.134
2.135
2.136
2.135
2.137
2.139
2.155
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P"/P = 1, I~"/It = 1 found a very small value of c~,
of the order of a few tenths of k~. This would
lead to a nondetectable curvature of the Arrhenius
plot. However, Eq. (2) leads' to

(A2)

and

(A2)

Experiments in copper have shown that the quan-
tity BB/BP increases with temperature" and de-
creases with pressure" so that P" &P and a" &a.

In order to get an idea of the order of magnitude
of cz we calculate the ratios P"/P and a'"/a'. By
considering that BB/BP increases by 10%%ug from
liquid nitrogen up to RT,"Eq. (A2) shows that the
ratio P"/P is of the order of 10. Furthermore
by considering that BB'B-/BP'= BB/BP, Eq. (A2)
indicates that the ratio a"/z is around 2. There-
fore the term (2P"/P -«"/1~) in Eq. (Al) is far
from unity.

The value of c~ now becomes larger by one
order of magnitude in comparison to the value
estimated by Nowick and I3ienes."The new value
of c~ is sufficient to account for an observable
curvature of the Arrhenius plot.
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