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The electronic ground state of crystalline trigonal tellurium has been determined according to
a self-consistent local-density-dependent approach with the Slater X « exchange correlation, and
with orthogonalized-plane-wave and linear-combination-of-atomic-orbitals representations for
valence and core states. Results are given for the valence electron charge and momentum den-
sity, the Compton profile, and the autocorrelation function of the one-electron density matrix.
These quantities are discussed with respect to trigonal selenium, since no experimental data are
available for these quantities for Te. A discussion of the chemical bonding in trigonal Te is given.

I. INTRODUCTION

- Experimentally the ground-state charge and
momentum densities of electrons in a solid are acces-
sible via elastic and inelastic photon scattering. The
former gives the radial distribution function and the
x-ray form factors, and the latter results in the
Compton profile! or the Fourier-transformed Comp-
ton profile, which is equivalent to a spatial average of
the off-diagonal elements of the one-electron density
matrix. Despite these facts, models for electrons in
solids are not often carried beyond energy spectra to
include charge and momentum densities. For the
sp"™-bonded semiconductors only for trigonal seleni-
um,?~* and partly for tetrahedral diamond® and sili-
con,® such a program has been completed. Results
obtained have included information on the chemical
bond both in position and momentum space for the
crystalline®* as well as the polycrystalline and amor-
phous phases.* "3

This study is an extension of the selenium work to
the closely related tellurium. Both crystallize in the
trigonal phase (+Te, -Se) with helical chains packed
into a hexagonal lattice (space group D4). The main
objective is to investigate differences in bonding
between the molecular-type -Se and the more metal-
lic ~Te. The charge density, the momentum density,
the Compton profile, and the autocorrelation func-
tion of ~Te are hence discussed with respect to previ-
ous results for ~Se.>* Energy spectra and related
properties of the present model for +Te are given
elsewhere.” Some preliminary results for ~Te have
been published earlier,'® and discussed with other

phases of Se and Te together with a review of the
symmetry properties of the present quantities else-
where.® This paper, however, together with another’
contains a full description of all these results for the
trigonal phase of Te.

Some computational changes have been made for
the parameters of ~Te in comparison to -Se.>* The
number symmetrized OPW’s at each of the six sam-
pling points is 235. The momentum mesh in the ir-
reducible wedge of the first Brillouin zone includes
8 X 10 =80 points. 145 or 159 OPW’s and 339 or 351
plane waves are used in the projection procedure at
each general K point for a=1 or 1, respectively. The
momentum space cutoff radius is 3.3 times the Fermi
momentum of an isotropic free-electron gas with
equal density. The overall convergence properties at
the 336960 momentum space points (a= -;—) are
comparable to those for +Se.>!! In Secs. II— V the
charge density, the momentum density, the Compton
profile, and the autocorrelation function of the one-
electron density matrix are presented and discussed.
The paper ends with general remarks on bonding for
+-Te and +Se.

II. CHARGE DENSITY

The valence-electron charge density (VCD) p,(T)
for +-Te associated with the « =% model is displayed
in the usual contour plane in Fig. 1 and as a one-
dimensional graph in Fig. 2. A plot for a =1 has
been published elsewhere.'® Additional information
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FIG. 1. Valence-electron charge density p,(T) of +-Te for « =3 as a contour plot. VB denotes the total valence charge and

VB,, VB,, and VB; the triplet contributions. Each contour plane contains four atom sites all marked with crosses. The upper
left, lower left,'and lower right sites are adjacent atoms in the same helical chain. The diagonal from the lower left to the upper
right site is aldng the a axis and its length is equal to the lattice constant a. Because of the strong orthogonality oscillations
with the core, contour separations at the sites are so small that these regions appear black. The contour separation is always
0.01 a.u., i.e., ¢/aj where e denotes the electron charge and a the Bohr radius.

on the charge densities and other one-dimensional
graphs are also given elsewhere.!? Qualitatively the
VDC remains unaffected, if « is increased from % to

1, but quantitatively the structures in the VCD tend
to localize and sharpen.

VCD contour plots for +~Te have been obtained
earlier from the conventional empirical pseudopoten-
tial method'>!'* (EPM) and the self-consistent EPM 'S
(SCEPM) approach. All pseudopotential VCD’s are
very similar. The SCEPM VCD is for all valence-
band triplets least localized, witnessing the impor-
tance of self-consistency in determining wave func-
tions. The SCEPM model, having two adjustable
parameters, bears most close resemblance to the
SCOPW results without any adjustable parameters.

The SCOPW VCD’s display however better resolved
details in all charge densities. Similar findings have
been made also in connection with other first-
principles methods, such as in the ab initio Hartree-
Fock-Slater study of the Si, dimer.'®

A comparison of the ~Te triplet VCD’s VB,, VB,,
and VB; (Fig. 1) and total VCD with those of #-Se
(Refs. 3 and 8) reveals important differences. Be-
cause of differences in the lattice constants, the aver-
age charge density is about 20% lower in +Te than in
t-Se. In addition the +~Te VB, and VB, VCD’s are
more delocalized and show a more cubic character
compared to Se.!” This indicates the presence of
significant changrs in the intrachain versus interchain
bonding.
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FIG. 2. Valence-electron charge density p,(T) of ~-Te
for a =% as a function of r along characteristic directions.
The plots start for all three directions from the same refer-
ence atom in the left corner. The directions are: nearest-
neighbor direction within the chain (N), next-nearest-
neighbor direction to nearest chain next atom (NCN), and
to nearest chain next-nearest atom (NCN2). Atom sites are
denoted with arrows and labeled according to the directions.
Each curve ends along each ray, when it for the first time
crosses the boundaries of the plot. Orthogonality oscillations
are thus shown correctly only for the reference atom. p,
and r are given in a.u.

III. MOMENTUM DENSITY

The valence-state momentum density (VMD)
N,(P) for +-Te with a=% is shown in Fig. 3. The
result for =1 and the atomic momentum density
(AMD) for the configuration 5s25p* , based on
closed-shell double ¢ restricted Hartree-Fock (RHF)
results, have been presented elsewhere.®'® The
characteristic extent of the VMD may be obtained
from the isotropic free-electron (FE) approximation.
For an equal density this results in a Fermi radius
pr=0.918 a.u. One finds qualitatively unchanged
results for « in the range (~2-, 1). Since the VMD is

in complementary space to the VCD, an increasing «
from % to 1 should delocalize the VMD. This trend

is confirmed for ~Te. N,(0) for a = % is 5.3%

higher than for a=1. For unchanged orbitals this
should be interpreted as an increase of the s-like ad-
mixture into the ground state by an equal amount
from 1 to % But, since the localization of orbitals

has been shown to change slightly, most of the
change 5.3% is to be attributed to the latter effect.
The effect of bond formation on the momentum
density of sp"-bonded systems in crystalline directions
in general and for #Se in particular has been dis-
cussed elsewhere.®* Compared to -Se (Ref. 3) the r
Te VMD is for both directions shown to be much
more free electronlike, an expression of the more
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FIG. 3. Valence-electron momentum density N,(7) of
+-Te for a =% along characteristic directions from the origin
P =0 as a function of p. The directions shown are the ¢
axis (c), a axis (a) and the reciprocal-lattice vector perpen-
dicular to the ¢ axis (b). The angle between directions @ and
bis 15°. N,(7) is normalized such that the integral of
2 Q0/(27)3N,(F) over all momentum  space gives the
number of valence electrons in the unit cell, i.e., for ~Te 18.
Q denotes the unit cell volume and py the Fermi momen-
tum of an isotropic free-electron gas with equal density.
Atomic units are used for N, and p.

metallic character of Te. Second, evidently the aniso-
tropy of the VMD for +Te is smaller than for +Se,
although the structure otherwise appears to be quali-
tatively similar.

IV. COMPTON PROFILE

The valence Compton profiles (VCP) J,(gq) associ-
ated with the « =% and 1 SCOPW ground-state

models are given in Table I for +-Te. The RHF core
-profile has been included for completeness.? Figure 4
displays the anisotropy of the VCP for both values of
a. The effect of bond formation on the VCP with
respect to the atomic counterpart® (ACP) from the
configuration 5s25p* are seen to occur in a similar
fashion as in the VMD, except that, because of the
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TABLE I. Valence-state Compton profile /,(¢) from the SCOPW ground-state model and part of the RHF core-state
Compton profile J.(¢) (shells 1s—4d) (Ref. 8) of r-Te as a function of momentum ¢. J,(q) is given for k along the ¢ axis (¢) or

. L . 2
along the a axis (a). The columns for J,(¢) are labeled with the directions ¢ and a and the exchange-correlation constant a = 3

or 1. All entries are in a.u., i.e., for ¢ (1/ay), where a( denotes the Bohr radius. The sum (J, +J,) has been normalized to the
number of electrons in the unit cell, i.e., 156.

q J,(q)

%,(‘ %,a 1,¢ l,a J.(q)
0 13.084 12.890 13.005 12.586 15.273
0.2 12.671 12.452 12.586 12.143 15.236
0.4 10.879 10.672 10.698 10.491 15.121
0.6 7.786 7.847 7.690 7.785 14.923
0.8 3.990 3.941 4,113 4.137 14.632
1.0 1.149 1.251 1.309 1.539 14.235
1.2 0.493 0.601 0.573 0.743 13.721
1.4 0.349 0.406 0.386 0.465 13.096
1.6 0.324 0.312 0.342 0.333 12.526
1.8 0.290 0.258 0.298 0.261 11.586
2.0 0.216 0.269 0.222 0.252 10.761
2.2 0.161 0.223 0.174 0.216 9.932
2.4 0.131 0.150 0.143 0.154 9.126

integration involved, the parallel and perpendicular
directions are interchanged. Thus, for small momen-
ta J,(¢) along the c axis should lie higher than along
the a axis, and for intermediate momenta vice versa,
of course.

Although the CP of ~Te has not yet been mea-
sured, there are data for +~Se both from 60 keV Am
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FIG. 4 Anisotropy of valence-electron Compton profile
AJ._,(g) for +Te with a=% and 1 as a function of g.

Directions, labels, and normalization are explained in cap-
tion of Table I.

y-ray'¥4 and from 412 keV Au y-ray'® experiments.
Discussions of the Se results published elsewhere?
have shown, that the present approach gives an ex-
cellent description of the CP and the FCP both for
trigonal crystalline and polycrystalline Se. This fact
should then give some faith in the predictions
presented for ~-Te.

Compared to -Se (Ref. 3) the anisotropy of the
VCP of Te is seen to show the same qualitative
behavior. The overall magnitude is, however, by a
factor of about 2 smaller in ~Te. This effect was al-
ready seen in the VMD and is simply an expression
of the more metallic character of ~Te. The similarity
of the anisotropy of the VCP of ~Te and -Se gives
reason to believe that the nature of this anisotropy
may be explained by pure structural and occupational
effects.?0

V. AUTOCORRELATION FUNCTION

The one-dimensional Fourier transform of the CP
is in the impulse approximation equal to the auto-
correlation function (AF) of the one-electron density
matrix I'(T, 7 ), ie.,

B(D) = [ a1, (7,747). )

A simple physical interpretation of this function, ex-
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cept for the lattice translation zeros, does not yet ex-
ist, but considerable progress has been obtained by
studying its properties for several model systems of
solids.?2172 The simple limiting cases given by the
single isolated atom and the free-electron gas may
also be used.?

The valence autocorrelation function (VAF) B, (1)
for +Te for both values of « is given in Figs. 5 and
6.'2 The core-state contributions of ~Te to the auto-
correlation function are significant only for + <3 a.u.
The B,(1) results for ~Te display the same general.
properties, which have been discussed for real semi-
conductors* like Se and for one-dimensional ordered
and disordered model systems?! elsewhere. A mea-
sure of the accuracy of the present results may be ob-
tained from the position of the lattice zeros. The re-
lative errors of the first lattice zeros at ¢ and a are for
both a’s 0.32 and 0.10%, respectively, which is
quite surprising considering the numerous calcula-
tional steps performed after the one-electron states
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FIG. 5. Valence-electron autocorrelation function of
one-electron density matrix B,(T) for ~Te with a=% and 1
as a function of r along the c axis. Atom separations along
the chain from a common reference site are denoted with
N’ -where i =1 is the nearest neighbor, etc. The norm is
defined by B,(0) =18. ris in a.u.

were solved for. The effect of « on B, (1) is quite
predictable once the influence on J,(¢) is known. In
fact, the ground-state model with « =% shows
stronger correlations, as measured by the amplitudes
of the VAF, than the result with «=1. Since again
no experimental data is available for the AF of r-Te,

.the present predictions may only be compared with

those of +Se.

The approximate coincidence of the zeros of B,(1)
with atomic separations, in addition to those resulting
from the translation symmetry, which was first
discovered for t-Se,* persists for ~Te with lesser pre-
cision. Since the positions of the additional zeros do
not change essentially with « the positions of these
zeros must also be determined by structural and oc-
cupational effects.? A similar finding from a model
based on the Weaire-Thorpe Hamiltonian has recent-
ly been made for the tetrahedral phases of C, Si, and
Ge.? The amplitudes of B,(t) change more sensi-
tively with «. For correlation lengths 7 beyond the
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FIG. 6. Valence-electron autocorrelation function of

. . - . 2
one-electron density matrix B,(t) for ~Te with =7 and 1

as a function of ralong the a axis. Atom separations are
denoted with N, NC, and NCN. NC is the next chain site
on the a axis and NNC the next site to NC. Units and
norm are as in Fig. 5.
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nearest-neighbor separation the present model with
a =-§— shows, especially for directions perpendicular

to the c axis, larger oscillations than that with a=1.

The interchain correlations for a =% are of the order

of 20% larger than a=1. Or, since the amplitude of
B.,(?) beyond the nearest-neighbor separation also in
an indirect manner measures the atom-atom interac-
tions,*?2! the interchain interactions in +Te may be
said to be considerably larger for the former value of
a. Intrachain correlations, on the other hand, are
not appreciably affected by a beyond the nearest-
neighbor separations.

The comparison of the VAF of +Te with that of +
Se (Refs. 4 and 8) results in important findings on
the correlation differences in these two materials as
measured by the autocorrelation function. The quan-
titative interpretation of these findings in terms of
the more conventional quantities used to describe
bonding and energetics is complicated by the fact that
the AF represents a full ground-state property involv-
ing all states of the system. A set of simple models
is therefore needed to facilitate interpretations. Since
the construction of these models has not yet been
fully completed,” any quantitative assignments in the
following are of tentative nature only.

The amplitudes of B,(T) at the first minimum
differ by about 25% being larger for ~-Te than -Se.
Since the amplitude at the first minimum for sp”-
bonded systems is most strongly influenced by the
corresponding atomic AF and the nearest-neighbor
interactions,?! these interactions seem to be consider-
ably larger in +Te than in -Se. Longer range intra-
chain correlations are in the average weaker in +-Te
than in ~-Se. The essential difference is seen in the
directions perpendicular to the ¢ axis at about the in-
terchain separation and beyond it. Although the lat-
tice constant values of r-Te and +-Se for a differ only
by 2%, the amplitude of B,(t) on the a axis at the
first local maximum is for the latter by a factor of 3
larger. The next minimum of #Se is already almost
below resolution, whereas +Te displays regularly de-
caying oscillations. Structural effects explain only a
smaller part of this difference?® and thus the inter- -
chain interactions in ~Te appear to be of the order of
3 times as strong as in ~-Se. However, the decay of
the amplitudes of B,( ) along the a axis for t > a is
still somewhat stronger than along the c axis, an ex-
pression of the trigonal anisotropy retained in ~Te.

A comparison of the +Te and -Se VAF’s with those
derived from the isotropic FE model with the corre-
sponding density shows, that for the former a qualita-
tive agreement is obtained up to about r =12 a.u. and
for the latter only up to about one-half of it.?

Despite this fact, the decay properties of the VAF
along the a axis for + > a also demonstrate that the
+-Te ground state is still far from a transition into a
monoclinic or cubic phase, which are to be expected

at pressures of 45 (Ref. 24) and 60 kbar,? respectively.

VI. CONCLUSIONS

The results in this paper for the charge density,
momentum density, Compton profile, and autocorre-
lation function of the one-electron density matrix
have all been obtained from a fully first-principles
self-consistent approach with no adjustable parame-
ters. The valence-electron charge density and its
decomposition into triplet contributions has been
shown to agree well with earlier pseudopotential
results, although the present first-principles self-
consistent charge densities have more fine structure.
Apparently both full self-consistency and orthogonali-
zation to the cores is needed to resolve the charge-
density profiles in detail.

The present results for the momentum density,
Compton profile, and autocorrelation function, are
the first ones for +~Te. These quantities contain com-
plementary information on the ground state, since
they also depend on the off-diagonal parts of the
one-electron density matrix. Especially the auto-
correlation function reacts orders of magnitude
stronger to changes in the chemical bonding than the
charge density. Since no measurements for the
Compton profile of +Te exist, the predictions in this
paper have to be verified later. A similar analysis has
been performed for r-Se using the same methods.
The excellent agreement of the ~Se results with y-
ray experiments supports the present predictions.

Important quantitative differences in the chemical
bonding in +~Te and ~Se are found, if these are mea-
sured both in position space, by the charge density
and the autocorrelation function, and in momentum
space, by the momentum density and the Compton
profile. The anisotropy of the charge and momentum
density is substantially smaller in +Te than in +Se.
The nearest-neighbor interactions in +-Te are larger
than in #-Se, whereas further intrachain interactions
appear to be slightly weaker in ~Te. The interchain
interactions of +-Te exceed those of +-Se by a wide
margin.

The quantitative information on the chemical
bonding in ~Te is in agreement with conclusions de-
duced from infrared spectra?® and Mdssbauer spec-
tra.?® Additional Compton profile studies of the
mixed crystal system Se,Te;-, would elucidate the in-
creasingly molecular type of bonding, when proceed-
ing from +Te towards +-Se, even more.
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