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Electron energy-band structures of some AgCd alloys
!
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Complex energy-band structures of AgCd alloys have been determined by the alloy —Koringa-Kohn-
Rostoker-Ziman (KKRZ) method for two different concentrations, and the optical properties estimated
from these calculations have been compared with experiment. On the low-concentration side agreement with
experiment is found to be excellent, whereas on the higher-concentration end a slight deviation is observed.
This is probably due to the fact that the average-T-matrix approximation, which is the basis of the
alloy-KKRZ method, is more suited for relatively lower concentrations of the alloying material. An effect
of the charge transfer on the higher-concentration alloys has also been investigated. The results show that
the disagreement with the experiment can also be accounted for by the charge-transfer effect,

I. INTRODUCTION

In recent years a lot of work' ' has been done
theoretically on the electronic energy bands and

optical properties of alloys mainly through one-
and two-band models. The essential feature of
these works is that they utilize the single-site ap-
proximation of the multiple-scattering theory of
Lax' to approximate the t matrix of the system
via the coherent potential approximation" ' (CPA)
or the average-T-matrix approximation (ATA).' "
Because of its self-consistent nature the CPA has
been used more widely than the ATA. Although the
CPA is known to be more accurate it has not been
possible to apply it to actual solids which cannot
be described by one or two tight-binding model
bands. These model calculations have been able
to explain many of the beautiful features of the
density of states and optical spectra qualitatively.
Many authors' e&en showed from the model cal-
culation that the ATA is the zeroth-order solution
of the self-consistent CPA and hence for lower
concentration of the alloying materials the ATA,
which is much simpler than the CPA from a com-
putational viewpoint, may describe the alloy fairly
well.

But with the advent of the seventies it was felt
that the models used in earlier calculations were
very idealized cases of actual solids and hence
they were not able to explain details of the various
electronic properties of actual solids. So an at-
tempt was made by Soven" to describe the CPA
in terms of actual muffin-tin potentials. But even
after Gyorffy" put Soven's idea in a more practical
form it still could not be applied to actual solids.
Recently, however, a number of authors" have
claimed to have solved the CPA for a muffin-tin-
potential model of the solid. These authors have
been able to solve only for density of states and

joint density of states but other details such as

Fermi surface could not be obtained from this
theory. This could only come from the spectral
density function, obtaining such details from a
(complex) E-k relation in a further approximation.
Moreover, since the theory of the crystalline sub-
stances are all described in terms of the E-k dis-
persion relation, one would be very much tempted
to describe the alloy problem still in terms of the
crystalline theory, though modified in some sense.

The difficulty in finding out the E-k relations for
the binary alloys stems from the destruction of
the periodicity of the alloy which makes the wave
vector k no longer a good quantum number. But
in the case of substitutional alloys the position of
the atoms does not change, rather the different
alloying atoms are randomly distributed in an
otherwise empty periodic lattice. Since the CPA
and ATA both depend on the effective medium, the
only difference is that a complex potential arising
out of the CPA condition is put at each lattice point
of the periodic crystal in the former case, where-
as an average t matrix is put at each periodic lattice
point in place of the t matrix of the individual scatter-
er in the latter case. The description of the electron-
ic properties of substitutional alloys can still be
made through the conventional E-k relation. But
the value of the energy coming out of the secular
determinant in the angular momentum representa-
tion in either case would be complex having a
small imaginary part, which may now be inter-
preted as the lifetime broadening of the energy
states. The complex nature of the energy is ap-
parent for both the CPA and ATA because in both
cases the effective scattering amplitude f, =
—v E T, can be parametrized as f, = (1/2&)
x (a, e" ' —1) with n, & 1 as compa, red to a, = 1 for
the crystalline ca,se, since for n, = 1 the imaginary
part from f, cancels exactly with the imaginary
part of the structural Green function. In the case
of the CPA, the equation determining the energy
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is a matrix equation and if one takes at l.east up
to l=2, one needs to solve a matrix equation of at
least order S self-consistently. This is a very
complicated numerical problem. On the other
hand one gets the usual secular determinant in the
case of the ATA; only the matrix elements have
now to be calculated in complex numbers and hence
the solution of the secular determinant wilI. now
be only slightly more difficult for this case than the
usual Korringa-Kohn-Rostoker (KKR) calculation
of crystalline solids. However, it should be men-
tioned, as has been pointed out by Bansil et al. ,"
the complex energy bands do not contain enough
information for the average electronic density of
states, although Sehwartz and Bansil" have de-
rived the ATA spectral density 6(k, Z) from which
the average density of states (p(E)) can be obtained
by integration over all k in the Bril.louin zone
(BZ).

The application of the ATA in KKR theory and
the subsequent study of some alloys by Bansil
et al' ' '6 were done in the angular momentum
representation. There is, however, an alterna-
tive plane-wave representation of the KKR method

by Ziman, "known as the Korringa-Kohn-Rosto-
ker-Ziman (KKRZ) method which is very easy to
adopt for computational purpose because of the
pseudopotential nature of the secular determi-
nant. The Fourier transform of the pseudopo-
tential contains the 3th angular momentum com-
ponent of the free-electron Green's function and
the inverse of the Lth angular momentum compo-
nent of the t matrix of the individual scatterers.
The imaginary parts of these two l th angular
momentum components are equal. and opposite, and
hence they cancel each other keeping the secular
equation real. However, if with the stipulation of
Bansil et al."'"we replace the angular momentum
components of the t matrix by their configuration-
al averages, the imaginary parts in the secular de-
terminant will no 1.onger cancel and hence the l-
dependent pseudopotential will now be complex.
The idea, although pointed out by Bansil et al."'"
and utilized by Debnath and Chatterjee" to compute
complex energy bands and optical spectra of some
Mg alloys, may be very suitable for more compl. ex
systems such as the alloys of the noble metals for
which some experimental results exist.

Recently there has been a number of experiment-
al works on the optical spectra of some binary al-
loys of which the work of Flaten and Stern" on
some silver alloys are notable. In this work we

apply the KKRZ method with the ATA to compute
the complex energy bands of two compositions of
Aged alloys throughout the BZ. We then use these
data to interpret the optical absorption of Flaten
and Stern. "

II. OUTLINE OF THE METHOD

(Tg ) = —K cot7ff+ 2K

(&,)LL~ = Kf [~,(«)/j, («)1—&) &LL' &

(4)

where K=WE. Bansil et al."'"replaced T,' given
by (4) with the configurational average given by

(8)

where C is the concentration and A, B are the
alloying materials. Thus following Ziman" we
consider Eq. (l) as the singularity condition of
the operator (T) ' —G', which may be written as

(r) ' G'=(r) '—+8, G-—
= ncaa(l/a)c-'- (l/fl)((r)-'+ 9 )-')

x ((r)-'+ ~,).
Singularities of the Green's function of the system
may be thought to arise from the zeros of the ma-
trix

l(l/Q)G —(l/Q)((r) ' 8 ) ]=—G —l" . (8)

If we now take the plane-wave representation of the
operator (8) we have the secular determinant,
since

(nl Gln') = 1

E —k+K„
(9)

detll (& —~k+K„~')&.. —&.. ll =0,
and I' appears to be the effective potential of the
system. We will now show that whenever the con-
centration C is different from 0 and 1, I'„„ is
complex. To do this we write the expression for

The Kohn-Rostoker" secular determinant as de-
rived from the multiple-scattering theory" can be
written in terms of the l th angular momentum
component of the t matrix of the individual scat-
terers as

detllcLL (&) (T'g)-'4L ll =0,
where the incomplete Green's function G'(k) differs
from the complete Green's function G(k) by a single
propagator 9,:

~~ =G~ -90.
The complete Green's function is given by

f(k+kz) ~ (r -r ')
G(r, ~')=g '

S- 1k+K I'
The I th angular momentum components of T', and

9, are given by
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I"(r r')ei)*n''e i"n' ~ r drdrj
tltl

I'(r, r' )j,(k„r)j,r (k„r')r'dr r"dr' Y~(r)Y~ (r')dG dQ'
1( Ill

= (d )' 2ff)', (r, r' )j, (d r)j, (.d r' )r'dr r"dr'

j,(k„R, )j, (k. „,R, )

where

x yi(cose„„r ),

I' (, ') =(I/Il)[(T ) '+(9.) ] '

C 1 —C
—K COtg i + 2 K —K COt'))( + iK

(12)

Thus from (11) and (12) it is evident that imaginary
parts from (T, ) ' and (9,), will not cancel for any
value of C other than 0 or 1, which is the case of
the pure crystal consisting of either A or B
atoms. The phase shift g, is given in terms of the
logarithmic derivative I., as

n i (KR, )ni (KRi ).-l. (coty, =
g,' (KR,. ) -g, (KR, )I., . (13)

Thus by combining {13), (12), (10), and (9) one can
easily find out the complex band structure through-
out the BZ.

HI. RESULTS AND DISCUSSIONS

In order to calculate the complex energy bands
of AgCd one would require a proper crystal poten-
tial. For pure Ag there are a number of band-
structure calculations assuming various types of
potentials of which the "universal potential" of
Gasper was found to be very suitable in explain-
ing the experimentally observed properties of the
pure metal. "'" The expression for the potential
is given by

2Z exp(-0. 183Vx) C'exp(-0. 04x)
r 1+ 1.05x 1+9x

(14)

where x=rZ' '/0. 88534, Z is the nuclear charge,
and C'= 3.053/Z' '. This potential, although ini-

assuming I', (r, r' ) =A5(r -R, ) 5(r' —R, ), R,. being
the muffin-tin radius. Finally we have

)
I; (K, K') j, (k„R, )j, (k„R,. )

tially put forward for atoms, was used by Ballinger
and Marshall" to construct the crystal potential in

their calculation of band structure of Ag. By mak-
ing the constant C' a variable, t;hey calculated the
Fermi surface of Ag from the band-structure data
and could get a very good fit with the experiment
for C'=3.053/Z' '. For this reason we have
utilized this potential to calculate the logarithmic
derivative of both Ag and Cd atoms constituting
the alloys by the Numerov method. The muffin-
tin constants have been found by the method de-
scribed by Loucks. '4 The muffin-tin constant for
the alloy is then determined from the following
relation:

yal?oy CyA+(1 C)yB

For all energies it was found that the quantity I'7
appearing in Eq. (10) becomes negligible for l &4
and hence we have kept terms up to l =4 in Eq.
(»).

The results of the complex band structure of
AgCd alloy for 23 at. /o and 40 at. % Cd are
plotted in Figs. I and 2, respectively, and the
energy values at the highest symmetry points
are given in Table I. The imaginary parts of
energy values are shown in the figures as shading
over the real energy values after multiplication of
suitable factors. The Cd 4' bands have been
separated from the 4d bands of Ag as has been
the case of CuZn system shown by Bansil ef al. '
Following these authors we have calculated the
Fermi surface by filling the pure Ag band struc-
ture with llC+ 12{1—C) =12 —C electrons per atom.
This assumption has to be made in order to ac-
comodate more filled electrons in the Cd bands
than in the Ag bands. This automatically pushes
the Fermi level up with the increase of Cd con-
centration, and the effect of this increase is al-
ready noted in the experimental optical spectra
obtained by Flaten and Stern' as shown in Fig. 3,
where the three curves of the q, spectra corre-
sponds to 2, 23, and 40 at. % Cd concentrations.
If we make a comparative study of these three
curves we see that the alloy with 2 at. /0 concen-
tration Cd, which represents more or les@ the
pure Ag case, contains one peak near 4 eV and
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TABLE I. Complex energy values in Ry for Ag„Cd~~ alloy. The real and the imaginary
parts of the complex energy are shown in the parentheses in each column.

/

Symmetry g0.77C 0 23 Ago. sCdo~

Ago. t;Cdo.4
(muffin-tin
constant of

Ag shifted by
0.1 Ry for

l=2)

Ago 8Cd 4
(muffin-tin
constant of

Ag shifted by
0.2 Ry for

1=2

X2

X4

L3

{-o.o vs 3e,
-o.oo1 5e)
(-0.044 57,
-o.ooo 4)

( 0.01881,
o.o)

(-O.11326,
-0.000 61)

(-0.11121,
-o.ooo 5v)

( O.O4836,
-o.ooo o4)

( 0.07014,
-0.000 12)

( 0.44436,
-0.002 87)
(-o.oe4 s8,
-o.ooo 55)
(-0.036 88,
-O.OOO O3)

( O.O6326,
-o.ooo os)

( 0.304 17,
-0.002 70)

( O.54V2O,
-o.oo4 64)

(-0.082 21,
-O.OO146)
(-O.O4845,
—0.000 11)

( O.OO531,
o.o)

(-O.1O2 6V,
-o.ooo se)
(-o.oe v 41,
-o.ooo v4)

( O.O39S5,
-o.ooo o6)

( 0.04940,
-0.000 14)

( 0.42346,
-0.004 02)

(-O.O9O V5,
-o.ooo v4)

(-0.042 44,
-O.OOO Ss)

( O.O4O31,
-o.ooo o5)

( o.2S543,
-0.002 66)

( O.5O819,
o.oo6 59)

{-0.089 85,
-O.OO1 51)

(-O.O80 39,
-o.ooo 6o)
(-0.047 89,
-0.000 08)

(-O.152 95,
-0.001 91)
(-O.14S 23,
-0.001 78)
(-0.023 52,
-0.000 02)
(-0.004 11,

o.o)
( 0.45139,
-o.oo3 54)
(-0.122 54,
-O.OO1O5)

(-O.O89 S1,
-0.000 45)
(-0.010 95,

o.o)
( o.2evev,
-0.003 12)

( o.4ess1,
-0.005 73)

(-0.16165,
-0.001 42)
{-O.15V VS,
-0.001 77)
(-0.106 45,
-0.000 32)

(-O.2O9 7V,
-0.003 81)
(-0.201 58,
-0.003 12)
(-0.076 20,
-0.000 38)
(-0.066 17,
-O.QOO18)

( 0.44219,
-o.ooo 5o)

(-O.18133,
-O.OO2 24)
(-0.158 69,
-O.OO1 36)

(-0.072 50,
-O.OOO16)

( o.2es3o,
-0.002 84)

( 0.48282,
-o.oo6 o5}

with alloying, this peak splits into two peaks —one
decreasing, the other increasing as the concen-
tration of Cd. Hence the electron per atom ratio
increases, the major peak being shifted towards
the lower photon energy sides. As pointed out by
previous workers" and also by Flaten and Stern"

- this behavior can be understood from Figs. 1 and
2 of complex band structure for 23 and 40 at. % Cd. .

It is evident from the trend of the band structure
that for the pure case as has been shown by Bal-
linger and Marshall" the Fermi level lies just
above the L2 level and optical transitions are then
mainly from the Q axis near I point and b axis
near the X point. Since the transitions from both
these points involve more or less the same en-
ergy, these transitions give a single peak near 4
eV. But as the concentration of Cd increases the
number of electron per atom ratio increases and

/

the Fermi energy also increases. The pushing up
of the Fermi level coupled with the change of the
band structure due to alloying has a remarkable

23

40

p
I I ~ I a I i I I

0 2 3 4 5

PHOTON ENERGY (eV)

FIG. 3. Experimental results of the imaginary part of
the dielectric constant e2 for Ag„Cd, „(x=0.98, 0. 77,
and O. 6O).
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effect in the sense that the transition energies be-
tween the bands in the Q axis and in the b, axis
are different, indicating two different peaks at
different energies instead of the one peak for the
pure Ag. This phenomenon, which is also appa-
rent from the experimental p, spectra, may be
looked upon as a splitting of the peak at 4 eV for
pure Ag into two peaks, one in the lower-energy
side and the other in the increasing-energy side.
Since the joint density of states, which is respon-
sible for the peaks in the optical transition, will
be highest in the flatter regions of the bands, the
peaks from the theoretical band-structure curves
are estimated to be at 5.03 and 3.28 eV for the
alloy of 23 at. % Cd and at 5.30 and 2.8V eV for the
alloy of 40 at. % Cd. These two peaks involve
transitions in the b, axis near x, and ~, and Q axis
near L,' and L,. Comparing with experimental
values for the 23-at. % Cd alloy where the peaks
occur at 3.33 and 5.10 eV we find a very good
agreement between the theory and experiment.
However, for the 40-at, , % Cd alloy there is a
deviation of our theoretical results from the ex-
perimental peak. The experimental peak at the

lower-energy side occurs at 2.37 eV and the theo-
retical value deviates from this by 0.5 eV. The
higher peak for the experimental spectra is defi-
nitely outside 6 eV. This small deviation,
especially for the low-energy side peak, may be
attributed to the decoupling assumption made in
the formalism of the ATA, which seems to be
more accurate for the relatively lower concen-
tration of the alloying.

Finally, we study the effect of charge transfer.
The problem of charge transfer has been dealt
with by many authors. ' ' "7 There are mainly
two models for charge transfer studies, namely,
the charge-renormalization (CR) model and the
shifted-muffin-tin (SMT) model. We have, how-
ever, employed the SMT model for studying the
charge transfer. Since the experimental spectra
for the lower concentration of Cd (23 at. %) agree
with the theoretical results very well we study the
effect only for the alloy with Cd concentration of
40 at. %. Here following Bansil et al. '4 we change
the muffin-tin constant for l = 2 for Ag by 0.1 and
0.2 Ry. The complex band structure obtained with
these changes is shown in Figs. 4 and 5. From
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FIG. 4. Complex energy bands for Ag„Cd, „(x=0.6) with the muffin-tin constant of Ag shifted by an amount 0.1 By
for l =2. The shading of the bands corresponds to eight times the imaginary part of the complex energies.
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these figures a similar analysis puts the possible
energies of the two peaks at 2.64 and 6.12 eV for
the case of Fig. 4 and 2.48 and 6.66 eV for Fig.
5. The latter pair of values, especially the peak
at 2.48 eV, now agrees more closely with the ex-
periment. Thus considering charge transfer
through the SMT model, the theoretical values
can be made more agreeable with the experi-

ments.
The experimental study of the Fermi surfaces of

substitutional alloys have not yet been taken up in
detail, probably because the Fermi surfaces are
not well defined in the case of substitutional al-
loys owing to the breakdown of the periodic sym-
metry. Since the imaginary parts in the energy,
which are the measure of the degree of disorder,

Ag ~7 Cdo.pg

Cdpg

~outdo. 2

dO y7 CdO. PP

(ai
FIG. 6. Intersections of the Fermi surface of Ag and Agp 6Cdp 4.' (a) with a (100) p1ane, (b) with a (110) plane, and

(c) with the hexagonal face of the Brillouin zone for the SIT model.
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TABLE II. Fermi-surface properties of Ag Cd& „alloys. The belly radii kazoo and k&&o and
the neck radii k» are given in units of (2s/a), where a is the cube edge of the fcc AgCd alloy
lattice.

Fermi-surface
radii Ag Ago. oCdo~

Ago oCdo~
P/luffin-tin
constant for
Ag shifted
by 0.1 for

I, = 2)

Ago oCdo„
(Muffin-tin

constant for
Ag shifted
by 0.2 for

l =2)

Woo
k tao
k~

0.825
0.745
0.138

0.960
0.865
0.305

0.982
0.905
0.365

0.965
0.868
0.342

are not large, one may still define the Fermi
surface in the virtual crystal with complex energy
as has been done by Bansil et al."'" These sur-
faces will not be sharp and will have uncertainty
in a range of energy determined by the imaginary
parts. Since the experimental study of Fermi
surfaces of alloys have already been started, ""
we have also calculated the Fermi surfaces of
these two alloys. They are shown in Fig. 6. Table
II gives the Fermi-surface dimensions. As the
imaginary parts are very small we have not shown
the imaginary parts in this figure. Of the few ex-
perimental information about the neck and belly
radii for the AgCd alloys the experiment of Tracy
and Stern" may be worth mentioning. They have
used the polar-reflection Faraday effect to calcu-
late the ratio of the neck radius to the radius of
the free-electron Fer mi- surface sphere, and these
are shown in Fig. 7 along with the belly radii as a
function of the electron per atom ratio. The re-
sults from our calculation as well as.the results
of Halse model" calculation, also quoted by Tracy
and Stern, "are also shown in the figure. From
this figure it can be seen that our results are
closer to the experiment for the higher concentra-
tion than the results of the Halse model calcula-
tion for the same concentration.

In this work we have tried to give an account of
the electronic properties of the AgCd alloys from
the ATA point of view. One may, however, point
out that in the cise of alloys it is better to use
the CPA. But since the substitutional alloys re-
tain" the periodic lattice corresponding to the
virtual crystal, one may be tempted to describe
the electronic properties of the alloys in terms
of the periodic virtual-crystal lattice. As men-
tioned in the Introduction this type of calculation
is not yet possible with the CPA, although Stocks
et al."have been able to calculate the density of
states and optical spectra directly with muffin-tin
potential in the CPA. However, a comparative
study of the ATA and the CPA has been made by

Q.4-

to 0.3

oo&~yo

0.2

&.O 5, 1 1.2 1.3

MODEL CALCULAT ION

OM EXPERIMENT OF TRACY
AND STERN

1.4

ELECTRON PER ATOM RATIQ

FIG. 7. Hatio of the neck radii to the ratio of the free-
electron sphere. Bars and the solid line denote the ex-
perimental results, and the theoretical results from this
calculation, respectively, while the dashed line is from
the Halse model calculation.

Schwartz et al. ' and the numerical aspects of the
two approximations by Chen. '~ From these discus-
sions it was concluded that the ATA may be viewed
as the first iteration toward self-consistency, i.e.,
the CPA. In fact from the model calculation it has
been shown that for large values of 5 (Ref. 8) and
concentration C the ATA density of states differs
markedly from that of the CPA. An iterative
averaged T-matrix approximation (IATA) was
suggested by Chen" which converges from the
virtual-crystal limit towards. the CPA for all
alloy parameters and for all energies inside the
CPA bands. It is easy to do this for model bands
but is probably very difficult at this stage with the
alloy-KKRZ method which we have utilized in this
work but may be persued in future.

In conclusion, we want to point out that for the
lower concentration the optical spectra agree very
well with the experiment, which may be due to the
lower concentration of the alloying material. But
since the'results for the higher concentration
do not agree exactly, we may think that this may be
due to two reasons, (1) charge transfer and (2) the
approximate nature of ATA. But since the results
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with the shifted muffin tin can be made t:o agree
with the experiment, one may conclude that in this
concentration the charge transfer is more impor-
tant.
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