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Low-field Hall coefficient R„' of dilute Al-3d alloys at 4.2 K
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Measurements of the low-field Hall coeAicient RH and the relative transverse magnetoresistivity dp/p, of dilute

solid solutions of Cr, Mn, and Fe in aluminum are presented. The results show a systematic dependence of R„
on the atomic d-occupation number of the impurities. They also show that R~ acquires unusually large negative

values. Kesternich's three-group model is used to obtain scattering anisotropy parameters from the experimental

data. The results, which suggest that the mean free paths of electrons in the corners of the second-zone Fermi

surface and of those in the third zone are more nearly the same than for other dilute impurities in Al, are

interpreted in terms of the simultaneous presence of a resonant scattering by the localized d states as well as a
nonresonant scattering by the Coulomb potential of the impurity.

I. INTRODUCTION

The aluminum-based Sd transition- metal alloys
have been studied by several authors both from
the experimental and theoretical points of view.
These alloys are thought to be a typical example of
a system which should be analyzed with the con-
cept of the Friedel-Anderson model of the virtual
Sd bound state. ' Indeed, the change in the resi-
dual resistivity, ' thermopower, magnetic sus-
ceptihility, ' specific heat, ' and superconducting
critical temperature ' can be interpreted very
satisfactorily in terms of the Sd virtual bound
state (VBS) moving across the Fermi level. If
the position of this VBS is very near to the Fermi
level of the host metal, it causes a resonant scat-
tering of the host conduction electrons.

The main physical parameters of these Al-Sd-
transition-metal alloys, which have been investi-
gated very extensively, are the electrical resis-
tivity, thermopower, magnetic susceptibility,
specific heat, and superconducting critical tem-
perature, while very few measurements have been
made of the Hall coefficient and magnetoresis-
tance. Kedves et al. have measured the Hall co-
efficient of Al-Cr and Al-Mn alloys at 78 K.
McAlister et al. have also measured the Hall co-
efficient of the same alloys at 6 and 77 K, respec-
tively, while Papastaikoudis et al. have measured
the Hall coefficient and the magnetoresistance of
Al-Cu alloys at 4.2 K.

These measurements show that when Cr is added
to Al the low-field coefficient RH becomes more
negative, whereas the addition of Mn gives the
opposite shift and the addition of Cu even gives
positive values. To account for the large negative
values of the low-field coefficient of Al-Cr and
Al-Mn alloys, McAlister et a/. proposed a metal-
lurgical interpretation rather than one dealing
with the nature of the Sd ions, namely that (i) di~
lute concentrations of Cr and Mn form an inter-

stitial phase in Al rather than a substitutional one
or (ii) that the dominant scatterers in their alloys
are extended clusters of solute rather than iso-
lated ions.

The purpose of the present investigation is to
examine whether the metallurgical condition of the
Al-Sd alloys or the presence of the virtual bound
3d state more strongly affects the low-field coef-
ficient RH, which in the case of Al-Cr alloys is
about the same as the free-electron value -3.47
&&10 cm /A s of pure Al. In order to investigate
more thoroughly the dependence of the low-field
Hall coefficient on the atomic d-occupation num-

ber, we have extended the measurements to Al-Fe
alloys. The solid solubility of transition ele-
ments in Al is very small. Thus we concentrate
the measurements on samples in the dilute region,
except for Al-Fe, where we have also prepared
a sample above the solubility limit.

II. EXPERIMENTAL PROCEDURE

The dilute alloys of Al-Cr were produced for us
from high-purity aluminum by the Instituto Speri-
mentale dei Metalli I eggeri, Novara, Italy, rvhile
the alloys of Al-Mn and Al-Fe were obtained
from the Institut fur Festkorperforschung KFA Ju-
lich, Germany. The alloys were prepared by
HF-levitation melting and then rolled into poly-
crystalline foils of about 100-p m thickness. The
sample shapes, which were stamped out from
these foils with a special steel presstool, were
rectangular (20x 2 mm ) with two similar exten-
sions for the magnetoresistance contacts and two
other central extensions for the Hall contacts.
The thickness of the specimens was determined
with a conventional microscope. The error in the
thickness does not exceed 4%.

After cleaning in acetone and in boiling distilled
water, the samples underwent the Boato et al.
treatment in order to obtain homogeneous solid
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FIG. 1. Kohler diagram of the transverse magnetore-
sistivity kplpo for the Al-Cr alloys as a function of Blpo.

FIG. 3. Kohler diagram of the transverse magnetore-
sistivity kp/po for the Al-Fe alloys as a function of Blpo.
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solutions whenever ther modynamically possible,
namely, the specimens were annealed in air for
24 h at 640 'C —a temperature just below the near-
est eutectic temperature. The samples were then
quenched very rapidly in iced water and there-
after kept at room temperature. The effectiveness
of the solution process was monitored by residual-
r esistivity measurements.

The Hall voltage and the transverse magnetore-
sistance measurements were performed at 4.2 K
in a superconducting solenoid which produces a
magnetic field up to 40 kG. Further experimental
details have been described previously.

III. EXPERIMENTAL RESULTS

Figures 1, 2, and 3 show the relative transverse
magnetoresistivity kplpo of the Al-Cr, Al-Mn,
and Al-Fe alloys, respectively, while Figs. 4, 5,
and 6 show the Ha11 coefficient R„. Both Ap/po
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FIG. 2. Kohler diagram of the transverse magnetore-
sistivity Ep/po for the Al-Mn alloys as a function of
B/p, .

FIG. 4. Kohler plot of the low-field Hall coefficient
Boz as a function of Blpo for the Al-Cr alloys.
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FIG. 5. Kohler plot of the low-field Hall coefficient
p& as a function of B/po for the Al-Mn alloys.

FIG. 6. Kohler plot of the low-field Hall coefficient
z as a function of B/po for the Al-Fe alloys.

and RH are represented in Kohler diagrams, i. e. ,
are plotted as a function of the "effective" mag-
netic field &/po, where po is the residual resisti-
vity of the specimens in zero magnetic field. In
such a Kohler diagram various experimental
curves should always fall upon each other wheri the
scattering defects differ only in concentration but
are of the same type and the Fermi surface re-
mains unchanged. The inset tables on Figs. 1-6
show the values of the residual resistivity po for
the samples on which the Hall and magnetoresis-
tance measurements were carried out. In the Al-
Mn and Al-Fe alloys, po at 4.2 K varied linearly
with the solute concentration except for the Al-Fe
specimen with V80-ppm Fe, which fell below the
linear relationship. This exception is under-
standable because the maximum solubility of Al-Fe
alloys is 180-ppm Fe.' The residual resistivities
per atomic percent in the present work are 8.1
pQ cm/at. % for Al-Mn and 5.5 p. 0 cm/at. % for
Al-Fe respectively. These values are in good
agreement with the values 8.05 pQ cm/at. % for
Al-Mn and 5.8 VQ cm/at /0 for A.l-1"e obtained by
Boato et al. The residual resistivity of the Al-Cr
alloys also shows a linear dependence on the con-
centration of Cr impurities except for the speci-
men with the 0.40-at. %%ucCr . However, theresi-
dual resistivity per atomic percent was found to
be about 2.8 pQ cm/at. %%u~, considerabl y lower than
the previous values of 8.2, 8.4, and 6.0 pQcm/
at. '%%uo. This large discrepancy between the differ-
ent experiments is for the moment inexplicable.

The measurements plotted in Figs. 1-6 show
that the relative magnetoresistivity and the low-
field Hall coefficient R& of the investigated alloys
are practically independent of the impurity concen-

tration. The 'observed small deviations, especial-
ly in the low-field Hall coefficient RH, can be at-
tributed to the errors in the determination of the
thickness of the samples. In the low-field region
in all alloys there is a very good quadratic rela-
tionship between ~/po and B/po, while the Hall
coefficients RH are constant and exhibit large
negative values.

Table I shows the mean values of the low-field
Hall coefficient R„at constant Blpo a.s well as po/
c, of the present measurements, together with
those of previous measurements. As shown in
Table I, for the Al-Cr alloys there is a discrep-
ancy in R& between the present investigation and
that of McAlister et al. , while there is a very
good agreement in ~H for Al-Mn alloys between
these two investigations. Note that the free-elec-
tron value for aluminum is A~a =-3.47&&10 ' cm /
A s.

The low-field Hall coefficient RH of the present
measurements taken at a constant 8/po, together
with values of the earlier investigations for Al-
Cr, Al-Mn, and Al-Cu, are plotted in Fig. 7 as
a function of the atomic number of the Sd impurity.
It is seen from Fig. 7 that RH shows a distinct
systematic dependence on the impurities, similar
to those found in the residual resistivity, the
thermopower and the superconducting transition
temperature. R& becomes negative and even
achieves the free-electron value when going from
Cu impurities to Cr impurities in the 3d transition
series.

IV. DISCUSSION

The low-field coefficients R& of the present Al-
3d alloys are found to be always negative, tending
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TABLE 1. Low-field Hall coefficient Ra and po/c.
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Alloys

Al-C r

RH (10 5 cm3/A s)

-2.75
-3.50

-2.65
-2.60

-2.20

p, /c [(pQ cm/at. '/o)]

2.8
6.0
8.2
8.4

8.1
6.8
8.05

5.5
5.8

Authors

This work
McAlister et al.e

Boato et al.
Hamzic et al.~~

This work
McAlister et al.e

Boato et al.

This work
Boato et al.

(2f +1) r
N~(c) =

( ), (2)

towards the value ~F E when the Sd-impurity atoms
vary from Fe to Cr.

In order to explain this behavior of ~H we use
the Friedel-Anderson model of the virtual Sd
bound states ' together with the three-group mod-
el of the Fermi surface of Al. As mentioned in
the introductory remarks, the Sd transitional ele-
ments when dissolved in Al form a VBS. This
VBS is characterized by the distance &„ of the free
d state from the Fermi level and a half-width
parameter I'. I' is related to the average s-d
admixture matrix element (V,~) and the electronic
density of states N, (0) of the host conduction band
at the Fermi level by

r =vN, (0) i(V„) i'. (1)

The VBS produces a change in the density of states
per spin of I orentzian form

For a nonmagnetic transition- element impurity
dissolved in a normal host such as aluminum, the
conduction- electron scattering consists of two
components, namely, (i) a nonresonant scattering
by the Coulomb potential of the impurity and (ii) a
resonant scattering by the localized d states. '

The scattering events are assumed to be indepen-
dent and thus the total relaxation time is written
as a sum of a nonresonant and of a resonant part:

(2)

where 7„is due to the charge difference &„=Z&
—Z„between the impurity and host atoms and
&~ is due to the charge &„. The charge Z~ is cal-
culated by applying Friedel's sum rule and as-
suming that the only significant phase shift p,
associated with the resonant scattering is that
corresponding to the angular momentum E =2.
The relaxation time 7~ for resonant scattering is
given by

where (2l+1) is the degeneracy of the d state. OC ~ 2 2OC ~ 2 7
(4)
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FIG. 7. The low-field Hall coefficient Rz of aluminum
alloys plotted versus atomic number of the impurity

where c is the impurity concentration and N(cz) is
the density of states at the Fermi level.

Thus in the expression of the generalized Tsuji
formula for the low-field Hall coefficient RH,

12m' fy, (1/~) „7'(k)v'(k)dS

FsTlk v k dS 2

7'(k) is the sum of the nonresonant and resonant
parts of the relaxation time, v(k) is the electron
velocity, and (1/v) „is the mean va, lue of the cur-
vature of the Fermi surface (FS) at k. The inte-
gration is carried out over the FS, dS being the
surface element. The denominator is proportional
to po.

The systematic dependence of the low-field Hall
coefficient R& in Al-Sd alloys on the valence of the
3d impurities (Fig. 7) shows that the presence of
the VBS causes the electronic mean free path l„-
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and

2 2

R =+ (I+g„

(8)

where l, I, and l„are the respective free-elec-
tron- e,t -lik strongly electron-like and strongly

are thehole-like mean free paths. vi and I(FE are e
radii of the cylindrical regions and of the free-
electron sphere, respectively, and AF E ——-3.47
x 10 cm /A s. For the geometry factors g and
g„Kesternich et al. have given the average val-
ues 3.0 and 3.75, respectively.

Using the above two equations of Kesternich,
we have determined the mean-free-path values
from the measurements of nplpo and R in terms
of the ratios l„/l and l /l, for the various con-
centrations of the Cr, Mn, and Fe atoms in the
alloys.

Figures 8 and 9 show these ratios (right scale)
for the currently investigated alloys, as well as
the residual resistivity pp (left scale), as a function
f C M and Fe concentrations. These are

=0.02 kGcalculated for the fixed values of &/pq = 0.02 k /
nQ cm (Al-cr), 0.007 kG/nQ cm (Al-Mn), and 0.03
kG/nQ cm (Al-Fe) and for an average Kx = 0.03lcp ~.
These two figures show that l „/l = l /l, i. e. ,
l„=l for all investigated alloys. In the A1-Mn
and Al-Fe alloys l.,/l and l /l are approximately
equal to 1, while in Al-Cr they are &1.

= 5 .7 on the free-electron part of the FS to be-
come predominant when going from Cu to Cr. The
electron mean free path lg depends on both the
scattering potentials of the impurities present in

Al 1 tt' and on the electronic structure of
the Al. Possible distortions of the aluminum F
due to the impurities can be rigorously excluded
because of the validity of Kohler's rule.

Th FS f aluminum can be divided into three
S S and S (Refs. 14, 15, 18, and

ar theThe regions S„and S are small areas near e
intersecting Brillouin-zone boundaries, where
the mean curvature (1/v) „is very hxgh and posi-
tive (strongly hole-like curvature in the second
zone), and high and negative (strongly electron-

proximated by cylinders. In the remaining spheri-
cal part S the mean curvature (1/v)„ is negative
but its absolute value is about two orders-of-mag-
m.tu et d ' smaller than in S„and S . Using this
three-group model of conduction electrons of
aluminum, es ernie, K t nich" obtained simple formulas
for ape'po an d R . In the nearly-free-electron
(NFE) approximation Ap/po and R„are given by

3 3 2
~FE ~ +~ ~FE+

p
=~

~, 2i' p,

5
— 1.2

— 0.2

0
0.2 0.4
concentr ation (at.%)

0.6
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/l and the residual resistivity po, as a function of
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However, the equality of l„and l seems to
contradict the arguments used for the analysis of
the Hall data in Al alloys. These arguments are
as follows: The wave function P (r) on the spheri-
cal part of the FS is a plane wave, while g (r)
and g„(r) at the Brillouin-zone boundaries are
standing waves. Bomng et a . fi' find from four
orthogonalized plane-wave calculations that the

portional to the local charge densities p„-(r) of the
electrons at the edges of the third- and second-
zone states, are greatest at the lattice sites and
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at the interstitial positions, respectively. The
wave function g(r) has P-like character in the
second zone and exhibits an s admixture in the
third zone. Thus the electrons on the electron-
like edges in the third zone will be scattered more
strongly by a scattering potential centered at a
lattice position, such as that from a substitutional
defect, while the electrons on the hole-like edges
in the second zone are affected most by an inter-
stitial scattering potential. Electrons in states
on the free-electron sphere are equally scattered
by a substitutional or an interstitial potential.
Thus it follows immediately from these arguments
that the ratio l„/l must be larger than f /f, i.e. ,
l„» l for a substitutional defect.

In order to explain /. =1 within the framework
of these usual arguments, the simultaneous exis-
tence of an interstitial scattering potential must be
assumed. McAlister et al. propose such an inter-
stitial influence of the solutes Cr and Mn in Al to
interpret their experimental results. They essen-
tially ignore contributions from S and are able to
obtain R~E from the second-band alone. The
"metallurgical" explanation of McAlister, et al.
seems rather unlikely to us since it has never
been found that elements such as Cr or Mn occupy
interstitial positions in metals such as Al. The
mechanism proposed by the above authors is even
more unlikely if the impurity atoms form extended
clusters, where the concept of interstitially local-
ized scattering centers becomes meaningless.

The currently investigated Al-Mn and Al-Fe
alloys show a linear relationship between po and
the impurity concentration c, which is in good
agreemept with previous measurements, suggest-
ing that Mn and Fe are randomly distributed sub-
stitutional def ects. Therefore the mean-free-path
inequality l„» l should hold true. 'The present
measurements giving l„=l imply only one possi-
bility, namely, the presence of an extra scattering
mechanism which provides a compensating effect
which eliminates this predicted inequality. This
mechanism cannot arise from the metallurgical
condition of alloys.

The distinct systematic dependence of RH on sd
solutes in Al (Fig. V), being similar to that seen
in the electrical resistivity, ther mopower, and
superconducting transition temperature, "indi-
cates that the extra scattering mechanism must be
attributed to the existence of the 3d virtual bound
state. Thus, as mentioned earlier, the electron
scattering on a transition-element impurity in a
normal host metal consists of two main parts, a
nonresonant part due to the scattering of the elec-
trons by the Coulomb potential of the impurity, and
a resonant part due to their scattering by the
localized d states. ' Thus, the total mean free

path l„or l can be written as

(i ),.', = (f„).,'+ (i„),'.
The nonresonant part of the mean free path obeys
the relation (l„)„»(l ),„as already mentioned.
Since the total mean free path satisfies (l..)„,
=(l )„„it should be concluded from Eq. (7) that
(1 ), «(l )„meaning that the VBS's scatter the
electrons on the hole-like edges in the second zone
more strongly than the electrons on the electron-
like edges in the third zone.

In the spirit of the Friedel-Anderson model '

of the VBS and according to the above conclusion,
i.e. , (l„)~ «(l )~, we expect that the contribution
of the hole-like edges in the second zone to the
total scattering process increases as the VBS
approaches the Fermi level of aluminum. This
contribution must be largest for Cr and Mn atoms
in the middle of the transition series, since the
VBS associated with Cr and Mn impurities lie on

the Fermi level of Al. Consequently these solutes
should have the largest scattering probability for
the electrons on the hole-like edges of the second
zone.

According to the three-group model the varia-
tions of the low-field Hall coefficient [Eq. (6)] can
be readily ascribed to differences in the scatter-
ing probabilities near the second- and third-zone
Fermi surface edges. Therefore the observed
systematic dependence of RH on the atomic d-oc-
cupation number and its large negative values for
Cr and Mn impurities can be attributed to the in-
creasing contribution of the second-zone FS edges
to the total scattering event.

From the present measurements and those of
McAlister et al. it can be seen that (i) in the Al-
Fe alloys the sample of 780 ppm Fe, far above
the solubility limit, gives the same R„value as
the samples in the solid solution, and that (ii) in
the Al-Mn system, used in both investigations,
one obtains the same RH value, although the alloys
have different po/c values. Furthermore, our
alloys are in solid solution. All of this means
that the low-f ield Hall coefficient R'„ is independent
of any metallurgical condition of the aQoys and
thus provides extra evidence that the cause of such
a behavior should be attributed to the VBS oi the
sd elements. The discrepancy in the RH values
observed in the Al-Gr alloys between the present
measurements and those of McAlister et al. can-
not be explained by the arguments presented
above.

If the VBS model proposed here is correct,
then the RH values of the rest of the Al-3d alloys
should also lie on the curve of Fig. 7. A series
of measurements on Al-Ti, Al-V, Al-Co, and
Al-Ni alloys are in preparation in order to estab-
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lish whether or not our proposed model is realis-
tic.

V. CONCLUSION

We have reported measurements of the low-field
Hall coefficient RH and the transverse magneto-
resistivity for a series of Al-Cr, Al-Mn, and
Al-Fe alloys at 4.2 K. The RH for these alloys
takes unusually large negative values in compari-
son to other impurities in Al, and shows a sys-
tematic dependence on the atomic d-occupation
number. A three-group model for the mean free
path was used to explain the results. The free-

path ratios obtained seem to indicate that the reso-
nance scattering of the Sd virtual bound state is
playing the main role rather than the metallurgi-
cal condition of the alloys. Numerical values of
the mean-free-path ratios l jl and l /l as a
function of the concentration of the Cr, Mn, and
Fe atoms were computed from simultaneous Hall
effect and magnetoresistance measurements.
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