
PHYSICAL REVIE% B VOLUME 22, NUMBER 5 1 SEPTEMBER 1980

Critical behavior of the electrical resistivity in magnetic systems:
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Following recent theoretical advances on the critical behavior of the electrical resistivity p in

magnetic systems, this paper points out that features of the critical region lre not yet qu lntit i-

tively explained. The need for a theory away from but close to the tr lnsition region is em-

phasized in view of extracting several parameters from the experimental d ita. A simple gen-

eralization of the Ornstein-Zernike correlation function, on both sides of T, , based on L lnd &u

theory and previous work is proposed. This implies a magnetiz ltion-dependent amplitude of the

correlation length below T, . Different types of singularities are found as observed experimen-

tally. Various features of d p/c/T aw &y from the transition temperature can also be reproduced:
In particular, an unexplained bump and dip in &/p/f/T vs T (below T, ) usually obtained from

data of p in localized spin systems can be found in our simple appro hach. Also, the existence of
unequal magnitudes of (/p/i/T above and below T, now has a theoretic«1 explanation.

The endeavor in two recent papers published in

this journal by Alexander et al. ,
' and by Balberg and

Helman' was to determine and to predict the power-
law dependences governing the behavior of the elec-
trical resisitivity, p, of magnetic (metallic or semicon-
ducting) materials at various distances e = l —T/T,
from the critical temperature T, (or Trr). These pa-
pers have followed some important theoretical inves-
tigation by Geldart and Richard, ' ' Kasuya and Kon-
do, ' and others' "on the influence of various
parameters on the overall shape of d p/dT in the criti-
cal region.

Although paving the way for detailed experimental
investigations, these estimates' " seem to be still far
ahead of most of the experimental data, for by
analyzing them (as obtained from various experimen-
tal techniques), one can hardly determine with the
adequate accuracy (1) the value of the critical indices
corresponding to dp/dT and (2) the true size of the
critical region. One might argue about the need of
finer experimental work or "better" data treatment,
although in view of recently published data'6 and
their subsequent analyses, " it appears that even the
most precise data currently available are not suffi-
cient to fulfill our hope in discussing conclusively
both fundamental questions (l) and (2).

An illustration of these difficulties is given by the
different studies of p and d p/dT on a typical metal
like dysprosium. ' ' They have failed, on one hand,
to describe exactly how the transition takes place, and
on the other hand, to allow for an unambiguous
determination of the critical exponent(s) (see Table l).

In fact, such elaborate studies fall short of their
goal because of (a) the nature of the transition itself
between an antiferromagnetic phase and a paramag-
netic one, (b) the varying dimension of the order
parameter. A crossover between a dipolar and a A'Y

system occurs close to Trr,
" i.e., for log~o~e ~

~ —2.3.
For such a transition the critical exponent has been

predicted to be very large, " although the region in

which such an exponent has to be found is rather re-
stricted. Hence the set of data points available for
analysis is limited, and cannot be chosen for the
specific purpose of obtaining a pleasant value (as
done in the article by Balberg and Maman" ). Fur-
thermore, the smearing (or not) of band gaps ap-
pearing (or not)" below Trr does not seem to have
been fully included in the analysis (even in Ref. 20).

In such a respect, it is interesting to notice the
large value of the critical exponent found for dp/dT
in the case of a fertn»tag»et, " in which the electronic
density-of-state fluctuations" likely play a very im-

portant role. This seems also to confirm a posfetioti
the necessiry of considering two critical terms (and ex-
ponents) in doing a numerical analysis, ' and casts
some further doubt on the simple exponent-data
analysis in dysprosium.

In view of these remarks, some attempt has been
made to obtain a large number of d p/dT data points
with great precision, and in the truly critical region of
the ferromagnetic-paramagnetic transition of an in-

termetallic compound TbZn. ""Although below T,
the magnetic transition is compiicated by a tetragonal
distortion of the unit cell, a very reliable data analysis
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TABLE I. Values of the critical exponent A. and of the Weel temperature Tt/ for dysprosium in

various temperature ranges {e=1 —T/T&) according to various authors {references given).

2 && 10 ' & le I & 3 x 10 '

1.5x 10 & e(3.3x IP

Dysprosium

=w l~l "+a1 dp

p, dT

—0.25 + 0.04

+ p 4p+0.02
180.33

Ref.

19

e &5x 10 3

5 x 10 ' & le I
&»& 10 '

0.30

0.13 + 0,01

180.4

183.15

20

21

4X 10-'& l~l &3x 10 '

4x 10 4(e&3x 10 2

0.04+ 0.005

0.04 + 0.005
180.34

above T, can be and has been performed in order to
distinguish various critical regimes. The data are
consistent with a logarithmiclike dependence; we

have shown, however, that the critical-exponent ex-
act value cannot be determined unambiguously. In
fact, our study has revealed that the sign of'the critical
exponent itself cannot be even determined from strict
data analysis only. Such a conclusion seems also to
have been reached in other cases as well. '

Therefore, it is safe to say that at most the experi-
mental data have only led to a qualitative characteri-
zation of the presence of a singularity in d p/dT, but
have not yet been described on a broad scale of tem-
perature encompassing T, (or Tq). The necessity of
"controlling relevant parameters" well defined a~ay
from the critical region seems more and more impor-
tant in order to use them as an input for better
analysis of the critical region, hence in the control of
the so-called "prefactors. "

At the present stage of experimental research, it

thus appears that one should not concentrate on ob-
taining precise answers to questions (I) and (2) but
rather examine from a theoretical point of view the
following questions. (3) What magnetic, electrical,
"basic,". . . , properties of the systems are responsi-
ble for an experimentally observed shape of dp/dT vs
T? (4) What laws govern this shape and why? We
present below some solution to these questions in a
simplistic, practical, way.

Typically, one can wonder why, at the same dis-
tance from T„ the value of d p/dT corresponding to
the ferromagnetic phase of a metallic ferromagnet is
greater than that in the paramagnetic phase (see, e.g. ,
Fote and Mihalisin, Simons and Salamon, Craig
et al„Kawatra et al. , and Bendick and Pep-

perhoff. ' How does the spontaneous magnetization
(the only relevant parameter in absence of anoma-
lous expansion, lattice structure change, etc. , influ-
ence the value ( and behavior) of dp/dT? Another
puzzle which we also discuss briefly below is why
there occur minima or maxima in dp/dT within the
region of one of the phases, as seen, in particular, in
localized spin systems.

Although there have been attempts to explain such
features, theoretical considerations such as those in

Refs. 1 and 2, which are based on asymptotic rela-
tions for the correlation function in the critical re-
gion, i.e., q/&r ) )1 or q/~ « I (q is the wave vec-
tor of the momentum transfer; K is the inverse corre-
lation length) cannot really answer the above ques-
tions, in a qualitative (and a fo&tiori in a quantitative)
manner. Therefore it seems essential to provide ex-
perimentalists with some simple theoretical considera-
tions and to point out what relevant parameters of
the &nateriais (and not of the critical region) lead to a
particular behavior.

The most crucial problem is to find a proper
model-independent correlation function I (q. e)
which should be sufficiently simple, and correct, in
relatively wide intervals of momentum q.

For the paramagnetic phase ( T ~ T, ) of an isotropic
ferromagnet a suitably parametrized Ornstein-
Zernicke correlation function satisfying the sum rule

XI (q, e) = s (s + 1)

in k space can be conserved since it identically corre-
sponds to the form used, in r space, by Geldart and
Richard. 4 6

For the ferromagnetic phase ( T ~ T, ), a similar
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correlation function constructed from the»~ea»-field
correlation function of the Ising model" (as done in
Ref. 2) has well-known shortcomings and cannot
therefore be useful. It is, in our opinion, best to
start from the Landau theory to which fluctuation
terms are added, "or, in order to have "proper
values" of the critical indices, from a refined Landau
theory. "' In so doing the above sum rule is slightly
modified and includes on the right-hand side a mag-
netization (temperature-dependent) term. A uniform
description on both sides of T, is thus obtainable.
This seems a trivial generalization of' previous con-
siderations, 4' but has interesting consequences.

The following correlation function is obtained

S= 1g

0.5
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-0.4
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05
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3 p2K2+ ~
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where p =2kego while r) is the reduced (dimension-
less) correlation length (K =/=$07)); K =c//2kF
denotes the fluctuation wave vector in units of the
(spherical) Fermi surface caliper, and r = v+'~'/go

stands for the ratio of the spacing (a = v'~') between
magnetic ions to the amplitude of the correlation
length. The lattice is supposed to be cubic, but gen-
eralizations are easily made, as in Ref. 34, e.g, „ to
take into account Fermi-surface and fluctuation an-
isotropies.

As a consequence of the sum rule, the normaliza-
tion factor is temperature dependent and different
below and above T, :

y(a) = (1 —nt(~) (e('P)/(1 —u) (3)

where

u = (q/I ) ' tan '(g/I ) (4)

and

I =I (67r')' ' (5)

while ino is the amplitude of the magnetization, i.e.,

(6)

One of the main points of this paper is to draw at-
tention to the normalization factor (3), and hence to
the asymmetry of the correlation function with
respect to the point a=0. This is illustrated on Fig. l.

The asymmetry of the Ornstein-Zernike-like corre-
lation function (2) is of magnetic origin and results
from the existence of the spontaneous magnetization

I t I I I I, t I I t g I

-0.10 -006 -Q02 002 006 010 014

FIG. 1. Asymmetrical spin correl ~tion function amplitude
y(e) as given by Eq. (3), vs e —=1 —T/T„near e =0, due to
a m magnetization-dependent amplitude obt iined by s]tisfying
the sum rule (1). Different values of the spin S ~nd

I = v'/ /(o are considered. The critical exponent v (2P ) h &s

2
been t [ken equal to —.

ln(1+p g )

p T]

(7)

where p = 2kF(0. its temperature derivative reads

itself below T, . Notice that the asymmetry and its
importance were pointed out in the first "modern" pa-
per on the electrical resistivity near T, ."

In addition and more remarkable is the spontane-
ous magnetization influence on the amplitude of the
correlation function and of the correlation length (0.
Moreover, the latter amplitude in the ferromagnetic
phase is exactly half that in the paramagnetic phase,
as follows from Landau's theory, ' ' i.e., if
('+'=$0+'go+'~ "corresponds with go+'=1 to the
paramagnetic phase, in the ferromagnetic phase, one
has qq

' =40.5. Comparison of Landau free-energy
results to experimental data" leads indeed to a ratio

qo '/go+' =~0.5; this is "confirmed" by experitnental
data on the electrical resistivity. """'"

Since»to can also be rather accurately estimated
from (3), the remaining three parameters ' are
2k', go, and v. They form the basis for characterizing
the system and the behavior of dp/dT. Within the
single-band model (also used in Refs. 1 and 2), the
reduced spin-fluctuation-dependent resistivity be-
comes [as also obtained from Eq. (6) of Ref. 5]

1

T, — = —vsgn(e)
z y(e))e), —u +I, )e[" +2)e( y(e)dR R (e) , 1 , „, , ln(l +p'7t')

'dT 1 —mo hei" 1+rl'I '
P Tf

1

1+p'q'
(8)
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ll dR
dT

-8

2.5

FIG. 2. Temperature dependence of T,JR/dT as a func-

tion of e = 1 —T/T, near e = 0 for typical values of the

parameter r, and p =2kF(p= 1 t?1 p =2.6667, S = 1,

pp = 0.3 ( ), or pp = 0.42 ( ). Notice the structure in

dR/AT below T, for r =v' /(p=2. 5 and qp=0. 42 at
e= —10 2.

Therefore for the qualitative description of dp/dT,
beside qp and??lp, the values of p and r are the essen-
tial parameters. Notice that the ratio p/r can be con-
sidered as an effective number of the current carriers
in the nearly-free-electron single-band approximation,
since p/r = 2kF v'~'. This emphasizes the' difference

between metals and semiconductors, but also
between ferromagnets and antiferromagnets near the
critical temperature '". "'

The dependence of dR/dT on e for representative
values of p, I, and qp is shown on Fig. 2. The gradu-
al lifting of the curves for e ( 0 with respect to those
for e & 0 is noticeable. As shown above, this results
from the existence of the spontaneous magnetization
itself.

Furthermore, following the above considerations
based on the Landau theory and the generalized
Ornstein-Zernike correlation function (2), we stress
that a maximum and a minimum of dp/dT in the /er
I'0???Og??etic phase can be predicted for a reasonable
range of the parameters (see Fig. 2). Such behavior
is found experimentally' ' " but seems to have
been difficult to obtain and understand in previous
theoretical work (because of the natural restriction of
theoretical investigations to the critical region only).
%e have thus pointed out that such complex
behavior can be extracted from an expression like Eq.
(7) by considering only the singular term (without
reference to any anomalous expansion, ' and the
like'o), but considering the full temperature depen-
dence of usual parameters. Such a structure results
from a competition between the one- and two-body
correlation function. (The various types of possible
singularities are compiled in Table II.)

It is of interest to substantiate these remarks by
comparing the position of the minimum obtained
from experimental data to that theoretically predicted.
For physically reasonable values of the parameters

TABLE II. The predicted type of singularity in ff p/dT near a ferroparamagnetic critical point in a
metallic magnet according to the temperature range. The origin of the singularity is given.

T range Type of singularity
of d p/dT Reason of existence

(a)

e(0

e&0 + Iel"-'

large-q correlations
accounted for through

sum rule

e(0
e)0

(only for v ~ —)
1

2

(b)

Iel " 'Inlel small-q correlations
accounted for through
generalized Ornstein-
Zernicke correlation

function

e)0

(c)

I e lv 1 = I, I2

effect of spontaneous
magnetization
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(Fig. 2) the minimum should occur at a =10 ', a typ-
ical experiment leads to ~ = 10

Notice that we find the possibility of both signs for
the singularity for some value of r and qo„a max-
irnum below T, followed by an unphysical negative
divergence may occur. These discrepancies are likely

- due to the inaccurate account of the large-q correla-
tions, so important at T„and have already been par-
tially discussed in previous theoretical work. ' ' One
can hope that a better choice of the parameters will

remove such a spurious prediction. Nevertheless„

such an improvement, and hence a quantitative ex-
planation of the various effects on dp/dT near T,
(even including, e.g. , anomalous lattice deforma-
tion"'7) still calls for a good large-q correlation func-
tion.
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