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Several approximate forms of the three-particle distribution function are studied using error
functions introduced to estimate the accuracy with which they satisfy the sequential relation con-

necting the two- and three-particle distribution functions. The procedure is based on modifica-

tion and extension of the forrnal density-cluster expansion developed by Abe in the context of
the classical statistical mechanics of an imperfect gas. Numerical evaluation of the error func-

tions are carried out by expanding functions of the complicated multidimensional cluster in-

tegrals in terms of the associated Legendre functions. The results obtained numerically in the

first three lowest-order approximations for the ground state of liquid 4He at equilibrium density

show that the overall magnitude of the error function decreases significantly as the order of ap-

proximation increases to the next higher order.

I. INTRODUCTION

Description of the structure of a fluid in terms of
the distribution functions p'"'(1, 2, . . . , n) is rela-
tively simple and convenient. ' In particular, many
recent studies on the structure of classical and quan-
tum fluids are centered upon the radial-distribution
function g(r|2) = p p'"(1, 2), which is also known
as the pair-correlation function. The importance of
the function g (r) follows from the fact that in a fluid
the pair correlation is far more significant than the
simultaneous correlation of three, or of more parti-
cles and hence the g(r) can determine many impor-
tant properties associated with the structure of the
fluid. In addition, the liquid structure function S(k),
which is the Fourier transform of g(r), can be ob-
tained from neutron or x-ray scattering and thus the
function g(r) can be determined experimentally.

The radial-distribution function, however, does not
give full description of the structure present in fluids
at equilibrium and any improvement must include
the contribution of the simultaneous correlations of
triples, quadruples, etc. , of particles. That is, the dis-
tribution functions p'"'(1, 2, . . . , n) for
n = 3, 4, . . . , as well as n = 2 must be incorporated
for a more accurate and complete discussion of ma-
croscopic equilibrium properties. The improvement
over results based on consideration of the g(r) alone
is generally quite difficult, The first step in this
direction should be concerned with the study of the
three-particle distribution function p"'(1, 2, 3).

Although one can consider experimental determi-
nation of p'3'(1, 2, 3) from triple elastic scattering
similar to that of g(r), no success has yet been made
to date. On the other hand, if the potential energy

II. BASIC FORMULATION

Many important proper'ties of an extended uniform
system of N interacting bosons confined in a box of
volume 0 can be discussed in terms of the n-particle
distribution functions defined by

p'"'(1, 2, . . . , n )

= N(N —1) (N —n +1)

where Po(1, 2, . . . , N) is the normalized ground-
state wave function generated by the Schrodinger
equation. For the two lowest members, we obtain
the particle number density p and the radial distribu-
tion function g(r):

p"'(1) = p = N/ft

p"'(1, 2) = p'g(rip)

(2)

(3)

Equation (I) implies that the two successive distri-

function is known, p"'(1, 2, 3) can be evaluated
directly and exactly from the computer simulation us-

ing the Monte Carlo or molecular-dynamics tech-
niques. ' ' In many cases, however, it is necessary to
express p"'( I, 2, 3) as an explicit functional in g (r),
but no such expressions which are exact and useful
are available. Some approximate forms giving
p"'( I, 2, 3) as a functional in g(r) are studied in this
paper and error functions are introduced to test their
accuracies. Numerical evaluation is carried out for
the case of liquid 'He.
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bution functions are connected by the sequential rela-
tion

p" "(1,2, . . . , n —1)
f
p'"'(1, 2, . . . , n) dr„. (4)

In particular, for n =2, Eq. (4) yields the normaliza-
tion condition

(8) becomes

Sp(1, 1, 3) =—p'h'(r)5)

Two of the common approximations for
p"'(1, 2, 3) are the convolution approximation

p,'5~ (1,2, 3) given by

Sp, (1,2, 3) =p J h(r~4)h(r&4)h(r34) dr4

(10)

p [g(r) —1]dr = —1

and for n =3, the sequential relation

p g(r~p) = p (1,2, 3) dr3

(5)

(6)

and the Kirkwood superposition approximation

pP '(1, 2, 3) = p g(r~q)g(rp3)g(r5~)

which is equivalent to

Spx(1, 2, 3) = p h (r~q) h (rp5) h (r3t)

(12)

(13)

f
Sp(1, 2, 3) dr3= —p J h(r~5)h(rq5) dr3 (9)

The remainder term Sp(1, 2, 3) is small when all

three particles are well separated or when any two are
close and far from the third. It is large only when all
three particles are close. %e introduce here the usual
assumption of strong repulsive forces between pairs
of particles when they approach closely, thus requir-
ing g(0) =0 or h (0) = —1. Then, for r I = r q, Eq.

is a linear inhomogeneous integral equation for the
symmetric positive-valued function p~ ~(1, 2, 3).

It is convenient to define two functions h ( r) and
Sp(1, 2, 3) by

h(r) =g(r) —1

p (1,2, 3) =p [I +h(r~q) +h(rp3) +h(r5))

+ h (r ~q) h (rq5) + h (rq5) h ( r3~)

+ h (r3~) h (r~q) ] +Sp (1,2, 3) . (8)

Equation (6) then reduces to

The convolution approximation satisfies the
sequential relation (9), but fails to meet the require-
ment Eq. (10) and p,~3'(1, 2, 3) is not necessarily pos-
itive valued. Nevertheless, it simplifies the calcula-
tion of many quantities such as multiphonon states,
many-particle structure functions, and interaction
matrix elements. On the other hand, the Kirkwood
superposition approximation satisfies Eq. (10) but
fails in Eq. (4). Because of the symmetric nature and

simplicity, this form has been extensively used in

solving the Bogoliubov-Born-Green-Kirkwood-Yvon
(BBGKY) hierarchy of equations as a convenient clo-
sure.

A form of p"'(1, 2, 3) more accurate and more
complicated than those of the convolution and Kirk-
wood superposition approximations was derived by
Abe using the standard cluster-expansion technique
as in the classical statistical mechanics of an imperfect
gas. His result is

p' (1,2, 3) =p~ '(1, 2, 3) exp[A (1,2, 3)], (14)

where

A (1, 2, 3) =p h (r&4)h(rq4)h(r34) dr4

+p I h(rq4)h(r45}h(r35) [h(r~4)h(r~5) +h(r~4)h(rq5) +h(r~5)h(r34)]

3

+h(r~4)h(rq4)h(r34)h(r~5)h(rq5)h(r35)h(r45)
&

+ g dr4dr 5+0(p ) . (15)
, , h r4

Since h(r) is a function of p, Eq. (15) is not a
genuine power series of A (1,2, 3) in p. In order to
overcome this difficulty in the problem of many-
boson systems in the uniform limit, a new expansion
parameter

of A (1, 2, 3):

A(1, 2, 3) =Ay(1, 2, 3)+A5(1, 2, 3}

+A4(1, 2, 3) +O(n5)

n =1 —g(0) (16)

is used in Refs. 8 and 10—12 for the series expansion

Explicit results for A„(1,2, 3) have been derived
through n =4 and their expressions are given di-

agrammatically in Fig. 1, where each line represents an
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4p {I, 2, 5) = p PK (l 2, 3)=l + [ + ~ +

4~(1, 2, 3l= l)t( + I

(P P (l 2, 3)=l+ [ + + +

A4{l, 2, 3)= + + +

—,
' p)' i "g ~ gp ~

+ — + +y +

p P (I, 2, 3 ) = l + + + + + + +

FIG. 2. Diagrammatic representations of approximate
forms for p 3p' '(1, 2, 3) given by Eqs, (11), (12), and
(18).

FIG. 1. Diagrammatic representations of A„(1.2, 3) for
n=2, 3, and4.

h factor and a solid circle is used for a factor of p and
volume integrations over 0 and open circles for the
points r ~, r2, and r3 in all possible distinct arrange-
ments of the labels 1, 2, and 3 on the open circles.

In Eq. (17) A„(1,2, 3) is of O(n") and this fact
becomes explicit only when a suitable change of vari-

able is made for r. The o.-expansion formalism is
particularly useful in the uniform limit and/or weak-
coupling limit. " A major defect of this approach is
that in a realistic problem of the liquid 'He, o. —= 1

—g(0) =1 and it is not clear if the expansion is still
valid. The term A3(1, 2, 3), which is absent in Eq.
(15), is necessary to obtain the extended Abe form
accurate through O(n')

pz '(1, 2, 3) = p [I +h(r(2) +h(r23) +h(r3)) +h(r(2) h(r23)

+h(r23) h(r3() +h(r3)) h(r)2) +h(r)2) h(r33) h(r3))]

+ [I+h(r(2) +h(r23) +h(r3()]p
&

h(r(4)h(r34)h(r34) dr4

+p „h(r)4) h(r25) h(r45) [h(r34) h(r3q) +h(r34) h(r33) +h(r34) h(r)5)] d r 4d r 3

+p Jl h(r)4) h(r35) h(r36) h(r45) h(r56) h(r64) d r 4d r 5d r 6 (18)

The diagrammatic representations of p 3p'3'(1, 2, 3)
are shown in Fig. 2 for three approximations given by
Eqs. (11), (12), and (18).

III. APPROXIMATIONS AND ERROR FUNCTIONS

In this section, we study approximate forms of
p"'(1, 2, 3) defined by

p '3'(1, 2, 3 ) =p~(3) ( I, 2, 3)g exp[A„(1, 2, 3) ],

I

Then one obtains

(( /(' ( r ( 2 ) = p Jl h ( r ( 3 ) h ( r 23 ) d r 3

= —
p '&tBp(1, 2, 3) dr3

(r) = 2(g(r) +()( (r)

where

(r(2) = p Jl g(r)3)g(r23)

(23)

(24)

m ~~2 (19)

Noting that the exact p' '(1, 2, 3) satisfies the
sequential relation (6)

J p'3'(1, 2, 3) dr3=p'g(r )(N(2—2), (20)

we introduce error functions g~(r) and q (r) by

Jl p~ '(1, 2, 3) d r3 = p g(r(2) [N —2 q +(rJ()])2

(21)

fp' '(1, 2, 3) dr3 = p'g(r(3) [N —2+2( (r)2)]

(22)

l

&& +exp[A„(1, 2, 3) ] —1 d r3 . (25)
ll =2

l

These error functions are expected to be significantly
different from zero only near the origin r =0.

The numerical evaluation of 6 (r) is somewhat in-

volved, since there are many h factors connected to
each other in complicated ways, in particular, for
m ~3. To simplify the numerical procedure, we
choose, without loss of generality, a Cartesian coordi-
nate system such that r ]

= 0 and r 2 is along the z
axis. The integration variables r3, r4, . . . , are gen-
eral vectors. Expanding the h factors in Legendre
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functions, we find, after somewhat lengthy algebra, that in terms of

p j (f + fJ ff )/(2rr~)
1

Hi(ij) = h(r„)Pi(p„) dp, „

(26)

Equations (23) and (25) become

rIK( r12) 2'irp J o
r3 h (r3) Ho(2, 3) drs

goo In

(riq) =2mp„drsrsg(r3) J, dp2sg(r2s) +exp[A„(1, 2, 3)] —1
~n 2

where

(28)

(29)

A2(1, 2, 3) = mp I (2I + 1)Pi(p2s) dr4r4 h (r4) Hi(2, 4) Hi(3, 4)
I 0

As(1, 2, 3) =As, (1,2, 3) +Asb(1, 2, 3) +A3g(1 2 3) +A3d(1, 2, 3)
1

oo oo oo lg 12 13

Asg(1, 2, 3) =(irp) $ $ $ (2I&+1)(2!2+1)(2lz+1)
() () () Pis(p'2z)

l ) 0 l2 0 l3 0

goo goo

dr4r4h(r4)Hi, (2, 4) J drsrs Hi, (4, 5)H.i (2, 5)Hi (3, 5)

(30)

(31)

(32)

A 3$( 1, 2 ~ 3) = 2( irp) X (2I + 1 )Pi(p 2s) „' dr4 r4 h (r4) Hi(3 ~ 4) „' drs rs h ( rs) Hi(2, 5)Hi(4, 5 )
I 0

i

oo oo oo ly 12 13

A3g(1, 2 ~ 3) = (Vip) $ $ $ (2lt +1)(212+1)(2is + 1 ) 0 () ()
li 0l2 013 0

foo
dr4 r4Hi, (2, 4)Hi (3, 4)

(33)

x
&

drsrsh(rs)Hi (3 5)Hi (4 5)

1 &/2
I, l2 l3 (l2 —m)!(Is —rn)!

PI2(IL23) Pi, (p23) +2 X (-1)

i

1) 12 13
x Pi, (p23)PI (p2&) p p

s

oo oo oo oo 4 1) 13 14 12 13 14

A "(1'2' )= ( ) $ $ 2 Xg(2l~+ ) 0 0 0 0 0 0 '(
I) 0I2 0I3 OI4 Oi 1 i j

i

1] 13 14 12 13 14 '34 1) 13 14 12 13 14
X 0 0 0 0 0 0 ~, 0 m —m, 0 m —m

+2 V

(34)

goo goo
x dr4r4h(r4) l drs rsHi, (2. 5)Hi (4.5)

x J, dr6r6Hi, (3,6)Hi, (4, 6)Hi, (5, 6) . (35)
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(36)

In Eqs. (27) —(35), PI(p), , and PP(p, ) are the Legendre functions and associated Legendre functions, respective-
ly, and I„=min(l;, IJ). The values of the Wigner 3-/symbol are given by'3

1 4l
\

Jl J2 J3 j J +m

foal & mp —fPl3
=(—1) ' ' (2j3+1) ' (j|m|jqmq~j3m3)

&/z
(2j3 + 1) (j|+jq —j3)!(j|—m|)!(Jq —mq)! ( /3 + m3)! ( /3 m3)!=5
(Jl +J2+ /3+1) (Jl J2+J3) (J2+J3 jl)!(ji+mi)!(Jr+ms)!

&& $(—I)
s &0

(j|+m|+s)!(jq+ /3
—m| —s)!

s!(j~ —m| —s)!(j3 —m3 —s)!(Jq —j3 +m|+ s)!
(37)

in which the summation is over all positive integer
values of s such that the arguments of the factorials
in the denominator are non-negative.

To evaluate the error functions q~, qq, and q3 for
the case of liquid He at equilibrium density, we used
the liquid structure function S(k) obtained in the
paired-phonon analysis by Campbell and Feenberg'
under the hypernetted-chain approximation. The h

function defined by Eq. (7) is obtained by the
Fourier transform of S(k) —I:

h (r)=, [S(k) —I ]e' " " d k
(2m)'p " (38)

with p =0.0218 A 3. Since the Campbell-Feenberg
data of S(k) are given as a function of a dimension-

less variable Dk (D =2.45 934 A), we also use the di-

mensionless variable Q = r/D. The numerical results
for the radial distribution function g (r) obtained
from Eq. (38) do not exactly satisfy the normaliza-

tion condition given by Eq. (5) and hence we have
normalized g ( r) for r values up to r,„,„=10D, where

g(r) practically reaches its asymptotic value unity
after several oscillations. The summations $1 0 in

I

Eqs. (30)—(35) are replaced by finite summations of
I

the form $1 0". In order to determine the values of
I

l „, „ for 4q and 43, we have evaluated 4~ for
l „, „=0,1, 2, . . . , 7 and A3 for l,„=0,1, 2, 3, 4 at

Q =0.2, 0.4, 0.6, . . . , 3.2. The numerical results are
given in Tables I and II. The most important domain
of the q and 5 functions is near the origin and there
l,„=7 for 4~ and l,„=4 for 43 seem quite ade-
quate.

Our final numerical results for qg, qq, and q3 are
tabulated in Table III and also plotted in Fig. 3 as
functions of Q = r/D It is clear th. at ou'r results for
the error functions indicate the overall inequalities

le~(r) I & l~~(r) I
& f~3(r) I,

TABLE I. Numerical values of 4~.

max

0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0
3.2

—0.7310
—0.4406
-0.1946
—0.0604
—0.0165
—0.0163
—0.0170

0.0003
0.0251
0.0334
0.0142

—0.0135
—0.0243
—0.0142

0.0023
0.0107

—0.7217
—0.3987
-0.1144

0.0253
0.0406
0.0074

—0.0146
—0.0061

0.0190
0.0316
0.0151

—0.0127
—0.0242
—0.0144

0.0020
0.0105

—0.7232
—0.4107
-0.1333

0.0246
0.0648
0.0370
0.0031

—0.0036
0.0130
0.0271
0.0158

—0.0113
—0.0242
—0.0149

0.0017
0.0104

—0.7232
—0.4123
—0.1430

0.0042
0.0455
0.0289
0.0032

—0.0022
0.0119
0.0245
0.0153

—0.0099
—0.0237
—0.0154

0.0012
0.0103

—0.7232
—0.4123
—0.1430

0.0018
0.0393
0.0230
0.0044

—0.0039
0.0101
0.0234
0.0152

—0.0091
—0.0230
—0.0156

0.0008
0.0102

—0.7232
—0.4123
-0.1426

0.0031
0.0403
0.0229
0.0007

—0.0028
0.0108
0.0240
0.0159

—0.0085
—0.0224
—0.0154

0.0006
0.0100

—0.7232
—0.4123
-0.1426

0.0035
0.0416
0.0246
0.0025

—0.0012
0,0117
0.0245

—0.0169
—0.0078
—0.0221
—0.0151

0.0006
0.0099

—0.7232
—0.4123
—0.1426

0.0035
0.0419
0.0253
O.OO26

0.0003
0.0127
0.0246
0.0169

—0.0075
—0.0218
—0.0149

0.0007
0.0099
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TABLE II. Numerical values of 43.

ax

0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1 ' 8
2.0
2.2
2.4
2.6
2.8
3.0
3.2

—1.0473
—0.7259
—0.4282
—0.2361
-0.1197
—0.0538
—0.0136

0.0179
0.0371
0.0372
0.0132

—0.0170
—0.0256
—0.0127

0.0036
0.0111

—0.9583
—0.6229
—0.3033
—0.1322
—0.0648
—0.0396
—0.0149

0.0190
0.0455
0.0472
0.0174

—0.0187
—0.0284
—0.0136

0.0044
0.0122

—0.9483
—0.6161
—0.2991
-0.1128
—0.0313
—0.0125
—0.0060

0.0136
0.0366
0.0441
0,0207

—0.0160
—0.0286
—0,0141

0.0044
0.0124

—0.9394
—0.6108
—0,3033
-0,1268
—0.0456
—0.0202
—0.0103

0.0095
0.0319
0.0399
0.0202

—0.0136
—0.0273
—0.0145

0.0036
0.0118

—0.9366
—0.6126
—0.3025
-0.1232
—0.0517
—0.0221
—0.0130

0.0085
0.0300
0.0388
0,0197

—0,0130
—0.0265
—0.0143

0.0035 .

0.0120

1.5

and hence a higher-order approximation for the ex-
ponent in the Abe form of Eq. (14) is more accurate
at least in the sense that the magnitude of the error
function g (r) is smaller, or equivalently, the
sequential relation is more accurately satisfied. This
also suggests that the n-ordering scheme originally
introduced in the uniform limit could be useful in
more realistic problems such as liquid He.

TABLE III. Numerical values of the error functions.

I.O
7)3

0.5

FIG. 3. Error functions as function of 0 = r/D
(D =2.45 934 A).

0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1,6
1.8
2.0
2.2
2.4
2.6
2.8
3.0
3.2
3.4
3.6

1 ~ 5840
1.4334
1.0853
0.7132
0.4202
0.2278
0.1116
0.0375

—0,0142
—0.0438
—0.0420
—0.0115

0.0201
0.0282
0,0142

—0.0040
—0.0120
—0.0079

0.0010

0.7122
0,7102
0.6730
0.5706
0.4237
0.2697
0.1369
0.0401

—0.0139
—0.0311
—0.0174

0.0054
0.0126
0.0064

—0.0007
—0.0033
—0.0021

0.0000
0.0011

0.5161
0.4968
0.4727
0.4107
0.2970
0.1761
0.0895
0.0245

—0.0057
—0.0138
—0.0032

0.0082
0.0071
0.0017

—0.0000
—0.0005
—0.0000

0.0004
0.0000
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IV. CONCLUDING REMARKS

Here we present several remarks concerning the
approximations for pt''(I, 2, 3) and their relation-
ships to other works in closely related areas.

(i) Smallness of the magnitude of the error func-
tion q (r) is only a necessary condition for a good
approximation of p"'(1, 2, 3), and certainly not a
sufficient requirement. A best example to illustrate
this point is the convolution approximation
p, t3'(1, 2, 3) given by Eq. (11). It satisfies the
sequential relation exactly and hence its error func-
tion vanishes identically, but it fails to meet the con-
dition given by Eq. (10), and also according to
Berdahl's analysis" of the ground state of a boson
gas it gives an incorrect description even to lowest
nontrivial order in a perturbation theory.

(ii) The importance of the two diagrams of
Aq(1, 2, 3) given in Fig. 1 was demonstrated by
Pokrant, ' who included the two diagrams in his
evaluation of the liquid structure function and the
ground-state energy, leading to good agreement with
experimental values. It has also been demonstrated
that use of the same liquid structure function in a
perturbation calculation of the energy yields an even
better agreement. " Thus, our numerical result on
the error function q3(r) is consistent with these ob-
servations on the ground-state-energy calculation.

(iii) Important computer simulation studies of
p"'(1, 2, 3) have been made by Raveche and Moun-
tain. ' In particular, they have introduced a useful
quantity defined by

F(ri2lp ') =& d r3g(f/3)g(r23)

by Eqs. (14), (15), and (17)—(19) are all based on
the assumption that the ground state of the many-
particle boson system is described by the Jastrow
wave function

N

yJ = g exp[ —, u (r„)]-

where u(r) is the pair correlation function deter-
mined usually by variational procedures. '
The problem of expanding the trial function space
beyond the Jastrow function space has been con-
sidered by many authors, ""using the trial function
of the form

N

$0 = IJIJ g exp[ —,u3( r;, r, , rk) ]
i&j &k

(43)

where u3( r;, r, , rk) is the three-particle factor. In
particular, the importance of this factor is demon-
strated in recent studies by Chang and Campbell"
and Pandharipande, who show that the contribution
from the three-particle factor to the ground-state en-
ergy significantly improves agreement with experi-
mental observations. Chang and Campbell also find
in their study of the roton spectrum that
B3( r ~, r 2, r 3) produces an improved density depen-
dence over the pure Jastrow trial function and that
the amount of the improvement is sensitive to the
approximation for p'3'(1, 2, 3), or more precisely, its
Fourier transform S' '(k~, k2, k3). While the evi-
dence of the importance of the three-particle factor in
the ground-state wave function is abundant, very lit-
tle study has been made on the approximation for
p"'(1, 2, 3) based on such an expanded Jastrow form.

p (3)(1 (40)
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(r) =pF(r~p ) (41)

(iv) Derivations of the several forms for the
three-particle distribution function p"'(1, 2, 3) given
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