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Pseudopotential study of alkali metals: Unified approach

D. Sen and S. K. Sarkar
Solid State Physics Research Center, Physics Department, Presidency Co/lege, Calcutta, India

(Received 13 August 1979)

A comprehensive unified calculation of both the lattice static and dynamical properties for the whole
alkali-metal group (except Cs) in the pseudopotential framework is presented. Both Ashcroft and Heine-
Abarenkov pseudopotentials combined with different forms of static dielectric functions have been used to
calculate cohesive energy, equilibrium lattice parameters, second-order elastic constants, pressure derivatives
of second-order elastic constants, and phonon dispersion in the symmetry directions for the four alkali
metals Li, Na, K, and Rb. The mode Gruneisen parameters have been calculated for Na and K, for which
experimental data are available. It is found that the two-parameter Heine-Abarenkov potential in
conjunction with a dielectric function of a very simple form proposed recently by Taylor yields satisfactory
results. The Heine-Abarenkov potential, coupled with the self-consistent dielectric function of Vashishta and
Singwi, gives similar results. This agreement is justified from a comparison of the correction factor
introduced by the two dielectric functions, over the screening function of Lindhard.

I. INTRODUCTION

The vast literature on lattice dynamical studies
of metals abounds with examples in which for the
same crystal, and the same model, various auth-
ors in their calculations of different properties
use different values of the model parameters.
This is not a meaningful procedure. No significant.
conclusion about the strength and weakness of a
model can be made from the results of such calcu-
lations. On the other hand, one may put a model
to a stringent empirical test by calculating a large
number of different properties with the same set
of para, meters. Any artificiality in the values of
the parameters or shortcomings in the model itself
are bound to show up as a strong discrepancy in
one or more properties. Thus, through unified
studies alone, both the strength and limitations
of a model come out clearly. Brovman and Eagan'
have pointed out that a unified study is important
for checking even a microscopic theory.

The development of pseudopotential theory into a
practical computational tool has resulted in a
breakthrough in the studies of properties of met-
als, and during the last ten years or so, such
studies have made a tremendous impact. But, in
spite of their impressive success in solving spec-
ific problems, attempts at comprehensive unified
studies are surprisingly rare, even with local
pseudopotential models.

The first attempt at a unified study of metals, so
far as we know, appears to be that of Brovman
et g).' who used a local form of the Heine-Abaren-
kov potential for a unified study of some simple
metals. Krasko and Gurskii' ' also have made
some attempts, though in a somewhat scattered
manner, at a unified calculation of properties of
some metals using a two-parameter model pseudo-
potential proposed by themselves.

Recently Sarker et a).'have reported a unified
calculation using the Ashcroft pseudopotential in
a consistent way, for the whole alkali-metal group.
They obtained fair agreement for static properties.
But in the case of phonon dispersion, the maximum
disagreement with experiment was more than 40/p,
which clearly indicates the inadequacy of the Ash-
croft model for a comprehensive unified study. In
the process, they have also pointed out the incon-
sistency of an earlier calculation made by Price
et g). ,

' who in effect used three adjustable para-
meters in their calculation of some properties of
alkali metals.

In the present work, we wish to undertake a uni-
fied study of the properties of the alkali metals on
the basis of the local form of the two-parameter
Heine-Abarenkov pseudopotential. The model has
been used in conjunction with dielectric functions
proposed by Lindhard, ' Vashishta and Singwi, ' and
Taylor. ' Parameters used are best-fit parameters
with the harmonic equilibrium condition satisfied
exactly. Calculations with the Ashcroft potential
have been repeated, but with a better diele ctric func-
tion. The results are then critically compared
with those obtained by Sarkar et al. '

Elastic properties have been calculated using the
homogeneous deformation theory developed by Sen
et g)." Earlier Suzuki et g)."and Wallace" had
developed methods of homogeneous deformation
after Fuchs. " But their methods of ca,lculating
first the Fuchs elastic constants and then con-
verting them to Brugger elastic constants is rather
cumbersome. The long-wave method, on the other
hand, is very tedious and suffers from the defect
that the correct values are not obtained unless one
uses the third- and fourth-order-perturbation
terms in the dynamical matrices. %e have used
the straightforward method developed by Sen
et a3."by which second- and third-order ela, stic
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constants and their pressure derivatives can be
calculated in a simple and elegant way.

On the basis of the calculations made, our con-
clusions are as follows. (i) The Ashcroft model
does not give reasonable results for both the static
and dynamic properties simultaneously even when
better dielectric functions are used (surprisingly
enough, a dielectric function better than Lind-
hard's coupled with the Ashcroft potential. worsens
the results considerably). (ii) The Heine-Abaren-
kov potential combined with the Vashishta-Singwi
or Taylor dielectric function can yield quite satis-
factory results for lattice mechanical properties
for the entire alkali-metal group. (iii) Conduction-
electron exchange and correlation effects are suf-
ficiently strong so that thq use of a sound dielectric
function satisfying the compressibility sum rule
is very important.

In Sec. II, a brief outline of the theory is given.
In Sec. III, dielectric screening is briefly dis-
cussed. Section IV describes the results obtained
and includes a critical discussion of the results.

II. THEORY

For simple monovalent metals, the second-order
pseudopotential theory expresses the total energy
per unit cell for a perfect lattice as

U=E, (v)+E,(es}+E,(bs),

where v is the volume per unit cell. E,(v) is the
purely volume-dependent energy consisting of the
kinetic, exchange, correlation, and the non-Cou-
lomb part of the first-order pseudopotential energy
and is given by (in a. u. )

5.7427 1.4766E,(v) =
2i3

— ',i, —E„+—,(3+ 2u)y, . (2)

Here, E „is the correlation energy, and u and z,
are the two parameters of the Heine-Abarenkov
potential,

2 1,I'"II(x) =~ —) e "dx

and p is an arbitrary constant having dimension
cm ', G is a reciprocal lattice vector. The thirc',
term, E,(bs) is the band-structure energy given by

where e = e(v, G) is the static electron-gas dielec-
tric function, and gg~, the Fourier transform of the
potential V(r), is given by

Sm sinGg, l
wc = —,(1+I) cosGz, —uvt"' Gt', )

Thus the total energy per unit cell has three dif-
ferent types of contributions —(a) purely volume
dependent, (b) two-body central interaction in the
direct lattice space, and (c) volume-dependent
tmo-body central interaction in reciprocal space.

The expression for total energy shown above is
valid for any primitive lattice, and, following Sen
&p a)."one can easily calculate the elastic moduli
and their pressure derivatives in a straightfor-
mard way by expanding the energy expression in
terms of Lagrangian strain. .

Phonon frequencies of simple metals are calcu-
lated from an effective interaction between ions
mhich is the sum of direct Coulomb repulsion
between ions immersed in a uniform compensating
negative charge and ion-electron-ion interaction
arising from the screening of the ionic motion by
the conduction electrons. The contribution of the
first term to the dynamical matrix can be evalu-
ated by Ewald's method (see Born and Huang, '4

Vosco e] al."). The contribution of the second
term to the dynamical matrix, in the framework
of the second-order perturbation theory, is given
by

I
E,(es) = c e(c~, )

Q e-(w2 a2/c~)

wv G' vm c'v' (4)

where

V(r)= & (3)
e'

The second term in Eq. (1), E,(es), is the electro-
static energy of the positively charged ionic lattice
immersed in a uniform distribution of negative
charge and is given by, according to Fuchs, "

8(Q) =
2~ gE)c+Q((G+Q) (G+9)8

c

—Q FgG„Gg),

mhere I'~ is the energy-wave-number character-
istic.

The repulsive interaction due to core-wave-
function ove rlap is insignif icant, at least for light-
er alkali metals. " We have totally neglected this
part though it may have some effects in the case
of Bb.

The expressions for energy, elastic moduli, dyn-
amical matrix, etc. , for the Ashcroft potential,
in which the mell depth inside the core is zero,
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can be obtained by setting z = 0 in the correspond-
ing expressions for the Heine-Abarenkov potential.

III. DIELECTRIC SCREENING

() 1 Q.(q)
1 -f (q)QO(q)

(9)

where f (q), the local-field correction, will be dif-
ferent for different forms of dielectric functions.
Effectively, Eq. (9) introduces a correction factor
[1 —f (q)QO(q)]

' over the Lindhard value of e(q) —l.
In our calculations we have attached much im-

portance to the use of a sound dielectric function.
Prakash and Joshi ' made exhaustive calculations
in order to study the effects of dielectric functions
on lattice dynamics of a simple metal, Na. They
concluded that the dielectric functions developed
in a fundamental way are better than those where
some empirical factors are grafted. Up to recent
times, amongst the fundamentally developed func-
tions, those proposed by Geldart and Taylor, "
Toigo and Woodruff, "and Vashishta and Singwi'
are very keenly competing on fundamental grounds,
as well as on consideration of their success when
applied to the study of metallic properties. Prom
them we have chosen e(q) of Vashishta and Singwi
[e»(q)] because it satisfies the compressibility
sum rule more closely than do the other two
forms. This function, which is a modified form of
an earlier self-consistent function developed by
Singwi et al. ,2'~ also gives a physically acceptable

The dielectric formulation of the many-body
problem has been found to be very fruitful in
studying the degenerate electron gas and the me-
tallic properties which depend strongly on elec-
tron-electron interaction. Actually, the dielectric
function has a central role in the calculation of
properties of metals based on perturbation tech-
nique, and an accurate representation of this func-
tion is an important requirement for the calculation
of fundamental properties of metals.

The simplest approximation to e(q), the static
dielectric function, which incorporates the Fermi
statistics of the electron system, is the Lindhard
dielectric function given by

e(q) =1+Qo(q),

where Qo(q) is the Lindhard expression for
(-4~e'/q') times the susceptibility of the electron
system. But this dielectric function totally ne-
glects the conduction electron exchange and cor-
relation effects.

Following Hubbard" a very large number of di-
electric functions have been proposed in an attempt
to absorb the exchange and correlation effects and
almost all of them can be reduced to the form

0.1534
f(q~=~'e(0~=~'(~+

'

~
2
F ~

where

p(0) = lim f(q)/q'.

The author has pointed out that using this value of
P[= P(0)] for all values of q is equivalent to the
mell-established Kahn-Sham" exchange and cor-
relation approximation.

We have singled out the dielectric function pro-
posed by Taylor [e~(q)] because both its simplicity
and its initial success as reported by the author
are quite appealing.

It is the usual practice to plot the so called "ef-
fective-interaction" function f(q)/q' in diff erent
approximations for a comparative study of their
behaviors. " But it is found that dielectric func-
tions with widely diff erent effective-interaction
curves yield almost similar results when applied
to calculate metallic properties. We think it to be
more appropriate to compare the "correction-
factor" curves for different dielectric functions.
Figure 1 shows the correction-factor curves cor-
responding to (a) the Vashishta-Singwi analytical
form of f(q), (b) numerical values of f (q) given in
their paper, ' and (c) Taylor's f(q). For the entire
range of q, (b) and (c) are close to each other.
Their separation at q-0 is a reminder of the fact
that the Vashishta-Singwi dielectric function de-
viates slightly from the compressibility sum rule.
on the other hand, the large separation of the
curve corresponding to (a) from those correspond-
ing to (b) and (c) near q-0 is due to the fact that
the analytical form of the Vashishta-Singwi dielec-
tric function deviates considerably from the com-
pressibility sum rule, indicating that the extension
of this form to very low q values is not advisable.

It may be pointed out here that the large-q be-
havior of Taylor's f(q) given by Eq. (11) is quite
obviously in serious error, because in the large-
q limit, f(q) is rigorously a constant. But if we

pair-correlation function. The authors have fur-
ther suggested an analytical formula for the local-
field correction given by

f(q) =2[1 —e ' ~ '],
A. ,B being two constants for a given y, . k~ is the
Fermi wave vector. We have actually used this
analytical form of f(q) in our calculations using the
Vashishta-Singwi screening function.

Recently, Taylor' has suggested a very simple
analytical formula for e(q) which satisfies the com-
pressibility sum rule exactly and also has a good
formal justification. He suggested an analytical
formula for f(q) of the form,
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FIG. 1. Correction-factor curves corresponding to
Vashishta-Singwi (chain curve), Taylor (full curve), and

analytical form of Vashishta-Sirgwi broken curve) die-
lectric functions. All curves are drawn for r~=4 a.u.
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IV. RESULTS AND DISCUSSIONS

In our calculations, we have used both the two-
parameter Heine-Abarenkov potential and the one-
parameter Ashcroft potential. The Heine-Abaren-
kov potential has been used in conjunction with
Lindhard, Vashishta-Singwi, and Taylor dielectric
functions. The two parameters of the model are
best-fit parameters with the equilibrium condition
satisfied exactly. To suppress the tail-end oscil-
lations arising out of the discontinuity in the po-
tential, we used a sharp cutoff at a karge-q value.

The Ashcroft potential combined with both Lind-
hard and Taylor dielectric functions has also been
used to calculate the same metallic properties.
The lone parameter of the model has been deter-
mined from the equilibrium condition.

The calculated properties include cohesive ener-
gy, equilibrium lattice constant, second-order
elastic constants, pressure derivatives of second-
order elastic constants, phonon dispersion along

consider the value of e(q) —1, then due to the rapid
fall of Qo(q) (-1/q~), this serious error in f(q) has
only a mild effect in the large-q limit, and the
correction factor falls to one with a slightly small-
er rate compared to the VS correction factor, for
which f(q) has the right large-q behavior (see Fig.
1). Our investigation shows that this small differ-
ence is not of much consequence for the properties
we have calculated. It may, however, be of con-
siderable interest to examine if this difference
will show up significantly in some physical proper-
ties of metals where the large-q part of the dielec-
tric function plays an important role.

the symmetry directions, and mode Gruneisen par-
ameters.

In all cases the equilibrium lattice constants
were reproduced exactly. For cohesive energy,
the agreement is excellent in all cases.

For the Heine-Abarenkov potential, the use of
Vashishta-Singwi and Taylor dielectric functions
generate almost the same overall agreement in all
the static propert-'es. In both cases the result is
quite satisfactory. But for dz«/dp there is a sys-
tematic discrepancy for alk the four metals, the
maximum being of the order of 20% for Li. The
use of the Lindhard dielectric function worsens
the overall agreement only slightly. The Ashcroft
potential combined with the Lindhard dielectric
function yields reasonably satisfactory results
though definitely worse than those of the above cal-
culations. But surprisingly enough, the use of a
better dielectric function, such as that of Taylor,
worsens the results beyond all expectations. This
worsening is maximum in the case of Rb and min-
imum in the case of Li. Results of these calcula-
tions of static properties are shown in Tables I,
II, III, and IV for Li, Na, K, and Rb, respectively.

In phonon dispersion, the Ashcroft and Lindhard
combination produces quite disappointing results,
the maximum discrepancy exceeding 40%. Again,
as in the case of static properties, the use of the
Ashcroft and Taylor combination increases the dis-
crepancy, the maximum discrepancy shooting a-
bove 50%.

These facts indicate that the estimates of both
the first-order energy and band-structure in this
model are seriously in error, and the more or
less satisfactory agreement for static properties
produced by the Ashcroft-Lindhard combination
appears to be fortuitous. It also proves decisively
that the empty-core assumption in this model is
too drastic even in the cases of monovalent simple
metals.

Dispersion results improve considerably by em-
ploying the Heine-Abarenkov and Lindhard com-
bination except in the case of Li, for which almost
no improvement takes place. But the maximum
improvement is more than 20% in the case of Na,
25% in the case of K, and 30% in the case of Hb.

Striking improvement of calculated results takes
place with the use of Heine-Abarenkov and Vash-
ishta-Singwi or the Heine-Abarenkov and Taylor
combination. In both cases the overall agreement
comes within 1 to 2 percent. The only failure of
these combinations is in reproducing the crossing
of I. and T branches for Li along the (100) direc-
tion. The reproduction of this crossing probably
necessitates the introduction of nonpairwise forces
through the inclusion of third- and fourth-order
terms in the dynamical matrix. Sarkar et z$. '~
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FIG. 2. Phonon dispersion curves for Li at 90 K for different potential dielectric function combinations. {a) —.
Ashcroft+ Lindhard, {b) —- —~ —~ —Ashcroft+ Taylor, {c)— — Heine-Abarenkov+ Lind, (d) —————Heine-
Abarenkov + Vashista-Singwi, (e) Heine-Abarenkov + Taylor. Experimental points which are taken from Smith
et al. (Bef. 41.) are indicated by C) for longitudinal branches and o and x for transverse branches.

while tackling this problem in the framework of a
phenomenological model, came to the conclusion
that the inclusion of at least three-body terms in
the dynamical matrix is an absolute necessity for
the reproduction of this crossover.

Results of the calculation of phonon frequencies
with different models together with the experimen-
tal values have been shown in Figs. 2-5.

Mode Gruneisen parameters for Na and K have
been calculated using Vashishta-Singwi as well as
Taylor dielectric functions combined with the
Heine-Abarenkov potential. The two dielectric
functions again give similar results. For Na, a
few experimental data" are available at low q
values. For these q values, our calculated results

agree very well with the experiment and are al-
ways within experimental errors. For K, the
agreement with the experiment" is not so good.
Taylor et al. ~ have pointed out that this discrep-
ancy is common to all pseudopotential calculations.
In the present case, the agreement is not worse
than any of the calculations existing in the litera-
ture. 7 " The calculated and experimental results
are shown in Figs. 6 and 7.

For the entire set of static and dynamic proper-
ties of metals under study, roles played by analyt-
ical

&vs�

(q) and er(q) seem to be identical. This may
appear surprising as their "effective-interaction"
curves are widely different. On comparing, how-
ever, the correction-factor curves for &vs(q) (an-

[ioo]

Xy //

[iio]

//
//y

3
N

N
O

2

0
0 0.2 0.4
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FIG. 3. Phonon-dispersion curves for Na along symmetry directions at 90 K. Experimental points are taken from
Woods et al. (Ref. 42). Other descriptions are the same as in Fig. 1.
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FIG. 4. Phonon dispersion curves for K at 9 K. Experimental points are taken from Cowley et aE. (Ref. 43). Other
descriptions are the same as in Fig. 1.

alytical) and zz (q), we find them to be very close
in the region q ~ 0.8k~. For q & 0.8k~, there is a
significant difference but there is no reflection of
this difference in the corresponding calculated
values of different properties. We conclude,
therefore, that the correction factor to e(q) is im-
portant in the region 0.8k~ & q ~ 2k~. Beyond 2k~
the correction factor is insignificant. Probably,
the region q ~ 0.8k~ would be important if one used
the long-wave theory' for the calculation of elastic
constants, in which case, we believe, evs (analyti-
cal) would give results considerably different from
a~, as is evident from the curves in Fig. 1.

The discrepancies still remaining may be due to

one or more of the following causes.
(i) In the present calculation we have neglected

the third- and fourth-order-perturbation terms.
It has been shown by Brovman et pl. ' that these
terms have contributions which are not always
negligible.

(ii) We have restricted ourselves to harmonic
approximations. But anharmonic effects may be
playing a significant role in some cases.

(iii) We have calculated harmonic values of static
properties. But the want of sufficient experimental
data (particularly in the case of pressure deriva
tives of elastic moduli) for the extrapolation to
harmonic values, may lead to significant error in
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FIG. 5. Phonon dispersion curves for Rb at 120 K. Experimental points are taken from Copley et al. (Ref. 44). Other
descriptions are the same as in Fig. 1.
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FIG. 6. Calculated mode Gruneisen parameters for
Na corresponding to H-A+ Vashishta-Singwi (broken
curve) and H-A+ Taylor (full curve) combinations. Ex-
perimental points which are taken from Ernst et al.
(Bef. 25) are indicated by 0 for longitudinal, for trans-
verse (T or T&), and S for transverse (T2) branches.

FIG. 7. Mode Gruneisen parameters for K. Experi-
mental results are taken from Meyer et al. (Ref. 26).
Other descriptions are the same as in Fig. 6. For the
[110] T2 mode both curves coincide.

our estimate of the harmonic data.
(iv) The local nature of the pseudopotential used

in our analysis may also introduce some discrep-
ancies. Particularly for Li, nonlocality seems to
be important.
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