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The isotope effect on the Curie temperature is evaluated using our recent disscussion of the
phonon contribution to the Stoner enhancement factor. An isotope effect exists only if the pho-
non contribution to the short-range Hubbard-type exchange interaction contains the small Mig-
dal factor. The value of a=(M/T)(dT/dM) is =1 or <<1 depending on whether or not the
phonon contribution is pertinent for the magnetic transition. .

The electron-phonon contribution to the Stoner
enhancement of the Pauli spin susceptibility is of
some interest for the magnetic properties of ZrZn,
and of other metallic substances that become weak,
itinerant ferromagnets at low temperatures.'™ The
phonon contribution to the short-range Hubbard-type
exchange interaction should lead to an observable ef-
fect, namely the isotope effect on the Curie tempera-
ture. This effect was first predicted by Hopfield*® in
a qualitative manner. It is the purpose of this note to
evaluate this effect based on our recent discussion of
the phonon contribution to the Stoner factor S.*

By definition, for finite temperature T,

S(7)=1lim lim X&) _ !

= 1)
T—049(—0 Xo(q, 7) 1 —1x0(0,7)

where X and X, are the susceptibilities of the interact-
ing and noninteracting systems, respectively, and

g =(q,q0). By taking Eq. (1) as our starting point we
ignore Moriya’s spin fluctuation part in the free ener-
gy and hence in X that is caused by mode-mode cou-
pling and that has been calculated by Gumbs and
Griffin.*®®> The corresponding effect on « is small.
The irreducible particle-hole interaction / is assumed
to be temperature independent and consists of the
Hubbard exchange interaction (equal to the intra-
atomic Coulomb repulsion) /. and the phonon contri-
bution /._,,. For convenience, we redefine the
quantity /X,(0,7) by writing

1X0(0.T) =T(T) =1 Xppon(0.7T) . (2)

where Xphon is the bubble diagram X, completely re-
normalized by phonons, that is, by the zero-point vi-
brations of the lattice. The quantity Xypeq is discussed
in Ref. 3. The Hartree-Fock criterion for ferromag-
netism is that S becomes infinite. Under this condi-
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tion the Curie temperature 7 is given by

N"(Er)

T(T¢) = 1.Xpnon(0.0) 1+%w2W
“F

(I\'BT(‘)Z =1 B

(3)

where the = indicates that the temperature depen-
dence of Xpnon(0.7) is approximately given by that of
Xo(0,7) for kg T¢ << Er (equal to Fermi energy at
temperature T), that is, for weak itinerant ferromag-
nets. Here N (Ef) is the bare density of states per
spin at Er.4¢) For a parabolic band, we have

N"(E:)/N(E)=—1/4E¢ .
From Eq. (3) we get

. —|i/2
6 N(E) 1]
kyTe=|———t ™ 121 (4)
BRCT N m N(Ey) T

where 7 =1.Xpnon(0.0). Equation (4) yields a finite
value of T¢ if I>1and N""(E;) <0. This case ap-
plies not only to a parabolic band but also to the case
where E lies near a peak in the density of states as
indicated for ZrZn, by recent band-structure calcula-
tions (cf. Fig. 1).57°
The isotope effect on the 7 is given by
M (/T(' 1 Ic dxphon

L. L S LI Y . 5
T aM T 2 (-1 aM )

where M is the ionic mass and Xynon = Xpnon(0.0).
Since it is a difficult task to evaluate X0, to order
wp/Er (equal to the ratio of the Debye energy to the
Fermi energy), we presented in Ref. 3 a qualitative
discussion of the three different bubble diagrams that
involve a single phonon line only. In particular we
estimated the contribution of the ‘‘phonon-
exchange’” bubble [cf. Fig. 3(a) of Ref. 3] from an
analysis of the lowest-order phonon correction to the
electron-phonon vertex. The result can be written in
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FIG. 1. Density-of-states peak, N (E), and its first two
derivatives near the Fermi level Er (schematic): Ef falls on
the “‘low side’’ of the peak as in Refs. 6 and 7.

the form

chphon=7c+l_e1-ph- (6)

I.=I.N(Ep), lepn=e€(wp/Er)Xgcs

where Apcs is the BCS coupling constant and € is a
parameter of order one, the sign of which we have
not been able to determine. We point out that the en-
tire M dependence of Xphoq is due to the ‘“Migdal fac-
tor” (wp/Er) in Ty pn. If Ty p, were simply equal to
Ascs. as suggested in Refs. 1 and 2, then there should
be no isotope effect at all. Substitution of Eq. (6)
into (5) gives

| lel-ph
o == (7)
4 71(I—-1)

a=—

with 7., given below Eq. (6). In order to estimate
« let us assume that I. =1, i.e., that the ferromagne-
tism corresponding to I > 1 is due to the small pho-
non contribution I_c]_,,ht It is immediately seen from
Eq. (7) that, in this special case, a = —%. A value of
la| = 1 would seem to be a reasonable upper limit
for the magnitude of this effect.

We now wish to discuss the experimental attempt
to measure « in ZrZn, by Knapp, Corenzwit, and
Chu'? in terms of Eq. (7). The authors find that the
best experimental value to describe the Zr-isotope ef-
fect on T is given by

az;=02+0.2 . (8

This value of ay, is arrived at after the effect of im-
purity scattering on the 7¢’s of the four different Zr
isotopes is corrected for by assuming a linear rela-
tionship between T and Ty, the superconducting
transition temperature of Zr metal which exhibits no
isotope effect. The agreement between Egs. (7) and
(8), assuming that /., =1 — 1, that is, the electron-
phonon interaction tips the balance towards ferromag-
netism, may be accidental but it appears that the
large isotope effect predicted before®**) is in con-
flict with Migdal’s theorem. This conclusion gets ad-
ditional support when we calculate « using recent
band-structure calculations.’™® All of the authors
seem to agree that the Fermi level £ is situated in a
huge peak in the total density of states as indicated in
Fig. 1, and that £ falls on the ‘‘low side’’ of the
peak (cf., e.g., Ref. 6). Because of this location where
N (E) changes rapidly, the calculated values of

N (Ep) differ somewhat, the numerical values range
from 42 states per Ry spinZrZn, in Ref. 7 to 64 in
Ref. 5. Glotzel and Andersen’ also calculate the
intra-atomic Coulomb interaction at a Zr atom and
find /. =42 mRy, hence they quote I, =1.17. Taking
their numbers at face value and assuming thereby
that the balance towards magnetism in ZrZn, is not
significantly affected by phonon ‘‘exchange’’ we get,
setting / =1, in Eq. (7), a=—1.31,,,. To estimate
[—e,_ph we take the Debye temperature, ®p =370 °K.'!
For the Fermi energy Er we take the value, 0.075
Ry, given by the band structure’ when the Fermi lev-
el is measured whith respect to the Fzs’ level. As

pointed out in Ref. 7, the energy band responsible
for the peak in the density of states near Ef is the
one going from the Fzs’ level to the uppermost X,

and L levels (cf. Fig. 2 of Ref. 7). The above value

for Er should be a fair estimate for the 4d electrons

at the Fermi surface to delocalize themselves,

relevant for Migdal’s theorem. Using these values,
wp/Er=0.03, we get a=—0.04ergcs. This a value

is much smaller than the one calculated above under
the assumption 7,.,,=/ — 1. However, this « value,
too, is within the experimental bounds given by Eq.(8).
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Hence, the present experimental state of affairs for
the isotope effect on T¢ in ZrZn, does not allow for a
conclusion on whether or not I—e|_ph is important in
that it tips the balance towards the observed fer-
romagnetism. Equation (8) does, however, indicate
that /,_,, is probably positive. If the small phonon ef-
fect plays a pertinent role, I—e,_ph =/ -1, we expect
the isotope effect to be large, that is |a|<1. If, on
the other hand, the weak ferromagnetism is caused
primarily by the ordinary exchange interaction
between electrons, we expect |a| << 1. An experi-

mental attempt to measure « with a small error mar-
gin on clean samples whould help to determine
whether or not phonons play a significant role for T¢.
Note added in proof. We take Agcs as independent
of M and attribute the deviation of the superconduct-
ing isotope effect from its normal value of
~1/2( T gypere. M%) as being entirely due to the
Coulomb pseudopotential for the scattering between
electrons near the Fermi surface [see J. R. Schrieffer,
Theory of Superconductivity (Benjamin, New York,
1964), p. 187.]
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