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Compound geometrical resonances in superconducting proximity-effect sandwiches
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In superconducting —normal-metal sandwich structures in which the pair potenti il has abrupt

spatial changes, Andreev scattering occurs in which electronlike and holelike excit itions ~re in-

termixed. The Tomasch effect, Rowell-McMillan oscill &tions, and de Gennes —S iint James
bound states result from interference of these excitations»ithi» «»i»t;/f. /il/~~. In this paper we

discuss f ol~~posir~f/ le»oi~a/~re» which can occur in both /il&~f» of a sandwich structure in which e ich
film is clean and has a thickness on the order of its coherence length. Two of the compound-
resonance effects have the following interpretations: (I) Below the energy g ip, the de
Gennes —Saint James bound states split into energy bands. (2) Above the energy gap, reso-
nances occurring with different frequencies result in i beating of the oscillations of the density
of states as a function of energy. A number of previously puzzling or poorly understood
features of published experimental dati are shown to be consistent with compound-reson &nce

effects. Suggestions are given for systematic experiments.

Proximity effects in superconductors are now being
used to study the vibrational' and the electronic'
properties of normal metals and superconductors.
Although these uses rely on generalizations of
theories initially used to explain geometrical-
resonance experiments, ' aspects of these resonance
experiments are still not understood. ' In this paper
we trace this lack of understanding to an often inap-
propriate assumption incorporated in the theories
used to interpret the data. These theories' describe
two-layer sandwiches with back layers assumed to be
sufficiently thick and dirty to allow the neglect of re-
flections off their back surfaces. Experimentally the
back films are usually thinner than the front films,
and often these back reflections cannot be neglected.
The theory we outline here treats all of the reflec-
tions occurring within two-layer sandwiches. 6 Qualita-
tively new effects are predicted, and these provide a

natural interpretation of previously puzzling aspects
of a number of experiments.

We consider a two-layer sandwich consisting of a
superconductor a with a pair potential 5, between
x = —d, and x = 0 and a second superconductor h

with pair potential Aq between x =0 and x = dq. The
Hamiltonian for such a sandwich is

f2 $2
H (x) = ——,—p,„r3+A(x) 7,

2t)1

where 2nt is Planck's constant, »t is the electron ef-
fective mass, and r; are Pauli matrices in Nambu
space. We have Fourier transformed the v and:
dependence to k ~]

= (0,k~, k, ) and have defined p,„as

p,„(kii) =5'(kF' —kii )/2iii = li'ki-'—/2ni

where kI- is the Fermi wave vector. The zero-
temperature Green's function satisfies

[E —H(x)]G(xx'; kii, E) =5(x —x')

We use the boundary conditions" G (db, x')
= G (xdi, ) = 0, ,r)G/r)x = 0 at x = —d, , and
BG/Bx' = 0 at x' = —d, .

Equation (2) can be solved by matching, at x =0,
the Green's functions of two homogeneous thin-film
superconductors, The local density of states for one
spin projection N (x, l. [[) normalized to its normal-
state value of in/(t'ki- ) is then given by I'kr—

X x
x (rrin) ' ImG i, (x,x, k~~ E) Tnorapproximat. ely ac-
count for impurity scattering and for the depairing in-
fluence of the proximity effect, we give F a fiitite im-
aginary component of magnitude fui /2I, where uF is-
the Fermi velocity and / is the mean free path.
Neglecting corrections of order 6,/p. „and averaging
over spatial oscillations which occur on the scale of
I/kF, we find

/V ( d, kii) = Re [D [e, sinoi, cosiuq + ~b sinoib cosiu, + 5, ( eq5, —e, 5q ) siniuq( cosiu, —l ) ] } (3)

~here

D ' = l —[ cos(0, cosoii, —(6, Ei, 5,5i, ) siniu, sinrub ]'

iu; =20;d/fui-, uF =tkF /inc; = E/0,;, 5; = 5 /t);, and 0, = E' —b
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This result simplifies considerably at high energies
where, neglecting terms of order (8/E)4 relative to 1

and to sinh [(d, +d~)/I], we fmd

N( —d„kg) = Re[1+—82+8, (8p —8, )A

+ —,
' (8.—8„)'W'],

where A =sinrob/sin(co, +co~) and here 8; 8.;/E.
The first two terms in Eq. (4) are the high-energy ex-
pansion of the BCS density of states. In sandwiches
with thick back layers, the third term leads to
Tomasch oscillations (periodicity huq /2d, ) and the

X

fourth to McMillan-Rowell osciilations (periodicity
huF /4d, ). Below we study the dependency on back-

X

ing thickness predicted by Eq. (3).
Figure I shows the local density of states (for

k]] 0 as is approximately valid for tunneling experi-
ments) at the surface of a superconductor (a =s) of
normalized thickness 2d, d, (fur) '—= 2d, (ng, ) '=20
backed by normal-metal layers (8 =n) of various
thicknesses. The bottom plot shows Tomasch oscilla-
tions for a sandwich with a thick enough back layer
[2d„(mg, ) ' = 100], so that reflections off its back
surface are inconsequential. This is the limit
described by earlier theories. For thinner normal-
metal backings [2d„(mg, ) '=5.0, 2.5, 1.25], in-

terference effects also occur in the back layer and the
combination of the resonances in both layers results
in a beating pattern in the oscillations of the density
of states. As the thickness of the back layer is
halved, the energy spacing of the oscillation cancella-
tions can be seen to doubie. Eventually [as for
2d„(n g, ) ' =0.62], the energy at which the first can-
cellation occurs becomes quite large and and only res-
onances occurring in the front film are evident. Fi-
nally, in the limit of an extremely thin back layer
[2d„(rrg, ) ' =0.04]. the amplitude of the Tomasch
oscillations vanishes [iinearly with d„according to Eq.
(4)], and the density of states becomes BCS-like.

In Fig. 2 we show the local density of states (for
k„=0) at the surface of a normal metal (a = n) of
normalized thickness 2d„h, (gvF) ' =2d„(~g, ) ' =5
backed by superconductors (b = s) of various thick-
ness. The bottom plot [2d, (7rg, ) '=100] is the
thick-backing limit described by earlier theories.
Below d, there are two de Gennes —Saint James
"bound states, " and above 4, McMillan-Rowell oscil-
lations occur. As the thickness of the superconduct-
ing backing decreases [2d, (rr g, ) ' = 20 and 6], addi-
tional oscillations appear for E & h, due to resonant
effects occurring in the back film. The resulting
compound oscillations are the normal-side analog of
those we identified in Fig. I for the superconducting
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FIG. 1. Local density of states for k}] 0 at the surface of
a superconductor of normalized thickness 2d, (m(, ) ' = 20
backed by normal-metal layers of various thicknesses. The
mean free path / =d, . Successive curves are displaced verti-
cally by 0.6 units.

FIG. 2. Local density of states for k~]=0 at the surface of
a normal metal of normalized thickness 2d„(ng, ) ' =5
backed by superconductors of various thicknesses. The mean
free path / =6.7d„. Successive curves are disp4ced vertical-

ly by 1.0, 1.0, 2.6, 1.6, and 1.0 units.
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side. For still thinner back films [2d, (ng, ) ' =2.0,
1.0, 0.2] a second compound-resonance effect occurs
in these sandwiches. The bound-state peaks can be
seen to spread into wider and wider bai~ds of bound
states as the backing thickness decreases. Eventually,
the bands widen to the point where the band gaps be-
come barely discernible, and we recover the flat den-
sity of states of an isolated normal-metal film. The
band structure persists on the superconducting side
as well, as incipient band gaps in the top plot of Fig,
3 indicate.

A simple analogy illuminates the nature of these
bands. This two-layer problem with perfectly reflect-
ing boundary conditions is equivalent to an infinite-
medium problem with a pair potential having periodic
up and down steps. Narrow bound states localized
in normal-metal regions separated by thick supercon-
ducting regions split into bands as the thickness of
the intervening layers decreases. The bands are one
dimensional with square-root singularities at the band
edges.

The most convincing experimental evidence for
these compound resonance effects would be an expli-
cit demonstration of the predicted dependence on
backing thickness. Unfortunately, the only experi-
mental study of a dependency on backing thickness
used sandwiches with very thin backings. Nedellec
et at. studied 1.65-p, m Pb films
[2dp&bp&(huFP~) ' =7.15] backed by 1165 to 330 A of
Al [2d„~hp~(huFA') ' =0.380 to 0.1081 and observed
decreasing Tomasch-oscillation amplitudes with de-
creasing Al thickness. The amplitude decrease is
consistent with the thin-backing limit of our theory. '

A number of experiments done at fixed-backing

M
LLI 6—
M

LL0 2dn
= 0.9

M
X
hJ 2—
O ~100

0 I I I l I I I

ENERGY ~
E

S

FIG. 3. Local density of states for k~[=0 at the surface of
a superconductor of normalized thickness 2d, (m(, ) ' = 7.75
backed by thick and thin normal metals. The mean free
path I =4d, . The top curve is displaced vertically by 1.5
units.

thickness show features which are difficult to explain
with the conventional theory but are easily explained
using the present theory: (1) When tunneling from
Pb into a 2000-A-Sn —3000-A-Pb sandwich, Romag-
nan and Guyon" observed a gradual increase in

current between voltages (normalized to the Pb gap)
of eV/Spy= 1.55 and 2, no increase from 2 to' 2.22,
and a linear increase above 2.25. Using the stated
film thickness, Sn and Pb Fermi velocities of 0.81
and 0.98 & 10 cm/sec, and Sn and Pb gaps of 0.72
and 1,4 MeV, we predict a broad band in the Sn sur-
face density of states for normalized energies E/Apg
between 0.75 and 1.1 and a band gap between 1.1

and 1.45. Shifted by unity because of the Pb coun-
terelectrode and allowing for some thermal smearing,
these features in the density of states explain those in

the experimental current-voltage characteristics. (2)
Nedellec et at. ' also observed larger-than-expected
"subharmonic" (actually harmonic) oscillations in the
dynamic resistance of junctions made on Pb with Al,
Cu, and Fe backings, and pointed out that others""
had seen s.imilarly enhanced oscillations. The top
plot in Fig. 3 is actually for the Nedellec et al. 1.79-
p, m —Pb —0.28-p, m —Cu sandwich. It displays much
stronger harmonic oscillations, due to incipient band

gaps, than does a sandwich with a thick backing (the
bottom plot) as described by the conventional theory.
(3) Rowell4 '4 studied Pb-oxide-Zn-Pb junctions with

Zn thickness of 1.3, 2. 1, and 3.5 p, m and Pb backings
of 0.3 p, m, and observed in conductance plots a

number of bound-state peaks. Each of Rowell's two
thinnest samples displayed a lowest-energy peak with

a squarish shape compared to the more rounded
shape of the higher-energy peaks. The structure of
these lowest-energy peaks is the least smeared by
finite-lifetime effects. Using Eq. (3) with a Pb gap
and a Pb Fermi velocity as above, a Zn gap of 0.13
meV, and a Zn Fermi velocity of 1.5 x 10' cm/sec,
we calculate bands of widths 0.37 and 0.26 meV for
the lowest-energy peaks in the samples with 1.3 and
2.0 p, m of Zn, respectively. These widths compare
favorably with observed widths of about 0.40 and
0.28 meV, respectively. (4) Rowell4 also observed,
from about 4.0 to 5.5 mV, a drop in the amplitude
of conductance oscillations relative to the amplitudes
at both higher and lower energies. Our theory
predicts the first interference minimum in the oscilla-
tion amplitude of Rowell's junctions to occur at 4.9
mV. (5) Finally, Rowell4 noted a jump in the phase
of the oscillations at voltages near 4.5 mV. In the
present theory this phase jump is associated with a
change in character of the oscillations from com-
pound oscillations occurring in both layers to simple
oscillations occurring in the front layer. The change
results from an increase in damping within the Pb
back layer due to phonon emission.
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