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We measured simultaneously the pressure, volume, temperature, and ultrasonic longitudinal
velocity in fluid *“He from 75 to 300 K and 2 to 20 kbar. The data were fitted to a Benedict-type
equation of state from which various thermodynamic quantities were calculated. From 75 to 97
K the measurements extended into the solid region, yielding values of the melting properties
and new constants for the Simon melting equation. We used the Lindemann relation to deter-
mine a Debye temperature from which the ultrasonic transverse velocity of solid *He was es-
timated. The melting entropy was analyzed to determine the contribution due to disordering of

the atoms.

I. INTRODUCTION

Helium, the second most abundant element in the
universe, accounts for only a small fraction of the
earth’s crust, where *He is formed by the radioactive
decay of heavy metals. Although identified in the
solar spectrum in 1868, helium was first isolated on
earth in 1895. The gas was liquefied in 1908 and
solidified in 1926. Gaseous, liquid, and solid *He and
its lighter isotope *He have been studied intensively
for the past 30 years to help test and refine the con-
cepts of quantum statistical mechanics.

The industrial use of helium is presently quite
small, but there are predictions of future large-scale
applications in "high technology" where liquid helium,
boiling at low pressure, might be employed to cool
massive superconducting devices. At extremely high
pressures and temperatures, helium appears as a pro-
duct of hydrogen fusion and is of interest to astro-
physicists and those working to produce thermonu-
clear energy. There is thus a need for helium
equation-of-state data over a wide range of pressures
and temperatures.

As shown by Wilson er al.! in a survey of experi-
mental P-V-T (pressure-volume-temperature) data
for helium, the low-pressure and low-temperature re-
gions have been rather thoroughly investigated. At
high pressures and temperatures, however, the data
are spotty and often of low accuracy.

McCarty? made a critical evaluation of the thermo-
physical properties of fluid (gaseous and liquid) *He
and presented calculated values in tabular form up to
T =1500 K and P =1 kbar (1 kbar = 0.1 GPa).
Bilevich and Pitaevskaya® measured the density of
fluid helium to 3 kbar at elevated temperatures and
used their earlier ultrasonic data® to calculate the
heat-capacity ratio. The ultrasonic velocity in fluid
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*He was measured at 298.2 K by Vereshchagin er al.’
up to 3.5 kbar and by Nishitake and Hanayama® up to
10 kbar. Fluid compressibility measurements were
made by Tsiklis er al.” to 7 kbar, still considerably
below the 15-kbar pressure attained by Bridgman®® in
his relatively crude, pioneering work on helium.

In 1959 the melting properties of *‘He and *He were
measured up to 3.5 kbar by Grilly and Mills'® who
discussed the earlier melting-curve data of others.
Subsequently Crawford and Daniels'' determined the
melting curve to 10 kbar and Langer'? measured one
melting point at 14.14 kbar and 77.3 K. Very recent-
ly Pinceaux and Besson'? reported the melting pres-
sure of *He to be 115 kbar at 297 K from observa-
tions made in a diamond-anvil cell.

Both helium isotopes solidify in three crystal
forms'*'3: body-centered cubic (bcc), hexagonal
closest packed (hep), and cubic closest packed (ccp),
with the ccp phase occurring at the highest tempera-
tures and pressures. The first high-pressure studies
of solid *He and *He were made by Stewart'®'" to
measure the relative molar volume of the hcp form
up to 20 kbar at 4 K. Spain and Segall'® combined
existing data on solid *He to devise an equation of
state which they extrapolated to 20 kbar for use as a
pressure scale in experiments where solid helium
might serve as a pressurizing agent. The large plas-
ticity of solid helium was demonstrated by Suzuki'®
who forced a steel ball through constrained solid and
by Sanders et al.?® who measured the deformation of
free-standing crystals. We have suggested?" ?? that
solid *He would be an ideal, low-Z, highly plastic, in-
ert, pressure medium for squeezing other samples in
diamond cells.

We present measurements of P, V, T, and ultra-
sonic velocity ¥ made on fluid and solid *He over the
range 75 < T <300 K and 2 < P <20 kbar. A pre-
liminary account of the work has already been given.?
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II. EXPERIMENTAL

The belted-anvil piston-cylinder apparatus and the
experimental procedure used in the present study
have been described in previous articles.?*™? Briefly,
a supported tungsten-carbide cylinder 0.64-cm i.d.
was filled with a known charge of helium gas at room
temperature, whereupon a tungsten-carbide piston
was pushed with a hydraulic press into the cylinder
past the filling line to isolate and compress the sam-
ple. The piston-cylinder apparatus was then held at
some constant temperature while the relative volume
and ultrasonic velocity of helium were determined as
a function of increasing and decreasing pressure.

Pressures were measured with a free-piston gauge
in the hydraulic system of the press. Volumes were
calculated from dial-gauge readings of the piston po-
sition. And temperatures were determined from cali-
brated thermocouples located near the top and bot-
tom of the cylinder. We made simultaneous mea-
surements of ultrasonic velocity « by timing both 10-
and 30-MHz sound pulses over a fixed path in the
sample and observed no dispersion effects.

Transitions into the solid phase were carried out
slowly to insure that conditions remained near equili-
brium. Our helium gas contained about 30-ppm im-
purities, almost all of which was neon. The experi-
mental error in Pand T was around 0.3%, while that
in V ranged from 0.2% at low P and high T to about
0.5% at high Pand low 7. The error in u was about
0.4% overall and was less at higher densities where
there was better acoustic impedance matching in the
ultrasonic cell.

III. RESULTS
A. Data set
Experimental values of the molar volume of heli-

um were needed to determine the initial quantity of
gas in our cell at each filling. We found the room-
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where M is the molecular weight and C, (7) is the

heat capacity at some normalizing low pressure Py,
and is a function of T only. Since v in Eq. (1)
depends on derivatives of the molar volume with
respect to pressure and temperature, ultrasonic data
have an important influence in shaping and refining
an equation of state (EOS).

For an EOS explicit in V,
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temperature measurements of McCarty,? Wiebe

et al.,*® and Biggs and Howard?®! to be highly con-
sistent, disagreeing by only +0.1% at their highest
pressure of 1 kbar. In contrast, the molar volumes
of Tsiklis er al.” are 1% higher and those of Bilevich
and Pitaevskaya,’ extrapolated from higher tempera-
tures, are 0.6% lower. We therefore used the data of
Refs. 2, 30, and 31 to determine a cell loading at
295.5 K and 0.75 kbar from which pressure a
compression was made to 3 kbar. Based on values of
V from this run, a second loading was made at 1.4
kbar and pressurized to 10 kbar. All subsequent fill-
ings were normalized to molar volumes from these
two experiments.

We made measurements along ten isotherms,
spaced about 20 K apart, between room temperature
and liquid-nitrogen temperature. In addition, nine
isotherms were investigated between 295.1 and 298.7
K and two were measured at 75.2 K, giving a total of
670 sets*2 of P, V, T, and wu.

The isothermal sets of ur(P) and V(P) for heli-
um were checked for computational errors by fitting
them to an expression of the form ur, Vy=aP® The
exponent b was about % for ur and —% for Vy, mak-
ing the product of ultrasonic velocity and molar
volume almost independent of pressure along an iso-
therm. This behavior was found also for hydrogen?’
and deuterium?® and, as discussed previously,33 is
contrary to Rao’s law for liquids and to the free-
volume model.

B. Equation of state

When independent values of the ultrasonic velocity
u are combined with pressure-volume-temperature
data, the system becomes overdefined in the sense
that u is already derivable from the P- V-T relation-
ship
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it is fairly easy to combine v with the usual variables
P, V, and T to evaluate the parameters in f(P,T).
This can be done self-consistently by employing a
double-process least-squares fit in which the sum
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is minimized for n sets of P, V, T, and u experimen-
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tal data points.
We chose as our form of Eq. (2) the empirical
EOS,

3 2
V=73 3 AmT"*P"P=f(PT) , 4)

me=1 p=—2
introduced by Benedict** who simplified the equation

to
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by eliminating the six least important terms. Before
we could fit our P-V-T data to Eq. (5), we had to
evaluate CPo( T) in Eq. (1) at our lowest experimental

pressure Py=2 kbar. Unfortunately values of the
constant-pressure heat capacity for *He are known?
only up to 1 kbar over the range 75—300 K.
Although the C, isotherms are highly irregular, we
were able to make graphical extrapolations up to 2
kbar with estimated errors no larger than a few per-
cent. The resulting values of C”o( T) at Py=2 kbar

were fitted to a polynomial in 7 giving (in J/mole K)

C,-=0.0739607 —3.8754T'2+91.968
—52381T7°Y241299.1 71 | (6)

which is valid over the range 75 < T < 300 K.

Using Egs. (1), (3), (5), and (6) and our 670-point
data set,’? we determined the EOS of fluid “He to be
(in cm*/mole)

V =(22.575+0.0064655T —7.264 5T~'/2) p~'/3
+(—12.483 -0.024 549T) P23
+(1.0596 +0.10604 T —19.641 T2
+189.847°1) P! @)

in the region 2 < P <20 kbar and 75 < 7 < 300 K.
In Figs. | and 2 we show V and u, respectively, cal-
culated from Eq. (7) and plotted versus pressure
along five isotherms at 100, 150, 200, 250, and 300 K.

Figure 3 is a deviation plot of (Vo — Veac)/ Veare
in percentage as a function of pressure at different
temperatures to show the quality of fit. A similar
plot of (Uexp— Ucarc) /Ucarc is shown in Fig. 4. For the
370 selected points in Figs. 3 and 4, the average devi-
ation in Vis £0.3% and that in v is +0.5%, which
approximates our experimental error.
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FIG. 1. Molar volume of fluid *He as a function of pressure along five isotherms computed from Eq. (7). Solid line, 300 K;

dotted line, 250 K chain-dot line, 200 K; short-dash line, 150 K; chain-dash line, 100 K.
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FIG. 2. Ultrasonic velocity in fluid *He as a function of pressure along five isotherms computed from Egs. (1), (6), and (7).
Solid line, 300 K; dotted line, 250 K; chain-dot line 200 K; short-dash line, 150 K; chain-dash line, 100 K.
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FIG. 3. Percent deviation of measured molar volumes from those calculated from Eq. (7). About 370 points for *He are
shown. O.T=295K;*, T=287K; A, T=273K; +,T=249K; x, T=201K; V.T=152K; X, T=97K; ¢,.T=75 K.
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FIG. 4. Percent deviation of measured ultrasonic velocities from those calculated from Egs. (1), (6), and (7)
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points for 4He are shown. O.7T=295K: ».T=287 K, A.T=273K; +.T=249K; x.T=201K; V.T=152 K, ®.T =97 K;

0. T=175K.

C. Melting properties

We observed the freezing and melting of helium in
four experiments, two near 75 K and two near 95 K,
and list the results in Table I. The melting pressure
P,,, fluid volume V;, solid volume ¥, and volume
change on melting AV,, = V,— V; were measured in
all runs, but the ultrasonic longitudinal velocity 4 in
solid helium was observed only at 75.22 K. Near 75
K all of the experimental melting properties are
somewhat more accurate because the cell was bathed
in boiling liquid nitrogen, giving good temperature
control. Even so, the error in P,, V, and V;.was

TABLE I. Measured values of T,. P,. V5. AV,

0.5%, while that in u, was 1%, and the error in AV,
approached 10%.

We combined the melting points of Table I with
those measured by Grilly and Mills'® from 1 to 3.5
kbar and by Crawford and Daniels'' from 1 to 10
kbar in a least-squares fit to a Simon-type equation to
obtain (in kbar)

P,=—0.008112+0.01691T,°%° | (8)
for melting pressures P, from 1 to 20 kbar and melt-
ing temperatures T, from 14 to 97 K. Similarly,
values of the volume change on melting AV, from

'm» and u; for solid helium along the melting curve. Calculated values include

the Debye temperature @p, the Griineisen parameter y, the ultrasonic transverse velocity u,, the adiabatic compressibility coef-

ficient X, and the adiabatic Poisson ratio o, as discussed in the text.

Tm P, Vs AV, u ®p u, X

(K) (kbar) (cm>3/mole) (cm3/mole) (km/s) (K) y (km/s) (kbar™!) a,
75.19 13.98 7.146 0.255 S 261 1.7 I Cee S
75.22 14.11 7.168 0.260 3.54 261 1.7 1.79 0.022 0.33
93.6 19.55 6.58 0.23 B 299 1.7 R R B
97.2 20.85 6.53 0.21 306 1.7
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Table 1, augmented by the data of Grilly and Mills,'°
were used to derive the empirical expression (in
cm’/mole)

AV, =0.6640(P,, +0.1604) 0356 ©)

for P, from 1 to 20 kbar. Equation (8) reproduces
the experimental melting pressures in Table I with an
average deviation of +0.06 kbar, while Eq. (9) repro-
duces AV, to about +0.01 cm*/mole.

IV. DISCUSSION
A. Comparison with previous results
1. Molar volume of fluid

The only published molar volumes for *He with
which we can compare our data directly are those of
Tsiklis er al.” at 293.2 K. Their volumes are general-
ly larger than ours, deviating by +0.2% at 2 kbar and
+2.0% at their maximum pressure of 7 kbar. The
Tsiklis group also reported measurements at 323.2,
373.2, and 423.2 K. Between 2 and 7 kbar we find
average deviations of about +1.5% from values of V
extrapolated from Eq. (7) up to these three tempera-
tures. Tsiklis ef al.” fitted their volume data along
each isotherm to empirical equations which they ex-
trapolated up to 15 kbar. At this pressure the devia-
tions from Eq. (7) have reversed sign and are —2.4%
at 293.2 K and —5.0% at 423.2 K. Unfortunately the
Tsiklis equations go to zero molar volume at pres-
sures around 100 kbar.

Bilevich and Pitaevskaya® measured the density of
helium gravimetrically from 0.5 to 3 kbar along iso-
therms at 373.2, 423.2, 523.2, and 573.2 K. They
gave their data in tabular, graphical, and analytical
form, but inconsistencies in their presentation make
it impossible to draw comparisons except at their two
lowest temperatures. Along the 373.2-K isotherm,
their volumes are lower than those extrapolated from
Eq. (7) by —1.6% at 2 kbar and —0.9% at 3 kbar. At
423.2 K the deviations are —2.2 and +0.1% at 2 and
3 kbar, respectively.

In general Eq. (7) can be extrapolated in pressure
down to 1 kbar and in temperature down to 50 K
with errors in volume less than 2%. For example,
extrapolated values of V have an average deviation of
only +1.3% from the tabulation of McCarty? at 1
kbar over the range 50 < T < 300 K. For T decreas-
ing below 50 K, however, isobars at P < 3 kbar ex-
trapolated from Eq. (7) go through minima and rise
spuriously because of an insufficient number of tem-
perature terms.

2. Ultrasonic velocity in fluid

The ultrasonic velocity u in fluid “He was measured
at 298.2 K by Vereshchagin ef al.’ up to 3.5 kbar, by
Pitaevskaya and Bilevich* up to 4 kbar, and by Nishi-
take and Hanayama® up to 10 kbar. In the region of
overlap, the velocities of Vereshchagin et al.’® agree
within their stated error of 2% with those reported
here. The Pitaevskaya and Bilevich* results are lower
than ours by 2.1% at 3 kbar and 1.0% at 4 kbar,
which is slightly outside the combined experimental
error of 0.8%. The ultrasonic velocities of Nishitake
and Hanayama,® with a reported uncertainty of 3%,
deviate from the present results by 1.1% at 3 kbar
and 1.3% at 10 kbar. The data of Pitaevskaya and
Bilevich* extended from 298.2 to 473.2 K. At these
higher temperatures, ultrasonic velocities extrapolat-
ed from Eq. (7) disagree by no more than 2% with
those of Ref. 4 up to 4 kbar. Our extrapolated values
of u at 1 kbar are several percent higher over the
range 75—300 K than those computed by McCarty,
who lists no uncertainty in Ref. 2.

3. Melting curve

Since we used some of the “He melting points from
Refs. 10 and 11 along with our measurements of
Table I to derive Eq. (8), melting curves from all
three sources are in good agreement. However, the
difference between Langer’s'? melting pressure of
14.14 +0.20 kbar at 77.3 K and the value
14.59 +0.06 kbar calculated from Eq. (8) at the same
temperature is slightly outside the combined experi-
mental errors. Similarly the Pinceaux and Besson'?
diamond-cell measurement P, =115 kbar at 7,, =297
K is lower than the value P, =118 kbar extrapolated
from Eq. (8). Pressure in the diamond cell was
based on the ruby-fluorescence scale.’* We suggest
that our melting curve might be used to calibrate the
ruby pressure scale, especially at temperatures below
room temperature.

The molar volume of fluid helium at melting, V,
can be computed by combining Egs. (7) and (8).
Grilly and Mills'® measured ¥V, up to P, =3.5 kbar
(T,,=30.8 K) and expressed their results in analyti-
cal form. Extrapolation of their equation to melting
pressures in the range 4 to 20 kbar gives values of V,
that deviate by an average of —1.3% from the
present data. The smallest disagreement, —0.6%, oc-
curs around P,, =8 kbar (T, =52.4 K) where the
combined errors are apparently minimized in extrapo-
lations of the Ref. 10 data above the experimental
range and extrapolations of our data below.

By subtracting AV, in Eq. (9) from ¥/, one can ar-
rive at the solid molar volume of *He at melting, V;.
We find that V; computed in this way differs by an
average of only +0.25% in the range 5 < P, <20
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kbar from the solid volumes derived by Spain and
Segall.'® In their derivation, Spain and Segall'® used
Stewart’s'®!7 solid molar volumes at 4 K, coupled
with the Mie-Griineisen equation of state, to calcu-
late pressure as a function of temperature along iso-
chores in solid “He.

4. Phase diagram

To demonstrate the overall consistency of our P-
V-T measurements in solid and fluid helium with
those of others, we show in Fig. 5 the molar volume
on a logarithmic scale plotted along isobars against a
linear temperature scale. The liquidus and solidus
lines, that give, respectively, the fluid and solid molar
volumes at melting, are shown by the steep heavy
curves. The triangles represent measurements of
Grilly and Mills'® up to 3.5 kbar with extrapolations
of their equations to 6 kbar. Along this portion of
the phase boundary, the solid molar volumes are
lower than those derived by Spain and Segall'® by
1.2% at 1 kbar and 0.8% at 6 kbar. Fluid and solid

MOLAR VOLUME (cm3, log scale)

¢} 100 200 300
TEMPERATURE (K)

FIG. 5. Plot of InV vs T for 13 isobars in fluid and solid
“He. O, present measurements interpolated at rounded pres-
sures; +, McCarty, Ref. 2; A, Grilly and Mills, Ref. 10; x,
Stewart, Refs. 16 and 17; heavy solid lines, melting volume
of liquid and solid; light solid lines, Eq. (7); dashed lines,
graphical constructions; dash-dot line, transition curve
between hcp and ccp solid phases, Dugdale and Simon, Ref.
36, and Mills and Schuch, Ref. 37; dotted line, locus of
(3*v/3T1?), =0, Eq. (1.

volumes at melting pressures above 6 kbar were tak-
en from the present measurements.

The light solid lines in Fig. S are isobars in fluid
“*He calculated from Eq. (7). For comparison,
smoothed experimental points from all of the iso-
therms on which Eq. (7) was based were interpolated
at rounded pressures and are shown by the open cir-
cles. The crosses at 1 kbar are from McCarty? and
the exes at 4 K are from Stewart.'®'” Shown as
dashed lines are graphical extensions of the present
results. All of the measurements appear to be in
good agreement.

The dash-dot line in Fig. 5 is the transition curve
between hcp and ccp helium reported by Dugdale and
Simon,*® Mills and Schuch,’” and Franck.*® This
phase change takes place with almost zero volume
change (107 cm?/mole). There is a prediction®® that
the transition line will eventually bend back to 0 K at
a calculated pressure between 15 and 120 kbar,
depending on which intermolecular potential is used
and whether or not corrections are made for many-
body interactions. The transition from hcp to bce
helium occurs at low pressure and a molar volume*
of 20.9 cm,® which lies above the V scale in Fig. 5.

B. Properties of fluid
1. Thermodynamic coefficients

The isobaric thermal expansion coefficient,
a,=V"(8V/38T),= (8InV/dT),, is shown graphi-
cally as the slope of the constant-pressure lines in
Fig. 5. For fluid *“He, we computed analytical values
of a, along with the isothermal compressibility coeffi-
cient X =— V~1(8V/dT), by differentiating Eq. (7).
Tabulated results can be obtained from the authors.*!
The coefficients are well behaved even at 3 Mbar and
3000 K, where a,=1.4 x10™ K™ and x;7=1.0
x 107 kbar.”! For comparison, the extrapolated
values?® for molecular deuterium (also mass 4) are
0.4x10™* K™ and 1.1 x 10~ kbar™!, respectively,
under the same extreme conditions.

2. Heat capacity

Shown in Fig. 5 as the light dotted line crossing the
fluid isobars is the locus (8*V/8T?),=0, calculated
from Eq. (7). This quantity is positive at tempera-
tures below the locus and negative above. Since

%V

Y dP , (10)

P

P
G=GCy(D-T f,

the constant-pressure heat capacity decreases with in-
creasing temperature below the dotted line and in-
creases above. Values of C,, calculated from Eqgs.
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FIG. 6. Molar heat capacity C, in fluid 4He as a function
of pressure along five isotherms. Solid lines, computed
from Eqs. (6) and (7); dashed lines, data of McCarty, Ref.
2; dotted lines, smooth connecting curves.

(6), (7), and (10), are plotted along five isotherms
from 100 to 300 K as the solid curves in Fig. 6.
Values from McCarty’s tabulation? up to 1 kbar are
represented by the dashed curves, which earlier we
had extended to 2 kbar to arrive at Eq. (6). The
dotted-line extrapolations join smoothly with our data
above 2 kbar. While our EOS cannot be expected to
reproduce the complicated maxima exhibited by the
low-pressure curves in Fig. 6, extrapolation of Eq.
(7) to 1 kbar gives values of C, that deviate by an
average of only 1.3% from those computed by
McCarty.?

We also calculated values*' of C, from C,=C,(X,/
Xr1), where X, the adiabatic compressibility coeffi-
cient, can be expressed as X; = V/Mu?. When extra-
polated down to 1 kbar, our constant-volume heat
capacities are about 7% smaller than those computed
by McCarty? at temperatures from 100 to 300 K.

The disagreement is just within the combined errors
of 5% stated in McCarty’s work and 2% in our extra-
polations. Since we had, in effect, normalized our C,
data to graphical extensions of McCarty’s calcula-
tions, his heat-capacity ratio C,/C, = Xr/X, appears to
be slightly inconsistent with ours.

3. Entropy

We calculated the molar entropy of fluid helium
from Eq. (7) using the equation

KL R an

P
s =sP 1)~ f, |3
,

where S(Py, T) is the absolute entropy over our ex-
perimental temperature range at our normalizing

pressure Po=2 kbar. Again, tabulated results are
available.*! To evaluate S( Py, T), we first made an
S-vs-InP fit of McCarty’s? entropies, reported to a
maximum pressure of 1 kbar, at 75, 100, 150, 200,
250, and 300 K. The straight-line isotherms were
then extrapolated to 2 kbar and the results were fit-
ted to (in J/mole K)

Sp—2=—58.598 +21.314InT (12)

for 75 < T < 300 K. Equation (12) reproduces the
extrapolated entropies to +0.12%.

It is also possible to obtain an expression for S,-,
over the same temperature range as that above by in-
tegrating Eq. (6) using the relationship C, = T'(9S/
97),. The result is (in J/mole K)

S,-=0.073967 —7.75087"2+91.968 InT
+1047.627712-1299.177'-405.69 ,  (13)

where the integration constant —405.69 was chosen
to agree with absolute entropies extrapolated from
the Ref. 2 tables. The average deviation between
Egs. (12) and (13) is only +0.06% over the entire
temperature range. This demonstrates that our diffi-
cult extrapolation of irregular C, curves to give Eq.
(6) at Po=2 kbar is at least consistent with the more
or less straightforward extrapolation of S. Unfor-
tunately, reversing the procedure and trying to derive
C,-2 by differentiating S,—, in Eq. (12) results in the
temperature-independent expression Cp—; =21.314
J/mole K. While this value is a good average of C,-
over the range 100 < 7 < 300 K, Eq. (12) does not
contain sufficient information to give precise deriva-
tives. The absolute entropy of fluid *He at melting
can be calculated from Egs. (7), (8), (11), and (12).

C. Properties of solid
1. Debye temperature

In Table I we give the Debye temperature ®, for
solid helium at various 7, and ¥, computed from
the Lindemann*? melting equation

C'=Q3VvM/T, , (14)

where C is a constant which we assume has the same
value as that used in our previous work on nitrogen?
and hydrogen,?® namely, C =116 +2
cmK'2g2mole’. This value of the Lindemann
constant agrees with C =117 +2 cm K"2g'/2 mole’/¢
derivable from Dugdale’s* measurements on solid
*He over the range 3 < T,, < 20 K, but disagrees with
Spain and Segall’s'® C =98.9 £0.2 cm K'/2g!'2mole®/
computed for melting temperatures from 16 to 95 K.
Using Eqs. (7)—(9) and (14), we calculated ®, for
melting temperatures from 50 to 100 K and found
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FIG. 7. Log-log plot of the Debye temperature vs melting
temperature for solid *He. Solid line, Eq. (15); O, measure-
ments of Dugdale, Ref. 42.

that the results could be fitted to the empirical equa-
tion (in K)

0p=17.76T36 | (15)

with an average deviation of only +0.02%. Equation
(15) is plotted as the solid line in Fig. 7 where the
open circles represent the data of Dugdale.*? The re-
markable agreement shown in Fig. 7 is further evi-
dence that the Lindemann melting equation applies
also to quantum solids such as *He.

2. Gruneisen parameter

The empirical relationship shown in Eq. (15) has
another implication. If we define a Griineisen
parameter

=—d|n@)D/dan, (16)

in terms of the Debye temperature ®p and solid
volume V; along the melting curve, then according to
the Lindemann melting equation, Eq. (14),

y=(3-3dInT,/dIn®p)~" . (17

Using Eq. (15) to evaluate the right-hand side of Eq.
(17), we find that the Griineisen parameter has a
constant value of 1.7, which we have entered in
Table I. Furthermore, the behavior shown in Fig. 7
indicates that y will remain fairly constant down to a
melting temperature of about 3 K. For solid helium
along the melting curve, Spain and Segall'® gave
values of y that varied from 2.0 at 1 kbar to 1.6 at 20

kbar, whereas Dugdale®® computed a constant
Griineisen y of 2.4 from thermal measurements on
hep *He and *He up to several kilobars. From sound
velocity measurements on single crystals of *“He up to
about 0.1 kbar, Wanner and Franck* obtained a
Griineisen vy for longitudinal phonons of 3.0 which is
comparable to the values 2.9 and 3.3 reported by
Wanner and Meyer® for solid H, and D, respective-
ly, in their ultrasonic study up to 0.2 kbar.

3. Ultrasonics

From our calculated ®, and measured longitudinal
ultrasonic velocity u; in solid helium at 75.22 K, we
estimated the ultrasonic transverse velocity, u,, from
the relationship

1/3

3lu

-1/3
111 2
-+ , (18
I3 “13 ” )

where %, k, and N have their usual meanings and the
reasonable assumption is made that ccp helium is iso-
tropic. The result at 7,, =75.22 K is given in Table I.

Using similar approximations, we estimated the
adiabatic compressibility coefficient for solid *He
from

Xs = Vil M (up = SuD)]™! 19)
and the adiabatic Poisson ratio from
oy =31 Cu/u)? =21 Cuf/u)? =117 0)

and present the results at 7,, =75.22 K in Table L.

D. Melting process
1. Entropy change

We computed the entropy change on melting, AS,,,
from the Clapeyron relation using Eqs. (8) and (9).
The result, given as the dimensionless quantity

AS,,/R =0.901(P,, +0.008)03%°
X (P, +0.160) 703560 Qn

is shown as the solid line in Fig. 8. It is probably for-
tuitous that the two exponents in Eq. (21) have
identical absolute values. At P, =0.1 kbar, Eq. (21)
gives AS,,/R =0.66 compared to the Grilly and
Mills'® value of 0.68. For P,, > 5 kbar, Eq. (21) can
be approximated by AS,,/R =0.901 with an error of
less than 1%. In this region the fluid-solid entropy
difference is almost independent of melting pressure
and reaches a limiting value of In 2.46. We observed
earlier that for hydrogen?® the melting entropy goes
through a minimum at P, =1.9 kbar and then rises
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FIG. 8. Melting entropy AS,,/R of “He showing contribu-
tions from entropy of disorder AS;/R and entropy of
volume change AS,/R. Solid line, Eq. (19); dashed lines,
calculated from Eqgs. (7) and (19)—(21), as discussed in
text;, dotted lines, calculated from McCarty, Ref. 2.

slowly with pressure, whereas for argon and nitrogen
AS,,/R falls continuously with increasing P,. The
absolute entropy of solid helium at melting can be
computed from the fluid entropy by applying Eq. (21).

2. Molecular disordering

Along the melting curve up to 7, =15 K (P, =1.1
kbar), fluid helium is in equilibrium with hcp solid,
except for a narrow crescent-shaped band between
1.45 and 1.78 K where the bce form exists. Above
15 K the fluid region is bounded by a ccp phase. In
an attempt to study the ccp-fluid transition in *He,
we carried out an analysis similar to those previously
reported for nitrogen,? argon,?® and hydrogen?’ in
which the melting entropy was broken down into two
terms, namely,

AS,,, =ASV+AS,1 » (22)

where ASy is the entropy change caused only by the
volume expansion on melting and AS, is the residual
entropy change due mainly to disordering of the
molecules. Turturro and Bianchi*® have calculated
ASy for various materials from the expression

4 Tm
asy=f,” [%]V av 23)

where (9P/9T) 5’" is the isochoric pressure factor
evaluated at 7,. The integration is carried out over
the solid-fluid volume change at melting, AV, =V,
— V,. We used Egs. (7)—(9) and (23) to calculate
ASy. The dimensionless results ASy/R and AS;/R
from Eq. (22) are plotted in Fig. 8 as the dashed

lines. Down to about P, =7.4 kbar (T,, =50 K),
where Eq. (7) begins to break down, the entropy of
disorder AS,/R has a constant value of 0.75 =In2.1,
indicating that the uncertainty of locating a helium
atom in the fluid structure is only 2.1 times greater
than on the ccp lattice at melting. Shown also in Fig.
8 as the dotted segments are similar calculations us-
ing McCarty’s data below 1 kbar. This portion of the
melting line is bounded by hcp solid, from which the
entropy of disorder appears to be In2.0. We had car-
ried out an earlier analysis on monatomic argon26 and
found values of AS,/R between Inl.8 and In1.9. For
diatomic hydrogen® our calculated values of AS,/R
were between In2.0 and In2.2, and for diatomic nitro-
gen?® the entropy of disorder was Inl.7. The value
calculated by Hoover et al.¥’ for a soft-sphere model
is In1.9.

Stishov et al.*® attempted to extract the entropy of
disorder from the melting entropy of argon and sodi-
um by plotting AS,,/R against AV,,/V,. They found
that as (AV,,/V;) —0, (AS,/R) —In2.0, which they
interpreted as the entropy of disorder. Figure 9
shows similar plots of the materials we have studied.
In all cases AV,,/V, decreases with increasing P,,.
The experimental regions are indicated by the solid
curves with extrapolations shown by the dashed lines.
Our empirical melting formulas exhibit the following
behavior: for argon and nitrogen, AS,,/R decreases
with pressure toward zero at infinite P,; for hydro-
gen, AS,,/R first decreases slightly, then reverses
direction and goes to infinity with P,; and for heli-
um, AS,,/R increases, but approaches a constant
value at infinitely high pressure. It does not appear
that meaningful extrapolations can be made from the
curves in Fig. 9.

10— HYDROGEN

£ NITROGEN
>
T HELIUM
>
]
SH -
|
|
2
// l
0 1 | | |
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ASm/R

FIG. 9. Relative volume change vs entropy change on
melting. Argon and nitrogen, earlier work, Ref. 26; hydro-
gen, earlier work, Ref. 29; helium, present work; solid lines,
experimental range; dashed lines, extrapolated melting equa-
tions.
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V. CONCLUSIONS

We measured 670 sets of P, V, T, and ultrasonic
velocity u in fluid *He over the range 75 < T < 300
K and 2 < P < 20 kbar and fitted the data to a
Benedict-type equation of state (EOS) from which we
calculated various thermodynamic properties. The
present values of molar volume and ultrasonic veloci-
ty with estimated errors 0.3 and 0.4%, respectively,
are in generally good agreement with those reported
by other workers near room temperature at pressures
up to 10 kbar. Our EOS can be extrapolated down to
50 K and 1 kbar to give values of V and u that devi-
ate by only a few percent from accepted literature
values.

We made melting-curve determinations up to 20
kbar and combined our P,, T, points with the lower-
pressure data of others to evaluate parameters in a
Simon-type melting equation. Corresponding values
of the volume change on melting were measured,
making it possible to derive the molar volume of
solid “He along the melting curve. Our solid volumes

are consistent with earlier values measured up to 20
kbar at 4 K. An experimental determination of the
ultrasonic longitudinal velocity in solid helium was
made at 14 kbar and 75 K.

We find that the Lindemann melting equation pro-
vides a good description of the melting process in
‘He. Using a Debye model, we obtained reasonable
estimates of the ultrasonic transverse velocity, adia-
batic compressibility coefficient, and adiabatic Poisson
ratio for solid helium at 14 kbar and 75 K. Analysis
of the entropy change on melting shows that an en-
tropy of about In2 may be associated with disordering
of the atoms during melting.
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