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Lattice dynamics and superconducting T, for dilute
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The lattice dynamics of isolated H and D interstitial ions in Al have been calculated with the

initial aim of establishing the local mode frequencies. Kohn-Sham nonlinear screening was used

for the H, D potentials, anharmonic effects due to the large interstitial motion were accounted

for within a quasiharmonic approximation, and the relaxations of the Al neighbors of an inter-

stitial were also included. The calculations were carried out for both the octahedral and

tetrahedral interstitial sites, and they predict a local mode frequency well separated from the Al

phonon frequency, with the possible exception of octahedral D. Small, but not negligible,

anharmonic effects are predicted. These show up very strongly in the calculation of the changes

in T, due to low concentrations of interstitials ( ~1"/o). A def'inite inverse isotope effect i»

predicted if it is the octahedral site that is occupied, whereas only a very weak isotope effect is

predicted for the tetrahedral case.

I. INTRODUCTION

The introduction of large quantities of interstitial H

and D into Al films, via ion implantation, produces
dramatic increases in the superconducting transition
temperature, T, ." An H concentration in the region
of 200 at. 'lo (i.e. , AlH2) produces an increase in T,
from 1.18 to 6.75 K, ' whereas 30 at. 'lo H produces a

T, of 5.95 K with 30 at. 'lo D giving 5.7 K.' However
superconducting tunneling into such films has not yet
yielded any evidence of a high-frequency impurity
band due to either H or D, ' Instead the presence of
the interstitials enhances the longitudinal phonon
peak in the tunneling characteristics. Kus and Car-
botte' have shown that this could be due to a high-

frequency contribution to o f(co), although the pos-
sibility of a resonance around the Al longitudinal

peak could not be ruled out.
This suggests a theoretical investigation of whether

a high-frequency peak should be expected. A first

step, which is taken here, is to calculate the effect of
a low concentration of interstitials. This is motivated

by the assumption that the frequency of any predict-
ed local mode indicates the approximate position of
an impurity band formed at much larger concentra-
tions. This neglects the possibility of significant con-
tributions from the long-range interactions between
the interstitials and from any volume change due to
the presence of the interstitials.

Calculations for this system are simpler than those
for the highly investigated transition metal-H sys-
tems in that a simple pseudopotential can be used
for the host crystal potential and band-structure ef-
fects are not so important. This relative simplicity
means that we have been able to make predictions
about the effects due to the introduction of the inter-

stitials using only experimental information about the
host material. The evaluation of the phonon Green's
functions required the Al phonon dispersion curves
and this same information was also used to deter-
mine the parameters in the Al pseudopotential. The
potential for the interstitial ion was taken from calcu-
lations' that used a Kohn-Sham nonlinear screening
approximation. " The resulting interstitial-A l potential
could then be used to calculate the interstitial-Al
force constants using a self-consistent quasiharmonic
approximation' to allow for anharmonic effects. This
is to be contrasted with the simplified anharmonic
perturbation theory so far used for Pd-H, D. Having
such a potential we were also able to investigate the
consequences of the relaxation of the Al neighbors of
an interstitial ion.

We have calculated the dynamics of the Al-H, D
system with the Al ions assumed static and free to
move. As we also wished to calculate the effects of
the interstitials on the electron-phonon function
a'f'(co) we have used a procedure that does not
eliminate the host-lattice sites. This contrasts with
the method used by Lottner ef al. ' to describe the
motion of H in Nb, V, and Ta. Section II of this pa-

per describes the theory used for the interstitial
dynamics as well as for the anharmonic corrections
and relaxation. The numerical results are discussed
in some detail in Sec. III.

One interesting feature of the Pd-H, D system is
the occurrence of an inverse isotope effect for T, .

This is thought to be anharmonic in origin, either
directly via the lattice dynamics as proposed by
Ganguly" or indirectly through modifications to the
electronic structure. " To this end we have investi-
gated the effects of low concentrations of H or D on
the value of T, using the results of the dynamical cal-
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culations described in this paper. The approximate
weak-coupling theory for T, which includes the effect
of the washing out of electron-phonon anisotropy is
described in Sec. IV A along with the details of the
calculation of a',f (cu). The numerical results are
analyzed in Sec. IV B where we see that, indeed, our
results do predict a significant isotope effect for oc-
tahedral interstitials.

The question as to which kind of interstitial site is
occupied by H and D ions has not yet been fully
answered. Early theoretical calculations' indicate that
it is the octahedral site that is occupied. However, a
very recent calculation by Larsen and Norskov"
favors the tetrahedral site. Channeling experiments'
indicate that the interstitials are at tetrahedral sites,
possibly associated with a vacancy. However, the in-
terstitial concentrations were not indicated. The tun-
neling results' that claim a 200 at. % interstitial con-
centration also indicate, that at least at large concen-
trations, the occupied site is the tetrahedral one. Be-
ing originally based on the earlier calculations this pa-
per gives more details for the octahedral site but all
the calculations have been done for both.

II. THEORY FOR LATTICE DYNAMICS

A. Interstitial-aluminum potential

terms. " Further, such a calculation would require a
similar treatment of the charge cloud around the
aluminum core. Such calculations are only just
becoming available. '

Instead we have resorted to the pseudopotential
result

V(R) = —Z/R + U(R)

where Z is the charge on the aluminum ion and
U(R) is electron-ion contribution

U(R) = J (R —r) (r) d'

n {q))U„((q)e""dq
(2e )' (2)

t

—Z~/R, «R
wAI(I') ='

(
—Z/R, r &R (3)

B. Self-consistent harmonic
approximation

Ho~ever instead of using linear screening to calculate
the electron density n(r) around the interstitial ion,
we have used the results of the nonlinear theory re-
ferred to above. For the Al pseudopotential, wA](f),
we have used a local form of the Heine-Abarenkov
potential

The inclusion of a proton within an electron gas
produces large changes in the electron density that
linear screening approximations do not describe in a
reliable manner. A suitable nonlinear theory for cal-
culating these changes is that of Kohn and Sham.
ith this density functional theory it should be possi-
ble to calculate directly an ion-ion interaction of the
kind required here. However such a calculation
would be rather complicated with the ion-ion separa-
tion entering both the kinetic- and potential-energy

The large vibrational motion expected of the light
interstitial ions indicates that the above potential
should not be used to construct just a harmonic
Hamiltonian for the system. Instead anharmonic ef-
fects should be taken into account. To do this we
have used a renormalized harmonic Hamiltonian"
following the prescription of Gillis et aI. ' Thus the
potential V(R(/) —R(I')), between an interstitial and
an aluminum ion whose equilibrium positions are at
R(l) and R(l'), is replaced by

u D(II') '
u(V(R(ll')+u(l) —u(l')))=[(2m)'detD{l I')] ' ' d'uV(R(ll'+u)) exp—

2
(4)

The matrix D(I, I') is the thermal average

D,a(l, l') = {[u (I) —u (I')][up(l) —us(l')]) r (5)

calculated in the harmonic approximation and u(I) is

the displacement from equilibrium.
As the interstitial motion can be expected to dom-

inate D(l, l'), and this motion should be isotropic, we

have simplified our calculations by replacing D (I,I')
by its isotropic average D If R(l, i') is taken t.o be

I

along Ox then

D s(l, l') =D(I,I')5 a

with

D(l, l') = —, [D (I,I')+2D (I,I')] (6)

Our numerical results indicate that D and D» differ
by less than 20% with the major difference coming
from the correlation functions for displacements on
different sites. Hence we can now write

(V(r((rr') + (i) — (i'))) =12 U(i( )I '" Jd' v(R(ir )+R)''
y( ) -~~I, I ~e /2 IQ. ~(V )
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In our calculations the average of the Coulomb
term was calculated in real space and the electron-ion
term U(R), in q space.

C. Relaxation

where R„ is the distance of the nth shell of the Al
ions from the interstitial ion, there being N„ ions in
the shell. A convenient check on the convergence of
this real-space sum is given by converting to recipro-

cal1

space. Then

The inclusion of interstitial ions within the Al lat-

tice can be expected to cause changes in the equilibri-
um positions of the neighboring Al ions. We have
calculated the values for these relaxations using the
method of lattice statics. " This requires that the po-
tential energy of the lattice be minimized with respect
to the relaxations 5(I) from the pure Al positions,
R'(I).

Hence if the lattice potential energy is

$H„'(U(H„))e ", (11)
3M;Ap

D = (u„'(/)) =
2M;o) L

(12)

where the H„are reciprocal lattice vectors and Ap is
the volume per Al ion.

The scheme for determining the potential used in

Eqs. (10) and (11) is completed by using the zero-
temperature result

with

(V) = X ( V(R(/I') +U, (/) —tt(I')))

R(l, l') = R (I) + 5(I) —R (I') —5(l')

With an initial guess for coL we are in a position to
iterate Eq. (7), (9), (10), or (11) through to conver-
gence.

then we must set

d(V)/dh (I) =0

to give

(9)

The interstitial ion has been taken to be at R(i). The
renormalized force-constant matrix should be evalu-
ated at the relaxed positions. This requires the itera-
tion of Eq. (9). The matrix manipulations required
by this method follow naturally from those required
in the dynamical calculations (see next section).

D. Lattice dynamics

With the determination of the force constants
between the interstitial ion and the Al ions at their
relaxed positions, the calculation of the dynamics is a

straightforward procedure.

1. Static lattice approximation

An estimate of the local mode frequency of an in-

terstitial ion can be obtained by neglecting the motion
of the Al host lattice. Due to the cubic symmetry of
the crystal the Coulomb term in Eq. (1) makes no
contribution to this frequency.

The local, mode angular frequency ~L for an inter-
stitial ion at R(i) is then given by

2. Dilute t-matrix approximation

The more elaborate procedure that allows for the
motion of the host lattice has been long established. '
Hence, we will give just a summary of the main
results.

The displacement-displacement correlation
(u (/) u(t(l ) ) can be written in terms of the
displacement-displacement Green's function,
G.,(II';~)

G =P+PCG (14)

where C contains the changes in the force constants
due to presence of the interestitial ions. Here

P.a(l, l';a)) = $(r.'(q)(rja(q)e"" "' 'P, (q, u))
Jq

(13)

It is the imaginary part of the Green's function
evaluated just below the real axis that is used in Eq.
(13). As we are only interested in the correlation
function at very low temperatures the coth function
can be replaced by unity as P =((/ka T

The Green's function G for the real system of the
interstitial ions coupled to the host ions, is related to
that for the so-called unperturbed system of the in-

terstitial ions uncoupled from the host ions P via the
equation

a)It = x, U(R(i, l))
Q2

M, , ex2 Py (q, cv ) = [ co
' —cu, (q ) ]

(15)

dqq sinqR„(U(q) ), (10)
6M;m2 „R„

is the Green's function for the unperturbed Al crystal
which has N ions of mass M at sites Rp(l). eo, (q)
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and o&(q) are the eigenvalue and eigenvector of the
phonon mode. j of wave vector q. The unperturbed
Green's function for an interstitial ion of mass M; at
R; is

P a(ii) =(1/M(cu')s p .

In the dilute limit, when the defect spaces of indi-
vidual interstitial ions do not overlap, the matrix C
can be written as

where I;,I are confined to the defect space of the ith
interstitial ion. The 4' couple just the interstitial and
host atoms, and no changes in the force constants
between the host ions were taken into account.

For very low concentrations of interstitial ions a sat-
isfactory solution to Eq. (14) that is suitable for our
purposes is9

The local mode frequencies are found by looking for
zeros in the denominators of the T matrices of the
different irreducible representations.

This use of symmetry also simplifies the relaxation
calculation for the relaxation of ions that are within
the defect space. The forces producing the relaxation
('vr V) are all radial so only the A lr or A, rePresenta-
tion is needed. Further, the full-force-constant ma-
trix (4) is given by the zero-frequency limit of
—6 ' in the one interstitial limit. Hence Eq. (9) has
the form

5'= XG,'t, ('vr V) *

b

with s =—A ]g or Ag as appropriate.
Hence we have a complete scheme of proceeding

from an initial guess for D to calculate ( V), then to
the relaxations and the (4)'s and finally via the
Green's functions to the displacement correlation
functions and D.

G = P+P $T'P
(

where the t matrix for ith interstitial is

(lg)

III. RESULTS FOR THE INTERSTITIAL DYNAMICS

T'= C'(1 —PC') (19)

To obtain the displacement-displacernent correlated
functions needed to calculate the self-consistent har-
monic potential, Eq. (1S) was itself simplified further
by including just one interstitial in the crystal ~

In order to invert the matrix in Eq. (19) it is neces-
sary to transform to the irreducible representations of
the symmetry group of the defect space. This was
done by using the transformation matrices'9 p via

psalm(( ) Ci (( (I)~she((&) Cs

RP, I,.I,.

(20)

Here A. labels the row of sth representation which

may appear more than once (label a). Using the
tables given by Maradudin' the ]tI matrices can be
readily formed for the cases of interest here.

(i) For an interstitial at an octahedral site,
( 2 a,

2
a,

2
a), in an fcc lattice (a being the lattice

] ] ]

constant) the nearest Al neighbors are located on a

simple cubic (sc) lattice and the next-nearest neigh-
bors are on a bcc lattice. Hence if just nearest neigh-
bors are taken into account, the matrices in the de-
fect space reduce according to

]g + E]g + T]g + T2g + 3 T]u + T2u

Including the next-nearest neighbors gives

2A]g+2Eg+2T]g+3Tpg+&2u+Eu+5 T„+2T2u .

(ii) For an interstitial atom at a tetrahedral site,
] ] ]( 4 a, —a, —a) taking into account just the nearest

neighbor gives

A]+8+ T, +3T2 .

%e must first describe our input data. As it was
readily available we used the tabulated n(r) as calcu-
lated by Popovic et aI. ' for a unit charge in an elec-
tron gas of density appropriate to that of Al.
Although improved solutions of the Kohn-Sham
theory have been described, " they result in very
small changes in n (r) at the values of r that are of
interest here. The parameters for the Al pseudopo-
tential were taken from a fit, due to Brovman and
Kagan, ' to the measured phonon dispersion curves.
Their fit corresponds to R =1.213 ao, A =0.182.
The Al Green's functions were calculated in the usu-
al manner by first calculating the imaginary parts and
then using a Hilbert transform to obtain the real
parts. The sums over k were handled using the
methods of Gilat and Raubenheimer and Al pho-
non eigenvalues and eigenvectors were calculated us-
ing the Born —von-Karman fit to the 80-K experimen-
tal phonon dispersion curves due to Gilat and Nick-
low. '4

A. Static lattice

Although the relaxation of the Al ions around the
interstitial ion can be readily incorporated in the
static-lattice approximation (SLA), the calculation of
the relaxation itself is not such a simple calculation.
Further, we used this approximation largely to inves-
tigate the question of the range of the force con-
stants. Hence, relaxation was neglected in the self-
consistent SLA.

Our results for the interstitial frequencies are
presented in Table I. In this table vL" and vL ' are
the values for the local mode frequencies obtained by
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TABLE I. Local mode frequency in the static-lattice approximation.

Interstiti &I

ion

O 1 /2

(A) (1)
VI

V
(2)

VL

(THz) VL

Octahedral
D 0.144

0.165

9.83

15.70

10.49

16.58

12.07

18.38

Tetrahedral
0.099

0.117

24.59

35.35

26.24

37.64

25.77

36.89

l2-
vL

(THz)

lO-

IOO
10

R(K)

ls

50-

FIG. 1. The static-1 lattice approxim ition for the local
mode frequency vL, for an octahedral interstitial D ion as a

function of the number of shells of neighbors included in

the sum in Eq. (10). R is the radius of a shell and the
dashed line is the result of Eq. (11). The lower bar graph
gives the number of Al ions in each shell.

summing in Eq. (10) just as far as the first- and
second-nearest neighbors, respectively. For the oc-
tahedral interstitial, it can be seen that including just
nearest-neighbor (NN) forces gives a local mode fre-
quency that is 15—20% too low and even including
the forces from the next-nearest neighbors (NNN),
the frequency is still about 10% too low. To further
illustrate the effect of distant neighbors we plot vL

for D, as a function of the neighbor distance in Fig.
1. The number of neighbors at a given distance is in-

dicated by the vertical lines. It is only by the 7th NN
that a good value of vL is obtained. The value of vi,
as obtained from Eq. (11) by summing in reciprocal
space, is also shown on the diagram, and the real-
space values of vL converge quite well to this value.
The contribution to vL due to the distant neighbors is

much smaller for the tetrahedral interstitial. Even
just the NN forces give a value for vi that is only 5%
too low. A graph similar to Fig. 1 shows that after an
overshoot due to the NNN forces, the value of vr
drifts slowly down, albeit with some noise, towards
the correct value, and is in very good agreement by
the 5th NN. This behavior must be due to the fact
that in the tetrahedral case the very strong NN forces
dominate over all the others.

These large values of vL, particularly for the
tetrahedral interstitial, give some support to the con-
jecture of Kus and Carbotte that there exists a high-
frequency mode in concentrated Al-H, D.

The self-consistent values of O quoted in Table I

indicate values for the root mean-square displace-
ment of the interstitial that are about 10% of the NN
distances (tetrahedral, 1.75 A; octahedral, 2.02 A).
Hence appreciable anharmonic effects are to be ex-
pected. For instance, corrections can be expected to
the ratio

RI = MH vt'(H)/MDvl'(D)

which should equal one in the harmonic approxima-
tion. In the octahedral case this is, indeed, the case
as the results in Table I give RL =1.16. However for
the tetrahedral case the much larger values of v~,
and hence the smaller values of O, result in smaller
anharmonic corrections and the ratio RL drops to
1.03. The result for the octahedral case is reminis-
cent of the experimental value found for Pd-H, D
where RL =1.2. ' This enhancement is thought to be
the major contribution to the inverse isotope effect in

this Pd system. ""The very small enhancement of
R~ for the tetrahedral site is at least a change in the
right direction from the octahedral result as experi-
ments on concentrated Al-H, D alloys' show a normal
isotope effect.

In closing we note that the presence of the expo-
nential falloff in Eq. (7) due to the anharmonic re-
normalization has a calculational benefit in that v~ is
insensitive to values of n (q) for q beyond 10 ao '. In
the absence of the renormalization we found that in
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order to get convergence of both Eqs. (10) and (11)
it was necessary to go to much larger values of q.
This necessitated modeling n(q) using a Thomas-
Ferrni form for q & 1Sao ' due to shortcomings in the
tabulated n(q). Happily, this was not called for in

the work reported here.

B. Dynamic lattice

The significant effect on vL due to distant neigh-
bors, found in the SLA, poses a difficulty for the
much more lengthy dynamical calculations. It would
take a lot of work to extend the analysis of Sec. IID
beyond the second NN's of the octahedral interstitial
and it does not seem worth doing, as the required
computational time would become very expensive.
Instead we resorted to a scaling procedure.

For the octahedral case we used the SLA to deter-
mine a scaling factor a for the NNN force constants.
This was done by requiring that vL', calculated using
the scaled NNN force constants and the unscaled NN
force constants, agreed with vL (all calculated using
the SLA approximation). As the effect of the distant
neighbors is not so important in the tetrahedral case
we merely scaled the NN forces such that vL" agreed
With VL.

The results of our calculations are given in Tables
II and III for the octahedral and tetrahedral intersti-
tials, respectively. The force constants quoted are
those longitudinal and transverse to the bond and in-

clude the scaling introduced above. We note that the
renormalization equation (7) calls for different D
depending upon which bond the force constants are
being calculated. However, as our numerical results
indicated that the D for the NN and NNN bonds of
an octahedral interstitial differ by no more than 5%,
the same (NN) D was used for both bonds.

In Table III, two local mode frequencies are quot-
ed. The lower one refers to a local mode of A

~
sym-

metry and so is not directly dependent on the inter-
stitial mass. It is also quite weak. The other value of
vL corresponds to the expected mode of T2 syrn-

metry. The octahedral local mode referred to in

Table II has T~„symmetry.
The initial line in these tables gives the results of a

calculation in which relaxation was ignored. This af-
fords a comparison with the SLA results given in

Table I. The consequence of allowing the Al lattice
to move is that all the values of vL increase. There
are two causes for this. It can be seen from the
tables that the value of D also increases, largely due
to the addition of the inband contributions. This
leads to a general increase in frequency. Also, it is a

general result that on using the same force constants
the SLA always underestimates vL. This difference
becomes larger as the value of vL becomes smaller as
then the Al ions take a greater part in the motion as-
sociated with the local mode. For the unrelaxed oc-
tahedral calculations the ratio of the dynamic to static
values of vL is 1.05 for D, dropping to 1.02 for H. It
can be seen that the SLA values are in quite good
agreement with the dynamical results and that the
SLA is quite sufficient to estimate these frequencies.
We note that the ratio RL, being a measure of anhar-
monicity, has now dropped to 1.09 for the octahedral
case and to 0.98 for the tetrahedral case.

The second lines in Tables II and III give the
results that were obtained when the relaxation was
taken into account. These calculations were fully
self-consistent but only a first-order solution for the
relaxation equation was used. The outward NN re-
laxations reduce all the frequencies, with particularly
strong reductions in the tetrahedral case. However
the values of RL are maintained at those quoted

TABLE II. Results of dynamical calculations for the octahedral site.

Ion vL(THz) long trans

Force constants
NN

long trans

(10 dyn cm ')
NNN

g I/2( A )
Re la xa tions

NN
(A)

NNN

D

13.07
11.18

12.06
10.37

12.75

16.03
10.62

—2.77
—2.56

—4.26
—2.66

0.60
1.03

0.69
—0.69

3.42

1.64'
0

0.154
0.167

0.174
0.183

0.046

0.047
0.048

—0.013

19.33
16.49

14.86
10.98

—2.94
—2.6S

0.71
1.06

0.72
—0.60

3.05
2.53

0.174
0.187 0.048 —0.012

17.00
14.91

16.71
12.33

—3.97
—2.78

1.46'
0

0.192
0.201

0.049
0.050

'NN scaling factor.
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TABLE III. Results of dynamical calculations for tetrahedral site.

Ion
vL(THz)

A T2

r'orce constants (10 dyncm ')
long trans

g 1/2
0 0

( A ) Relaxation ( A)

D

11.08 27.63
10.34 21.92

10.27 21.33
10.12 19.94

11.15 38.63
10.38 30.68

10.31 29.28
10.16 27.95

87.49
55.99

53.15
46.40

90.44
57.75

54.66
48.10

—9.50
—6.41

—6.16
—5.38

—9.94
—6.66

—6.39
—5.63

1.09 0.126
1.14 0.132

1.15 0.133
0 0.135

1.08 0.141
1.14 0.150

1.14 0.151
0 0.164

0.083

0.092'
0.0938

0.086

0 096a

0.097'

'Iterated relaxation calculation.

above for the unrelaxed calculations.
The relative change in NN distance, as calculated

in tirst order, is quite modest for the octahedral case
being just over 2%. However, as this change in-

creases to 5% for the tetrahedral case we extended
the calculations by iterating the relaxation equation
(9). The results are given in the third lines in Table
III and they show further small decreases in the local
mode frequencies. We did a similar calculation for
the octahedral case and found, as expected, changes
in vL of less than 1%.

At this stage we can safely state that for the oc-
tahedral case the different isotopes have such suffi-
ciently different frequencies that an inverse isotope
effect might be expected. Further the D local mode
frequency is about 10% above the maximum Al fre-
quency. For the tetrahedral case there is essentially
no isotope effect to be expected on the basis of the
frequencies calculated. However we have calculated a

D local mode frequency that is about twice the max-
imum Al frequency. This is just the frequency region
in which Kus and Carbotte added an extra peak to
a'f(&u) in their calculations of the tunneling charac-
teristic for Al-D. We have already discussed in the
Introduction as to why this site might be appropriate
for large D concentrations.

As the motivation for our calculations comes from
measurements on the superconducting properties of
Al-H, D it is natural that we use our dynamical results
to calculate the changes in T, . This we will do in

Sec. IV but we can anticipate that this could need
considerable computer time. To reduce this time for
the octahedral case we have repeated some of our
calculations taking into account just the NN force
constants. The results are shown on the third lines
in Table II. The rather large scaling of the force con-
stants (FC) should be noted as well as the increase in
the local mode frequency. More serious is the reduc-

TABLE IV. Displacement-displacement correlation f unc-

tions for octahedral H and a NN Al in the [100] direction
( I 0-' A').

In band
Local mode

Total

H H)

1.10
8.08
9.18

((I )i(I AI)

0.670
—0.232

0.438

II H II Al )
—0.053

0.068
0.015

(I AILI Al)

0.896
0.007
0.903

II AIII Al)

0.966
0.001
0.967

tion in RL to unity. A comparison of the FC's for D
and H indicates that although the magnitude of the
longitudinal FC increases in going from D to H, the
magnitude of the transverse FC decreases contrary to
all other NN entries in Tables II and III. As this
behavior might be an artefact of our scaling pro-
cedure we repeated the calculation with no scaling.
The results are given in the fourth lines of Table II.
The local mode frequencies have dropped, as expect-
ed, but Rl has now risen to 1.04. This is still smaller
than the NNN results but gives some hope for an in-

verse isotope effect. A similar calculation was also
done for the tetrahedral case and is reported in the
fourth lines of Table III.

It is of some interest to examine the various con-
tributions to D. This is done in Table IV for one
case, that of H at an octahedral site using the force
constants given in line 2 of Table II. It is not
surprising that the local mode motion of H ion gives
the dominant contribution. However, the inband
motions of the H and Al ions are comparable and
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used later in Sec. IV the imaginary part of the
Green's function was calculated at a finite distance
8=0.4 THz off the real axis. As a consequence the
local mode 5 function now has a finite width. Aside
from corrections due to diffusive motion'0 this figure
indicates what should be expected in an inelastic in-
coherent neutron scattering experiment.

IV. CHANGES IN THE SUPERCONDUCTING
TRANSITION TEMPERATURE

A. Theory

On alloying the superconducting transition tem-
perature is changed by both the electron-impurity
scattering and by any modifications to the electron-
phonon interaction. The electron-phonon interaction
enters superconductivity calculations via the function
a'F(co)." This has the form of a phonon density of
states weighted by the electron-phonon interaction.
For weak coupling superconductors Leavens and Car-
botte' have given a good approximate formula for T,
that includes electron-phonon anisotropy. atF(cu)
enters their formula via the integrals

FREQUENCY (THz} k =2 a'f(ru)de

(22)
FIG. 2. MHcu ImG (i,i;cu —i5) for octahedral H, using

force-constant scaling and 5=0.4 THz, as a function of fre-

quency (v~ -10 THz). Note that beyond v=10.8 THz the

vertical scale has been decreased by a factor of 10.

further, the H-Al correlation is quite significant.
This general division of strength between the various
contributions is fairly typical of the results found in

the other cases evaluated. In fact this case has the
largest dominance of the H local mode contribution.
More typically the ratio is 3:1 rather than the 7:1 of
this case. Considerable in-band motion of an intersti-
tial has also been found by Lottner et a/. ' for H at
tetrahedral sites in bcc metals.

The dominant contribution of the local mode to
the H motion is further illustrated in Fig. 2 where we

plot the integrand of Eq. (13) for I = I' =i and a =P
as a function of frequency. Following the procedure

X=2 Jj af(a&) ln(1+co~/ru, )

where ~ is the maximum phonon frequency. The
anisotropies in A. and A, are described by two quanti-
ties (ab) and (ab) which they have determined, for
Al, to be 0.0081 and 0.0142, respectively. The
electron-impurity scattering tends to wash out the ef-
fects of such anisotropy and Markowitz and Ka-
danoff have shown how, in a BCS approximation,
an inverse collision time ~ ', can be used to describe
this behavior.

Recently, Kus, ' has amalgamated these methods
and has found corrections, in terms of A. , to the
result of Markowitz and Kadanoff. Although Kus
did not include changes in u'f(cu) his method can be
readily modified to include such changes. " The
result is that -the change in transition temperature
hT, from the pure Al transition temperature T, is
given by

1 + X, + k, + (ab ) X, (1 —/) + (ab ) [X, + k„(l —1~) ] = [ X, (1 + (ab ) ) —p, "][ ln(1. 134t~ /ka T ) —b T/T ]

(23)

The subscript a refers to quantities calculated for the alloy. The collision time 7 enters in tPe integrals

't

I = tanh (1+rute~) '

o) 2k' Tc
(24)
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(this is the same as the integral I of Markowitz and Kadanoff) and

de)
h (1 + 2 2) ~ a) (cu)

(25)

Here y=2 (I+I ) nd I, ( ) =2 fd ' '/( '),/( + '). In theo re II t (2 — ) both / nd I, re ero nd

we can use Eq. (23) to determine the electron-electron pseudopotential p,
' from the known values of A. , A. , and

T, In th. e dirty limit (y 0), lh —I )h, /X, and the X anisotropy is removed. However the anisotropy in )2 is
not removed.

There remains the calculation of a f(co) and r within the approximations of the previous sections. For an al-

loy n'f(co) is conveniently given by

d3k
a f((u) =

2 2 2 „2„gw/(k)k ImG &(II';(u)k&w, ,(k) exp[i k [K(l) —K(l') J[8~2k 2N2 k 2kF k II, ap

{26)

s(u)) =
Su)/dum u) ~ T(um

11, QJ )
~

Q)m
(27)

has been introduced to compensate for the fact that
the form of Eq. (26) is based on a single, rather than
a multiple orthogonalized plane wave (OPW), calcu-
lation of the e)ectron-phonon interaction. " On using
the approximation in Eq. (18) for 6, Eq. (26) natur-

ally splits into four terms

Here N(0) is the single spin density of states for the
Al alloy and w/(k) is the screened form factor for the
ion at R(l). The factor

I

changed lattice dynamics. However it is not the same
as the pure Al function for two reasons. First, the
addition of the interstitial ions changes the electron
density and hence kF and N(0). Second, because the
R(/) in Eq. (26) refer to the equilibrium ionic posi-
tions, relaxation effects should be considered (see
Appendix). As we are working to first order in the
fractional concentration e (i.e., the number of inter-
stitial ions per Al ion) these two effects can be con-
sidered independently.

Carbotte et a/. "have given a simple expression
with which to calculate the change in A. for a change
in the electron density in Al. For a univalent impuri-

ty it is

a,f(&u) = a f((u)A(+Isa'f(u/)A(

+ ~a .f(tu)A(/+ ~a .f((u) /

The first term, n'f (~)A[, is not affected by the

(28)

Ak/k=0. 22e . (29)

%'e assumed that A. obeys the same relation.
The second term in Eq. (28) describes the changes

in o.'f(co) due to the modification of the Al dynam-
ics. It can be written as

d k 1af((u)/h(= I 2 , X w„,(k)k Im g P „(I, ; I)(uT„()(l;,I;;du)
8m2kF2 k N2

II, aP I I

x Pait(l„'I';(u) k/tw/t((k) exp [ik [R (I) —R ( I') ] [ (30)

Here /and /' refers to Al lattice sites, /; and / refer to the NN of an interstitial. The screened Al f'orm factor

w„,, was calculated using the pseudopotential given in Sec. II A being screened according to Vashishta and

Singwi. ' Equation (30) can be simplified somewhat to read

dk
/sa f((u)A(=

& 2
w&((k) X k a (k) lmPJ, (k, u)) TJ, (k, du)PJ (k, (u)k a. (k)

8m2kF2M2N k

with

TJ,J (k, du) = g S(k,j(,s, a, )h) T,(,(s, u))S"(k,j2,sb)t)'
sab X

{32)

where

S(kj;sa h. ) = $(rj (k)e ' ([/'""'(I;)
I,.a

All the phonon quantities and the transformation matrices Itl are described in Sec. II D.

(33)
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Although N(0) and kF should have values appropriate to the alloy electron density we used the pure Al values
in this and the next two terms. This should be an error of order c on a term that is already of order c.

The third term in Eq. (28) results from the correlation between the Al and the interstitial motion. It can be re-
duced to the form

dkaf(ru), At/ 2 p Jt 4 A[(k) a((k) Xk oi(k) ImP (k, ru) Tu, (s, cu)(u 'ka[2 ReS(k,j;sbP)]
8 m2k(2MM(N k iPb

(34)

In the octahedral case the interstitial motion has just
T]„symmetry and in the choice of P that we used
only the a =1 component is needed. Hence, in Eq.
(34), s =—T]„. Similarly for the tetrahedral case, it is

just the T2 representation that appears in Eq. (34).
In order to calculate the screened interstitial form
factor we used the same nonlinear result for the
screening cloud electron density n (r) as was used to
calculate the interstitial-Al potential in Sec. II A.
Hence

w, (k) = (4sre'/k') [n (k) —I ] exp[ ——,k'(u, (i)') ]

(35)

Note that we have included the Debye-Wailer fac-
tor, ' which is quite significant even at low T.

The two form factors used are shown in Fig. 3.
The interstitial form factor ~( at q =0 can be seen to
be about a half the value expected from linear
screening theory which is a third of the value of wA].

However the two form factors become similar as q
approaches 2k(;, the region that is most strongly
weighted in the integral in Eq. (26) for a' f(tu).

The final term, 4a'f (co)(, in Eq. (28) is the direct

] I ] ] ]

4n, f(~)( = - Im —T(](s. (u)
cN(0) 1

8m kFM(N o)

d kx Jt,„,(k)'

where

(36)

T' = (1 —PC')

Again for the octahedral and tetrahedral cases
s =—T~„,T2, respectively.

The above integrals over k were handled by the
procedure of Carbotte and Dynes. ' As the calcula-
tion of the integrands is rather time consuming we
used a fairly coarse mesh of 112 k points in the re-

1

duced 4, th of the first Brillouin zone. In order to

calculate the imaginary parts of the Green's function
we evaluated them a finite distance 5 off the real
axis. This has the advantage of eliminating some of
the noise due to the coarse k mesh. We finally chose
a somewhat large value of 5=0.04eo which removed
most of the noise without producing tails of too great
an extent.

In the absence of the correction factor s(cv) in Eq.
(26) it is possible to calculate h. directly. As Taylor
and Vashishta" have shown, A. can be written as

]

interstitial contribution to n' f(cv) and takes the form

0.2 0.4 0.6 GI' k 1

xexp[ik [R(l) —R(l')]]

—0.2

w [t|}
(Ry}

-04

—0.6 I ] I

FIG. 3. The screened form factor I4 (q) for Al ( ) and

H (--—--)

(37)

and 4 ' = —G (cu =0). Hence, h. can be calculated
using the above procedure, but without the time con-
suming need to repeat the procedure for a large
number of frequencies. This allowed us to do the k

integral over a much finer mesh of k points. In fact
we found that extending the number of points from
112 to 615 produced changes in b, X of less than 1%
[hX is the contribution to X due to the last three
terms in Eq. (28)]. We also found that the value of
AA, determined by numerically integrating Eq. (26)
with s(cu) =1 was within 3% of these values. Hence,
we have considerable confidence in the accuracy of
the numerical methods.

The effects of relaxation can also be estimated us-

ing this expression for A. . As they turned out to be
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small this aspect of the calculations is described in the Appendix.
The golden rule result for inverse lifetime, to first order in c, is given by

v
'= d kk wi(k) w (k) exp ik [R(l) —R(/ ) J =

4
d kk[wi{k)+ w(k)bS(k)], (38)

with

gg(k) g (~ik R(l) ~ eik ~ R (/))~ &k R(i-)'~

I

(39)

The sum over I refers only to the NN and NNN sites
of a given interstitial site R(i). No long-range relax-
ation was considered and indeed we found the effects
of the NNN relaxation to be negligible.

B. Results

The values of the various contributions to AA. for
D ions at octahedral sites are given in Table V for the
case of force-constant scaling. In the rest of this sec-
tion the results of scaling or not scaling the force
constants will be indicated by FS and NFS, respec-
tively. These values require multiplication by c. For
comparison, the value of A. for Al is 0.432. Due to
the low value of the local mode frequency and the re-
latively large value of 8, the inband and local mode
contributions to b, a f(~) overlap, as can be seen in

Fig. 4. To produce the inband and local mode values
in Table V the local mode contribution was calculated
exactly from the residue of the f matrix as 5 0 and
then subtracted from the total hA, .

The contributions due to the correlation between
the Al and D motions [Eq. (34)] are of particular sig-
nificance. The total inband contribution is reduced
almost to zero due to this term leading to an almost
complete dominance by local mode contribution.
This is a somewhat surprising result considering that
the weak interstitial pseudopotential (Fig. 3) could be
expected to suppress the large local mode displace-
ment (Fig. 2). Further, it is the large value of this
term that prevents an analysis of our results follow-
ing the method of Papaconstantopoulus ef al. ' They
assumed two separate contributions to A. , one from
the host ion dominating the acoustic branches and
the other from the interstitial ions dominating the op-

I

tical branches. In our dilute interstitial situation it is

not true that the inband contribution is dominated by
the Al motion and the local mode contribution by the
light interstitial motion.

In Table VI we compare the contributions to hA.

and lA to H and D interstitials again for the FS case.
AA is the change in the area under e' f(cu), the area
for Al being 1.43 THz. This comparison clearly
shows that although the interstitial H produces the
greater increase in n'f(~), the cu

' weighing in X

leads to the interstitial D producing the larger change
in A. . It is this behavior that leads to an inverse iso-
tope effect in this system. According to Eq. (37) A.

does not depend explicitly on the atomic masses and
hence any differences between 4A. for H and for D
can only come from different force constants and dif-
ferent values of (u'). [This mass independence is
maintained to within 1% even when the multi-OPW

2.0

15-

I.O-

0.5—

TABLE V. Contributions to AA, due to an octahedral D in

(FS, c =1).

D
Inband

Local mode
Total

0.150
0.063
0.213

~~AI/p

—0.616
0.103

—0.513

AXp

0.525
0.240
0.765

0.059
0.406
0.465

I l

5 10
FREQUENCY (THz)

FIG. 4. b, n f (cu) as a function of frequency for oc-
tahedral D using force-constant scaling.

15
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TABLE VI. Comparison between changes in X and A for
an octahedral interstitial {FS, c =1).

TABLE VII. Anharmonic and Debye-+aller factor contri-
butions to dLA, , see text for notation (FS, c =1).

S~ (THz) a~ (THz)

Inband
Local mode

Total

0.059
0.406
0.465

—0.36
2.45
2.09

—0.020
0.351
0.331

—0.45
2.98
2.53

0.465
0.351

0.440
0.331

correction, s(c») is included, as in Eq. (26).j To in-
vestigate this point we constructed the matrix in

Table VII. There we give values for AA. due to dif-
ferent combinations of the values of (u„'(i) ) and the
force constants appropriate to D((u,')o, 4o) and
H( (u,') H, 4n) in the FS case. It can be seen that
the difference between LLA. for D and for H is dom-
inated by the force-constant difference arising from
the anharmonic corrections described in Sec. II B.
This is also the case when the values appropriate to
the NFS case are used.

The situation for A. is somewhat more complicated
as it does depend upon the atomic masses. We
found that hA. increases by about 30% if the H

parameters are used along with the D mass. Indeed
it is this behavior that leads to an isotope effect in
the normal direction if T, is calculated using the
method described in Sec. IV A. The results of a set
of calculations similar to those described above for
LLA. indicate that again it is the anharmonic change in

the force constants that is the main reason for hA, be-
ing smaller for H than for D.

Our values of bA. and 4A. are presented in Table
VIII. It can be seen that in the octahedral case the H

values of ling and hA. are smaller than the D values
whether or not force constant scaling is used. This
leads to our feeling confident about this prediction of
an inverse isotope effect.

Results of the tetrahedral case are also given in

Table VIII. Only small changes in hA. and h, A. are
predicted leading to a prediction of essentially no iso-
tope dependence of T, . An analysis similar to that
which produced Table VII indicates that the increase
in force constants in going from D to H leads to an
increase in hA. contrary to the octahedral case. Pre-
liminary lattice dynamic calculations indicated that for
very large interstitial-Al force constants a low-

frequency resonance can occur in the Tt„mode.
Presumably this increase in hX is due to an incipient
resonance of this kind.

In order to calculate the changes in T, via Eq. (23)
values of ~ ' from Eq. (38) are required. The values
we found for v

' ranged from 0.481 THz (NFS,
tetrahedral H) to 0.604 THz (FS, octahedral D) for
1% of the interstitial ions. The corresponding residu-
al resistivities range from 0.0093 p, A cm to 0.0117
p, O cm. It should be noted that we found the inclu-
sion of relaxation lead to a reduction of ~ '

by about
40%.

The resulting fractional changes in T, , /t, T/T, , are
shown in Fig. 5 for the octahedral case. Experimen-
tally, it is commonly found that 5 T/T, is initially
negative due to the impurity scattering removing the
anisotropy in the electron-phonon interaction. How-
ever there are examples [e.g. , Ga in In (Ref. 38)j for
which /t. T/T, is always positive. That hT/T, is
predominantly positive in our case is due to a weak
impurity scattering with the change in hT/T, being

TABLE VIII. Dynamical changes in A. and A. calculated with and without the force-constant scal-
ing correction (c =1).

NFS

Octahedral
D
H

Tetrahedral
D
H

0.465
0.331

0.458
0.464

0.429
0.216

0.619
0.608

0.540
0.376

0.435
0.438

0.453
0.207

0.555
0.538
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dominated by AA. and 4A. . To illustrate this we show
in Fig. 5 the result of doubling 7 ' for H(FS). The
result is that AT/T' is negative for an appreciable
range of concentrations. This calculation also serves
to indicate the effect of the presence of other scatter-
ing mechanisms. These are to be expected in sam-

ples prepared by ion implantation.

In Fig. 5 the curves of AT/T' for D lie well above
those for H, whether or not force-constant scaling is

taken into account. In particular, at c =0.01 the
value of AT/T' for D is 40% greater than that for H.
This confirms the inverse isotope effect suggested by
the dynamical results of Sec. III and is, of course, as
expected from the results given in Table VIII. To
compare these results for hT/T, with those from a

harmonic approximation we calculated 5 T'/T, using
H forces and potentials but the D mass. The result
was that 5T/T, at c =0.01 was 10% lower (due to
changes in AA. ) than when the H mass was used, pro-
vided the valence effect, Eq. (29), was omitted. Oth-
erwise the change was then less than 1%.

There is not much difference between the values
of AT/T' for any of the tetrahedral cases. Hence, we

show in Fig. 6 just the results for H(FS) which has
the largest AT/T, and the results for D(NFS) which

has the smallest AT/T, . As expected from Table
VIII no inverse isotope effect is to be expected and in

fact our results indicate that at c =0.01 the value of
6 T/T, for D is 4% lower than the value for H. It
will be noted that these values of hT/T, for tetra-
hedral interstitials are quite similar to those for the
octahedral interstitials.

The validity of Leavens and Carbotte's' approxi-
mation might be questioned, particularly as no

0.06

T

0.04

0.02

P.002

0.004 0.006 0.008 O.OI
C

-p.p02 -'

-0004-

FIG. 5. Fractional change of the superconducting transi-
tion temperature AT/Tas a function of the fractional con-
centration ( of octahedral interstitial ions. D(NFS),
—————D(FS), H(NFS), ——————H(FS),
——- —H(FS) with a doubled value of T

0.05

0.04-
hT

0.03—

0.02—

0.002—

0.002 GOO4 0.006 0.008 O.OI
c

FIG. 6. Fractional change of the superconducting transi-
tion temperature AT/T as a function of the fractional con-
centration ( of' tetrahedral interstitial ions. D(NFS),
———H(FS).

changes were made in the co in Eq. (23). To this
end the Eliashberg equations were solved for T, (Ref.
39) in the isotropic approximation' using the
Sa' f (cu) for H and D (NFS). These exact solutions
gave values of AT/T, that differ by less than 2%
from those obtained from the isotropic version of Eq.
(23).

V. CONCLUSION

Our various calculations of the local mode frequen-
cy for interstitial H and D in Al clearly indicate that a

local mode is to be expected. On the assumption that
at low concentrations the interstitials are at octahedral
sites the local mode frequency for H can be expected
to be well above the maximum Al phonon frequency
whereas for D our results indicate that these two fre-
quencies differ by about only 10%. A high local
mode frequency is predicted for both H and D at
tetrahedral sites and on the assumption that this fre-
quency is a measure of the position of the impurity
band at large concentrations, our results indicate a
very high frequency for this band. As there are other
strong contributions to tunneling characteristics at
such frequencies this explains why such a band has
not yet been observed in tunneling experiments. It
would be of considerable interest if inelastic neutron
scattering experiments were to be carried out on
these systems, at both low and high interstitial con-
centrations.

When our dynamical results are used to calculate
the changes in the superconducting transition tem-
perature T, a very definite inverse isotope is predict-
ed for octahedral interstitial. We found that at
e =0,01 the fractional change in T, due to D is about
40% greater than that due to H in spite of the fact
that the local mode frequencies show only weak
anharmonic effects. Further, as the lattice dynamics
calculations show larger anharmonic effects if the
NNN forces are included (Table II), it can be
presumed that our NN results underestimate the in-
verse isotope effect. However, there is very little
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difference between the H and D results for the
tetrahedral case, there being a weak isotope effect in

the normal direction. The results of an experimental
investigation of the effects on T, of low concentra-
tions of H and D in Al would be of considerable in-

terest.
The tetrahedral results are in qualitative agreement

with the experimental results at large concentrations'
in that they also show an isotope effect in the normal
direction. To examine these experimental results
further our next calculations should be to examine
the large-concentration situation. A first stage in do-
ing this would be to calculate the properties of an or-
dered alloy based on the same kind of initial data as
was used in these low-concentration calculations.

Here [s;] stands for the set of all sites in the defect
spaces of the interstitials which are at sites i and the
subscripts of K indicate whether (r) or not (0) a site
is relaxed.

By adding and subtracting terms the restrictions on
the summations can be removed to give

K = QKpp(l, l')

+ X / [K,p(s;, I) Koo'(s;, /) ]
is. I

+ X X [Kp„(/, s/) Kpp(/, s/) ]
I js.

+ $ X[K„(s,, s, ) —Kp, (s;, s, )
IS ~ Js .
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The first term refers to the unrelaxed case and has
been calculated in Sec. IV. The remaining terms
then give the relaxation correction.

As all calculations are being done to first order in c
the explicit interstitial sites in Eq. (A3) must coincide
with the interstitial sites that appear in the approxi-
mation (18) for the Green's function in Eq. (Al).
The resulting approximation for the second term is

APPENDIX

In calculating the effects of relaxation on n' f(co)
the important part of Eq. (26) is

K = gK(//') —Xe~k «PG {//')e-~k «t &

II II

(A1)

+ $ Q K( osI)/+ $ QK„(s;,sl) . (A2)
I E Is,. ) Jsj is,. Js.

Any derivation of the electron-phonon coupling
Hamiltonian shows that the exponential factors in Eq.
(A1) originate from taking electron matrix elements
of the electron ion potential V(r) with r =r, —R(l).
Here r, is an electron coordinate and R(l) the instan-
taneous position of the ion at site l. Hence, after the
usual expansion for the thermal displacements about
equilibrium the R(/) that survives in Eq. (Al) is the
equilibrium position and is subject to relaxation from
its value in pure Al.

As we take into account the relaxation of just the
nearest neighbors of the interstitial ions, the site
sums in Eq, (Al) can be conveniently divided up in

the following manner:

X +X X K„(s„/)
i&4;)I'g( ) s,. If fs,.)

X ES(k,s;)T'„(ss )exp] —iq [Ro(s )—R(i)]]P»(k)
I

IS $
I I

where

ik R(s. ) ik Ro(s. )
/$(k, s;) = [e ' —e ' ]e '" ""'

and P»(k) is the Fourier transform of P»(l, l').
The third term gives an equal contribution.

For the fourth term, again all the explicit and im-

plicit interstitials sums must be replaced by one sum
to give

g AS(k. s;) 0 /t(s;s, ') ES(k,s )'
/

IS S

where 0 = (1 —PC') ' P
All these correction terms contribute to Au'F(co)A]

(Eq. 28). However only the second and third terms
in Eq. (A3) contribute An'f(cu)A] I with the re-
striction that l =i. There are no relaxation correc-
tions to ha f(cu)i.

As a time-saving preliminary calculation these
equations were used to calculate the corrections to A.

via the sum rule Eq. (37). Changes of 0.2'/o and
—0.4% were found for the octahedral and tetrahedral
cases (D,NFS), respectively. As these values are in-

significant no further calculations were done.
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